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FOUNDATIONS 


pbocifiski, Bolestaw. Axiomatization of a conjunctive- 
) negative calculus of propositions. J. Comput. Systems 
1, 229-242 (1954). 
This is a reconstruction in English of a paper originally 
inted in Polish [Collect. Logica 1, 179-193 (1939) ], al- 
pst all copies of which were destroyed in the war. The 
thor gives a system of four axioms and two rules of 
pcedure for the two-valued propositional calculus, in 
terms of conjunction Kpg and negation Np. Using the 
Lukasiewicz symbolism to avoid parentheses, the axioms 
re: 1. NKNKNprKNKNorKNKpgr; 2. NKNpKpq; 3. 
NKNqKpKrq; 4. NKNKpqNNKpNNzq. The rules of pro- 
cedure are a substitution rule and a form of modus ponens. 
Using these axioms and rules, the author first proves 94 
theorems (called theses) of the system. Using these he proves 
in three more pages that every valid formula of the two- 
falued calculus, when expressed in terms of conjunction and 
bgation, is a consequence of his axiom system. This proof 
of completeness is described as uncommonly simple. 
He then proves that the axioms are independent. He next 
gives the following set of three axioms for the two-valued 
calculus in terms of implication Cpg and negation Np: 
O1. CCNprCCarCCpqr; Q2. CNpCpq; Q3. CaCpCrq. With 
the proper two rules of procedure these are shown to be 
complete and independent. They can be considered a 
simplification of three axioms given by Lukasiewicz. 
O. Frink (University Park, Pa.). 


Grzegorczyk, A. Elementarily definable analysis. 

Math. 41, 311-338 (1955). 

H. Weyl [Das Kontinuum, Veit, Leipzig, 1918] has pro- 
posed to restrict the logical methods of analysis to the 
elementarily definable (e.d.) ones. In this paper Grzegorczyk 
presents his formalization of Weyl’s proposal. The notion of 
elementary definability is first introduced in the arithmetic 
of integers. The class of e.d. relations is defined as the 
smallest class of relations R(fi, ---, fe, %1, ***,%n) which 
contains the initial relations: x= y+1, x=0, x>0, x=~y* and 
220, y=/(x1, ---,%n) (considered as the relation between 
one function f and m+1 integers x, ---, X,,y) and closed 
under the logical operations of the propositional calculus 
and universal quantification over an integral variable. An 
e.d. relation is called number-theoretical if it is a relation 
between numbers only, functional if it is a relation between 
functions and integers. (ux)[.R(---x---)]] denotes the least 
integer x such that R(---x---) if such a least integer exists; 
otherwise it denotes 0. A function f is said to be e.d. if there 
exists an e.d. number-theoretical relation R such that 


f(x, ate Xn) = (uxo) LR (xo, Mi, ***,y Xn) J. 


A functional &(f;, «++, fx)(%1, --+,%n) defined over the 
| integral functions f;, ---, f, and the integers x, ---, x, and 


Fund. 





assuming integral values is said to be e.d. if there exists an 
e.d. functional relation R such that: 


(fi, +++, fe) (X1, +++, Xn) = (uo) LR fi, +++, fey Xo, X21, +++, Xn) ). 


In terms of these concepts introduced in the system of 
integers the author now defines e.d. analogues of the follow- 
ing concepts: real number, sequence and set of real numbers. 
It is shown that the e.d. real numbers form a denumerable 
field, that the e.d. sets of real numbers are Borel sets of 
finite degree and that the segment [a, }] is e.d. if and only 
if both a and 6 are e.d. There exists, however, an e.d. set 
{a} whose only member a is not e.d. An essential portion of 
the e.d. analysis of continuous functions is developed. It 
turns out that the classical operations on families of con- 
tinuous functions (e.g. differentiation and integration) are 
e.d. Of the many theorems we mention the following. Let 
g be an e.d. continuous function defined on the e.d. segment 
[a, 6}. Then ¢g assumes its maximum on [a, }] at an e.d. 
point. The paper ends with some brief remarks concerning 
the relation between the class of all e.d. relations and a 
certain formal system based on Peano’s arithmetic formal- 
ized in the simple theory of types. J. C. E. Dekker. 


Stupecki, Jerzy. Uber die Regeln des Aussagenkalkiils. 
Studia Logica 1 (1953), 19-43 (1954). (Polish and 
Russian summaries) 

A rule of detachment (Abtrennung) is defined to be any 
rule of the form 


te(p/a, 9/8) t¥(p/a) 
kB 


where a and @ are arbitrary formulas, ¢(, q) is a fixed 
formula whose truth value depends only on that of the 
variables p and g, ¢(p/a, g/8) is obtained from ¢(p, g) by 
simultaneous substitution of a for p and @ for g, and ¥(p/a) 
is obtained similarly from ¥(p). Arbitrary systems R of the 
two-valued propositional calculus are considered which are 
truth-functionally complete in the sense that every truth 
function can be defined in terms of the primitive symbols of 
R and which have a rule of substitution and a rule of de- 
tachment as the only two rules of inference. An axiom set 
for R is any finite set of formulas from which every tautology 
expressible in R, and nothing else, is deducible by the two 
rules of R. It is shown that if the rule of detachment of R 
is equivalent to modus ponens in the sense that ¢(p, ¢) 
and y() are true for the same values as pg and p respec- 
tively, then an axiom set for R can be obtained by translat- 
ing into R the axioms of a certain system (whose signs are —> 
and ’ and whose rules are substitution and modus ponens) 
and by adding certain other axioms. Moreover, with this 
axiom set R is complete in the sense that every formula is 
derivable if some non-tautology is added as further axiom. 
Similar results hold if the rule of detachment of R is 
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equivalent to 





kave ta’ 
G) ————- 
( 8 
Two other rules of detachment are 
= =8)=Fi(t =Fit 
(H) ka=8 ta a es t(a=S)=F(t) ba ®O 
FB Bs 
where F(p) is false for any p. Certain formulas are shown to 
form an axiom set if the signs of R are =, ., and F and if the 


rule of detachment is (H). It is shown that if the rule of 
detachment is equivalent to (H) or (I) then R is contra- 
diction tolerant in the following sense (and thus also in- 
complete): There exists a formula @ such that for any 
¥vw(p) having the same truth values as p’ there exists a 
formula of R which is not deducible by the rules of R from 
the contradictory pair a, ¥w(p/a) and from the tautologies 
of R. It is asserted, but the proof is omitted, that if the rule 
of detachment of R is not equivalent to modus ponens, (G), 
(H), or (1), or if a generalized rule of detachment 


+ e(p/a,q/B) tW(p/a) 
+x (q/8) 


is used where x(qg/8) is not 8, then R is non-axiomatizable 
and contradiction tolerant. In conclusion, systems S are 
considered whose only rules of inference are a rule of sub- 
stitution and a rule of replacement 


tp(p/a, g/B) _by(S/a) 
ty (S/8) 


where p(p, g) has the same truth values as p=g. An axiom 
set for S is given, related to that for the system R with 
rule (H), and then S is shown to be complete. 

W. Craig (University Park, Pa.). 








Studia 
(Polish and Russian 


Stupecki, Jerzy. St. LeSniewski’s protothetics. 
Logica 1 (1953), 44-112 (1954). 
summaries) 

This is an exposition of LeSniewski’s system of extended 
sentential calculus. Some results were published by Tarski 
[Przeglad Filozoficzny 26, 65-89 (1923) ] and by LeSniewski 
[Fund. Math. 14, 1-81 (1929) ], but most of the material 
is published here for the first time. First, a system E of 
elementary protothetics is presented. In E the expressions 
are formed by sentential constants and variables, constant 
and variable functors forming sentential expressions out of 
one or more sentential expressions, and general quantifiers 
binding all these kinds of variables. The only axiom of E 
(due to Tarski) is 


(f) (9) f(b) (PP) D.f (6) PD fa). 


There are the following rules of inference for E: substitution, 
modus ponens, the addition of a general quantifier to the 
antecedent or to the consequent (if the variable bounded 
by it does not appear free in the antecedent), and forming 
of definitions. Protothetics is obtainable from E be per- 
mitting constants and variables of all higher orders. Three 
systems of protothetics are presented: S, S;, and S2. S is 
obtained from E by adding a rule of verification which 
allows as a theorem a general sentence when all of its in- 
stances are theorems. For S;, instead of the rule of verifica- 
tion one has a rule of extensionality which accepts as 





theorems expressions of the form: 


(f) (g) Ce) ( (x2) > + * (Xn) (F (x1, ++, %n))D. 
of = 9). 


S; is based on = as the primitive term. The axioms of S, are: 


(p) (9) (r) (P=¢.=7=9.=.p=r), 

(p) (q) (P=¢.= (1) (P=f9)), 

(p) (9) (P=¢.=(/) fb =f¢.=-P=9)), 

(f) f(b)p=.f((b) P= (6)b) = @ U'(o)P=f9)). 


The rules for S, are: substitution, modus ponens for =, 
the distribution of a general quantifier over =, extension- 
ality (with = instead of >), and the forming of definitions. 
Proofs of the completeness of S, and of the equivalence of 
S, S;, and S; are given. H. Hiz (University Park, Pa.). 


ee +, Xn) = g(x, . 


Luszczewska-Romahnowa, Seweryna. Analysis and gener- 
alization of the method of verifying logical formulas by 
means of Venn diagrams. Studia Logica 1 (1953), 185- 
213 (1954). (Polish) 

Venn’s diagrams when described systematically amount 
to a decision procedure for some formulae of the monadic 
predicate calculus, viz. for formulae either of the form 
dSix(fix- fox: «++ -f,x) or their truth-functional combina- 
tions. Formulae of the monadic calculus not in this form are 
reducible to it by the method of Behmann [Math. Ann. 
86, 163-229 (1922) ]. The three decision procedures pre- 
sented cover 1) tautologies, i.e. formulae valid for all names, 
2) formulae valid for non-empty names, 3) formulae valid 
for non-universal names. H. Hiz (University Park, Pa.). 


LuStevska-Romanova [Luszczewska-Romahnowa ],S. An 
analysis and generalization of Venn’s di tic deci- 
sion procedure. Studia Logica 1 (1953), 214-246 (1954). 
(Russian. English summary) 

Translation of the paper reviewed above. 


Rose, Alan. Le degré de saturation du calcul proposi- 
tionnel implicatif 4 m valeurs de Lukasiewicz. C. R. 
Acad. Sci. Paris 240, 2280-2281 (1955). 

The determination of which formulas of the Lukasiewicz 
m-valued propositional calculus are theorems was originally 
to be made by the truth-table method. A formalization of 
this calculus is a formal system with the same theorems, but 
deduced from axioms and rules of procedure rather than 
from truth tables. The degree of saturation of a formal sys- 
tem depends on the number of times a formula which is not 
a theorem may be added to the axioms without inconsis- 
tency. In this note the author shows, with the aid of two 
lemmas, that the degree of saturation of any weakly satu- 
rated formalization of the m-valued Lukasiewicz calculus 
which has substitution and modus ponens as the only rules 
of procedure, is m. O. Frink (University Park, Pa.). 


*Valore e metodo della scienza. A cura di Filippo Sel- 
vaggi. Coletti Editore, Roma,1952. 157pp. 500 Lire. 
A collection of eight lectures. Those of possible mathe- 

matical interest are “‘La scienza e il pensiero moderno” by 

F. Severi (pp. 21-35) and “‘Metodologia e funzione della 

matematica nello sviluppo generale della scienza” by L. 

Fantappié (pp. 37-55). 


*Oldroyd, J. G. Mathematics and the physical world. 
University College of Swansea, 1954. 28 pp. 
Inaugural lecture delivered at the University College of 
Swansea on March 2, 1954. 





na wt eo Ho eammpma@es a a @nweseaas &. 





98). 


3ion- 
ions. 
e of 


ner- 
s by 
[85- 


bunt 
adic 
orm 
ina- 
| are 
Ann, 
pre- 
mes, 
alid 


eci- 
54). 


Osi- 


vicz 
ally 
1 of 
but 
han 
sys- 
not 
sis- 
two 
itu- 
ilus 
iles 


sel- 
ire. 
he- 


ella 


rid. 


of 








MATHEMATICAL REVIEWS 





ALGEBRA 


Hsu, L. C. Note on a pair of combinatorial reciprocal 
formulas. Math. Student 22 (1954), 175-178 (1955). 
The reciprocal formulas are f(m)=(—1)"A*g(0), and 

g(n) = (—1)"A*f(0), with Af(0)=f(1) —f(0); either implies 

the other. They are applied to derive several simple bi- 

nomial identities. J. Riordan (New York, N. Y.). 


Rao, C. Radhakrishna. A simplified approach to factorial 
experiments and the punched card technique in the con- 
struction and analysis of designs. Bull. Inst. Internat. 
Statist. 23, part II, 1-28 (1951). 

A finite field GF (s*) may be represented by the system of 
residue classes modulo an irreducible polynomial of degree 
k in x with coefficients in GF(s) in such a way that x is a 
primitive element. Thus the elements of GF (s*) admit two 
representations, one as powers of x and another as poly- 
nomials of degree R—1 in x. If x*=),x*"'+-Dyx*?+-- -- +3, 
then the number 7 is used as a code number for the treat- 
ment combination ),, ---, d,. These code numbers together 
with the coefficients of the highest power of x in the poly- 
nomial representation supply a design for punchcards, 
which can be advantageously used in the construction as 
well as in the analysis of factorial designs with and without 
confounding and also of designs with fractional replication. 

H. B. Mann (Columbus, Ohio). 


Berman, Gerald. A three parameter family of partially 
balanced incomplete block designs with two associate 
classes. Proc. Amer. Math. Soc. 6, 490-493 (1955). 

Let S=PG(2h+1, p*) be the projective geometry of odd 
dimension 2h+1 over the field of p* elements, p prime. Let 
s be an integer, 1SsSh. The author constructs a PBIB 
with two associate classes, D=D(s,h, p*), in terms of a 
nonsingular null polarity w of S. Different choices of x lead 
to isomorphic designs. The varieties of D are the points 
of S. The varieties x, y are first associates if the points x, 
y are x-conjugate (that is, if x lies in the (2)-dimensional 
subspace w(y)); otherwise, x, y are second associates. The 
blocks of D are those (2h—s)-dimensional subspaces 
a (Xo, X1, +++, X2) =4(X0)M ---M2(x,) determined by sets of 
s+1 linearly independent points xo, ---,x, each two of 
which are x-conjugate. The author determines the param- 
eters of D explicitly and points out that the special cases 
D(1, 1,2) and D(1, 1, p") are due to Bose and Shimamoto 
[J. Amer. Statist. Assoc. 47, 151-184 (1952); MR 14, 67] 
and Clatworthy [Proc. Amer. Math. Soc. 5, 47-55 (1955); 
MR 15, 494]. R. H. Bruck (Madison, Wis.). 


Gyires, B. Eine Verallgemeinerung eines Kroneckerschen 
Determinantensatzes. Publ. Math. Debrecen 4, 43-48 
(1955). 

Grassmann’s algebra is used to derive two theorems on 
determinants of matrices whose elements are matrices. The 
first theorem is elementary, the second extends a previous 
result of the author [Acad. Repub. Pop. Romfne. Stud. 
Cerc. Mat. 2, 463-484 (1951); MR 14, 1054; MR 15, 1139]. 

M. F. Smiley (Iowa City, Iowa). 


Perfect, Hazel. Methods of constructing certain stochastic 

matrices. II. Duke Math. J. 22, 305-311 (1955). 

This is a continuation of an earlier paper by the author 
[same J. 20, 395-404 (1953); MR 15, 3]. It includes and 
uses an extension of a theorem by A. Brauer [ibid. 19, 
75-91 (1952); MR 13, 813] obtained by R. Rado. This 








theorem had already been used in the earlier paper. [An- 
other extension had also been recently obtained by L. S. 
Goddard, Proc. Internat. Congr. Math., Amsterdam, 1954, 
v. 2, pp. 22-23.] The main result concerning stochastic 
matrices is: The real numbers 1, Aj, wz, OS2;S1,i1=1, ---,7; 
—isSm.50, k=1, ---,s are characteristic roots of a sto- 
chastic matrix (of the order r+s-+-1) if the u, can be split 
up into r+1 (possibly empty) sets to which correspond r+1 
numbers x; such that (1) each x; is not less than the sum 
of the moduli of the y, in the corresponding set and (2) the 
xi form the diagonal of a stochastic matrix (of order r+1) 
with 1, A; as characteristic roots. The case rS2 is studied 
in further detail. As numerical application a 6X6 sto- 
chastic matrix with the characteristic roots 1, 2/3, 1/3, 
—8/9, —5/9, —1/2 is constructed. O. Taussky-Todd. 


Isbell, J. R. Birkhoff’s problem 111. 

Soc. 6, 217-218 (1955). 

Problem 111 of G. Birkhoff’s “Lattice theory” [Amer. 
Math. Soc. Colloq. Publ., v. 25, rev. ed., New York, 1948; 
MR 10, 673] requires an infinite-dimensional version of the 
known fact that the doubly stochastic matrices of order n 
are precisely the convex combinations of permutation ma- 
trices of order n. 

By a “diagonal” of a square matrix is meant a set of 
elements consisting of just one from each row and just one 
from each column. A “line” is a row or a column; a matrix 
is “‘line-finite’’ if each line contains only finitely many non- 
zero elements. A theorem due to N. G. de Bruijn states (in 
a slightly modified form) that a line-finite matrix has a 
non-zero diagonal if, and only if, each » rows (columns) 
have, collectively, non-zero elements in at least m columns 
(rows). An application of this shows the following result: 
For any doubly stochastic matrix (a,;;), there is a matrix 
(b;;) satisfying the conditions of de Bruijn’s theorem, such 
that b,;Sa,; for each it and j, b420. 

The appropriate norm for (a;,;) is 


max (sup Lass, sup Las). 
i ? S 


Proc. Amer. Math. 


In this norm the elements of the convex closure of the per- 
mutation matrices are determined by the doubly stochastic 
conditions: (a) all elements are non-negative; (b) the sum 
of the elements in each line is 1; (c) for «>0 there exists 
n=n(e) such that in each line the sum of the m largest 
elements is at least 1—e«. If X is the Banach space of abso- 
lutely line-summable matrices with bounded line sums (i.e., 
matrices which are K, and K.), with the above norm, then 
in X the following result is proved: The convex closure of 
the set of permutation matrices is the set of all doubly 
stochastic matrices which satisfy (c). R. G. Cooke. 


Moustafa, M. D. Infinite matrix-products associated with 
Markov chains. Nederl. Akad. Wetensch. Proc. Ser. A. 
58 = Indag. Math. 17, 234-242 (1955). 

Let B(n) =||ba(m)|] and B=||ba|] be infinite matrices and 
let ba(n)—>ba (nm T + ©) for each choice of i and k separately. 
Then B(n) is said to converge to B (in symbols: B(n)—B). 
Given an infinite stochastic matrix A, lim A* may fail to 
exist, but there is always a sub-stochastic matrix II(A) 
such that 


A(n) =n—"(A+A?+---+A")—-II(A), 
a fact due to A. N. Kolmogorov [Bull. Univ. Etat Moscou. 
Sér. Internat. Sect. A. 1, no. 3, 1-16 (1937)]. 








Let A and B be two infinite stochastic matrices. The 
author considers the connections between the limits I1(AB), 
11(BA), lim (AB)*, and lim (BA)*. The main results are: 
(1) 1(AB)=ATl(BA)B, and (2) lim (AB)* exists provided 
lim (BA)* exists and each column in B converges. The 
proofs are unnecessarily elaborate. H.P. McKean, Jr. 


Schneider, Hans. A pair of matrices with property P. 

Amer. Math. Monthly 62, 247-249 (1955). 

Let A and B be Xn matrices over a field k such that 
AB=O, and let p(A, B) be a polynomial having no constant 
term; the author shows that the characteristic polynomial 
of p(A, B) is given by 
det [xI—p(A, B)] 

=x" det [xI—p(A, O)] det [xI—p(O, B)]. 
If k is algebraically closed, it follows that the pair A, B has 
property P, i.e., the characteristic roots (a;) and (8;) of A 
and B can be arranged in such an order that the character- 
istic roots of any polynomial p(A, B) are (p(ai, B;)). The 
result is generalized to a set of s matrices A;, ---, A, such 
that A,;A;=O for i<j. 

The author remarks that this result contains as special 
cases certain results of W. V. Parker [Proc. Amer. Math. 
Soc. 1, 464-466 (1950); MR 12, 74] and H. Perfect [Duke 
Math. J. 20, 395-404 (1953); MR 15, 3], and is contained 
in a very general result of N. H. McCoy [ Bull. Amer. Math. 
Soc. 42, 592-600 (1936) ], another proof of which was given 
by M. P. Drazin, J. W. Dungey and K. W. Gruenberg 
[J. London Math. Soc. 26, 221-228 (1951); MR 12, 793]. 

F. Smithies (Cambridge, England). 


Kotelyanskii, D. M. On some sufficient criteria for reality 
and simpleness of a matrix spectrum. Mat. Sb. N.S. 
36(78), 163-168 (1955). (Russian) 

Let A be a matrix of real numbers; B(A)=A—AE. 
Theorem 1. Let Bo(A), Bi(A), --+ be principal minors of 
B(A), Bo(A) =B(A), such that B;(A) is obtained from B,_,(A) 
by omitting its first row and column (i=1, ---,"—1). Let 


a, B (a<f) be so chosen that det B;(8), (—1)"-‘ det B;(a) - 


are all positive (¢=0, 1, ---,#—1) (a, 8 always exist). Let 
C:(A) [LDi(A)] be the matrix obtained by omitting the 
second row [column] and first column [row] of B;(A) 
(¢=0, 1, ---,m—2). If for every i and every 2 in [a, 6], 
det C;(A)-det D;(A) is positive, then every B;(d) has real 
and simple roots lying in [a, 8] and (4>0) separating the 
roots of B;_,(A). Theorem 2. Suppose (1) B,;(0) is positive; 
(2) every minor of A of even order on rows [columns ] 
Pp, t1, ++, 7, and columns [rows ] 


P+, is, -+-,4, (p=1,2, --+,n—1;0SvSn—p-1; 
p+1<i;<iz<-++ <i,Sn) 
has the same sign e, and every minor of odd order has the 
opposite sign —e; then every principal minor B,(A) has 
simple positive roots, and the roots of B;(A) separate the 
roots of B;,(A). Theorem 3. Let A be a matrix such that 
every principal minor is positive, and also every minor 
obtained from a principal minor by omitting one row and 
one column (with different indices). Then A has a simple 
positive spectrum. If A is symmetric, a mechanical inter- 
pretation of Theorem 3 is given. J. L. Brenner. 


Jones, John, Jr. A Diophantine matrix equation. Amer. 
Math. Monthly 62, 244-247 (1955). 
It is shown that a necessary and sufficient condition that 
the matrix equation A(A)X(A)— Y(A)B(A) =C(A) have a 
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solution X (A), Y(A), of 2 by m matrices whose elements are 
functions of a single complex variable \ which are analytic 
in a region R, where A(A), B(A), C(A) are given matrices 
with the above properties, is that the matrices 


py oe a4 a 
0 Bal’ 0 BQ) 


be equivalent. D. E. Rutherford (St. Andrews). 

Huzurbazar, M.S. The classical canonical form of a nil- 
potent matrix. Quart. J. Math., Oxford Ser. (2) 6, 73-76 
(1955). 


Reichardt, Hans. Einfache Herleitung der Jordanschen 
Normalform. Wiss. Z. Humboldt-Univ. Berlin. Math.- 
Nat. Reihe 3, 445-447 (1954). 

A well-known derivation of the Jordan form of the matrix 
of a linear transformation is essentially reproduced. [Cf., 
e.g., P. R. Halmos, Finite dimensional vector spaces, 
Princeton, 1942, pp. 159-169; MR 4, 11.] 

M. F. Smiley (Seattle, Wash.). 


Wiegmann, N. A. Some theorems on matrices with real 
quaternion elements. Canad. J. Math. 7, 191-201 
(1955). 

Canonical forms are found for Xn matrices of quater- 
nions under PAP transformations, and for rXs matrices 
under UAV. [See N. Jacobson, The theory of rings, Amer. 
Math. Soc. Surveys, v. 1, New York, 1943, p. 51; MR 5, 31.] 
Using the canonical form, certain theorems can be extended 
to matrices of quaternions; in particular the polar factoriza- 
tion theorem. 

The discussion is based on the isomorphism between an 
n Xn matrix of quaternions and a certain 2m X2n matrix of 
complex numbers. J. L. Brenner (Pullman, Wash.). 


Egervary, E. On the application of the matrix theory to 
the calculation of chain-bridges. Acta Tech. Acad. Sci. 
Hungar. 11, 241-256 (1955). (Russian, French and 
German summaries) 


Weiner, L. M. A factorization theorem concerning sums 
of homogeneous functions. Scripta Math. 21, 20-23 
(1955). 

The author considers the ring of functions F of the form 
F=F,+F,-1+-+++ Fo, where F; is a real-valued, continu- 
ous, homogeneous function of degree 7 of m real variables 
defined in a region R. A counter-example shows that 
factorization is not always unique in this ring but the 
author proves that the following condition is sufficient to 
ensure unique factorization: F, and F,; do not vanish 
simultaneously in R and, if m>1, the discriminant of 
F,x* + Fy, 1x" '+ --++ Fo does not vanish in R. 

H. W. Brinkmann (Swarthmore, Pa.). 


Weiner, L. M. The algebra of semi-magic squares. 

Amer. Math. Monthly 62, 237-239 (1955). 

A semi-magic square, or S-matrix, A = (a;;), is a square 
matrix of order m such that (5.1 ai= De: aj:=S(A) 
(i=1, ---,m). The elements a;; are assumed to be in a field 
F of characteristic prime to m. Theorem 1: The set of S- 
matrices forms an algebra R, and S(A+B)=S(A)+S(B), 
S(AB) =5S(A)S(B), S(kRA)=kS(A), ke F. Let M be the set 
of S-matrices of the form a;;=a, and N the set for which 
S(A)=0. Theorem 2: M and N are ideals in R, and R is 
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their direct sum. Let A, be the matrix with a,,=a,;;=1, 
@;:=a,;;= —1, all other elements zero. Theorem 3: The 
algebra N has dimension (m—1)?, and the A4;, 7, 7=2, ---,m, 
form a basis. R. J. Walker (Ithaca, N. Y.). 





Abstract Algebra 


Cugiani, Marco. Alcuni concetti elementari di algebra 
moderna. Period. Mat. (4) 33, 1-33 (1955). 
Expository paper. 


Andreoli, Giulio. Algebre di Boole: Loro generalizzazione. 
Reticoli. Matematiche, Catania 9, 23-42 (1954). 
Expository article. G. Birkhoff (Cambridge, Mass.). 


Parker, W. L., and Bernstein, B. A. On uniquely solvable 
Boolean equations. Univ. California Publ. Math. (N.S.) 
3, 1-29 (1955). 

A. N. Whitehead found a necessary and sufficient condi- 
tion that a Boolean equation (1) f(x:, ---,x,)=0 have a 
solution with each x; unique [Amer. J. Math. 23, 139-165, 
297-316 (1901) ]. If the function f is in normal form, this 
condition is expressed in terms of the coefficients of f, called 
discriminants. In the present paper the authors find other 
necessary and sufficient conditions for uniqueness of solu- 
tion of Boolean equations, by varying the form of (1). 
Different standard forms of equation are introduced which 
involve the ring operations of product and symmetric 
difference introduced by M. H. Stone. Some of these involve 
the Boolean negation operation, others do not; in some the 
equation is written f=1 instead of f=0. 

The authors study also the solution of a set of m linear 
Boolean ring equations in m unknowns with the help of 
Boolean determinants, a theory of which is given. They 
study the solution of simultaneous linear and non-linear 
systems with the help of the notion of complex which they 
define, a notion akin to that of determinant. For each type 
of uniquely solvable equation or system they supply the 
explicit solution. They also find criteria for equivalence of 
equations, and for the existence of common solutions of two 
equations. O. Frink (University Park, Pa.). 


“Nakayama, Tadasi, and Azumaya, Goré. Daisfigaku. 
Il. Kanron. [Algebra. II. Theory of rings.] Iwa- 
nami-shoten, Tokyo, 1954. 4+4+436 pp. 800 Yen. 
This book, the second volume of Daisfigaku in the ‘‘Gendai 

Sfigaku” (Algebra II in Iwanami’s modern mathematical 

series), is devoted to a systematic presentation of the theory 

of associative rings, a subject which has developed remark- 
ably since the 1940’s. The contents are divided into two 
parts. The first part, “general structural theory”, written 
by the first author, consists of chapters 1-12 and is mainly 
concerned with the theory of rings without finiteness as- 
sumptions. The second part “algebras and representation 
theory’’, written by the second author, consists of chapters 
13-17 and is mainly devoted to the theory of algebras and 
their representations. In Ch. 1 the notions of a closed ring 
of linear transformations of a module and a dense ring of 
linear transformations are introduced, following brief de- 
scriptions of algebraic systems, groups, rings, subdirect 
sum of rings and rings of endomorphisms. A ring is said to 
be closed with respect to a module if every endomorphism 
(with respect to the original operator domain of the module) 


MATHEMATICAL REVIEWS 








895 


is given by multiplication by an element of the ring. In 
Ch. 2, the properties of idempotents are displayed in a lucid 
style. In Ch. 3, the results on prime rings due to McCoy 
[Amer. J. Math. 71, 823-833 (1949); MR 11, 311] and 
Nagata [J. Math. Soc. Japan 3, 330-334 (1951); MR 13, 
902] are proved. 

In Chapters 4, 6 and 7, Jacobson’s results on the structure 
of semi-primitive rings are stated [Amer. J. Math. 67, 300- 
320 (1945); Ann. of Math. (2) 48, 8-21 (1947); MR 7, 2; 
8, 433]: a ring is semi-right (left) primitive if and only if 
the radical is zero; a ring is right primitive if and only if it 
is isomorphic to a dense ring of linear transformations of 
a module; the uniqueness of representation of a ring as a 
closed right-primitive ring. In Ch. 5 the relationship between 
the Jacobson radical, the join of nilpotent ideals, Baer’s 
lower radical, Levitzki’s radical, and the join of nilideals of 
a ring, and the various conditions due to Levitzki [Duke 
Math. J. 10, 553-556 (1943); 11, 367-368 (1944); Amer. J. 
Math. 67, 437-442 (1945); 73, 25-29 (1951); Bull. Amer. 
Math. Soc. 51, 913-919 (1945); MR 5, 32; 6, 34; 7, 2; 12, 
474; 7, 237] under which these ideals are nilpotent, are 
stated. 

In the first half of Ch. 8, classical results on rings with 
minimum condition are derived from the preceding results. 
In the second half, some topics from the theory of com- 
mutative rings, especially Goldman's and Krull’s results on 
Hilbert’s Nullstellensatz, are stated [Goldman, Math. Z. 
54, 136-140 (1951); MR 13, 427]. In Ch. 9, simple algebras 
of infinite dimension over a field are treated. The results on 
Kronecker products and field extensions due to Kurosh, 
Jacobson and the first author are stated, and further, that 
some of them remain true in the case of distributive systems 
is noted here [Nakayama, Proc. Imp. Acad. Tokyo 20, 61- 
66 (1944; MR 7, 236]. Ch. 10 contains a generalization of 
the classical theory on commutor systems in a normal simple 
algebra to a closed right-primitive ring and a generalization 
of Artin’s theorem on automorphisms of a normal simple 
algebra to a closed right-primitive ring, both results due to 
the authors [Ann. of Math. (2) 48, 949-965 (1947); MR 9, 
563]. Ch. 11 contains the results on algebraic algebras due 
to Jacobson [ibid. 46, 695-707 (1945); MR 7, 238], and the 
results on rings with a polynomial identity due to Kaplansky 
(Bull. Amer. Math. Soc. 54, 575-580 (1948); MR 10, 7] 
together with the result on Kurosh’s problem due to 
Levitzki [ibid. 52, 1033-1035 (1946); MR 8, 435]. In Ch. 
12, Galois theory for simple rings due to the first author is 
treated [Trans. Amer. Math. Soc. 73, 276-292 (1952); 
MR 14, 240]. 

In Ch. 13, a generalization of the Krull-Remak-Schmidt 
theorem on direct decomposition of a module due to the 
second author is shown [Jap. J. Math. 19, no. 4, 525-547 
(1948); MR 11, 316]. In Ch. 14, Galois theory for general- 
ized semi-primary rings is treated. Galois theory treated in 
this chapter is different from the theory treated in Ch. 12; 
namely, the Galois groups treated in this chapter consist of 
only outer automorphisms while in Ch. 12 groups may 
contain inner automorphisms. A ring R is called generalized 
semi-primary if the residue class ring of R over its Jacobson 
radical satisfies the minimum condition. Let R be a ring 
with unit element, M an R-R-module and ¢ an automor- 
phism of R; then we have an R-R-module (¢, M), introduc- 
ing into M a new multiplication « such that a+ u=a’-u 
and u*a=u-a (ue M,aeR), where - denotes the original 
multiplication. If every sub-residue-module of (¢, R) is not 
isomorphic to any sub-residue-module of (1, R), then ¢ is 
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said to be completely outer, and a group of automorphisms 
consisting of completely outer automorphisms and 1 is also 
said to be completely outer. Then the main theorem is 
stated as follows: If R is a generalized semi-primary ring 
with unit element and G is a finite completely outer group, 
then the invariant subring S of R with respect to G is 
generalized semi-primary, R has a [G: 1] left (right) basis 
with respect to S and it is possible to choose one element 
be R such that b° (¢ e G) form a basis (normal basis). 

In Ch. 15, the usual representation theory of algebras is 
developed. At the end of this chapter Frobenius algebras 
and symmetric algebras are introduced and their preliminary 
properties are derived. In Ch. 16, the theory of representa- 
tions of finite groups is developed, in the first half ordinary 
representations and in the second modular representations: 
the orthogonality relations for ordinary characters, the 
Schur relations for coefficients of ordinary representations, 
the orthogonality relations for modular characters. In Ch. 
17, Frobenius algebras, quasi-Frobenius algebras, quasi- 
Frobenius rings and the other classes of rings are treated. 
Orthogonality relations for representations of Frobenius 
algebras due to the first author, characterizations of almost 
symmetric algebras and weakly symmetric algebras due to 
the second author and the results on the structure of quasi- 
Frobenius rings due to the authors are shown [Nakayama, 
Ann. of Math. 40, 611-633 (1939); 42, 1-21 (1941); Jap. 
J. Math. 18, 49-65 (1942); MR 1, 3; 2, 344; 7, 361; Azu- 
maya, ibid. 19, no. 4, 329-343 (1948); MR 11, 316]. 

M. Ikeda (Osaka). 


Andrunakievié, V. A. Rings having minimal two-sided 
ideals. Dokl. Akad. Nauk SSSR (N.S.) 100, 405-408 
(1955). (Russian) 

The author announces thirteen theorems concerning two- 
sided ideals in rings. The main one (Theorem 10) reads as 
follows. Let A be a ring, E the union of its minimal ideals 
with unit elements. Assume that every principal ideal in A 
contains only a finite number of ideals with unit elements. 


Then £ is a direct summand of A. I. Kaplansky. 


Ehrlich, Gertrude. A note on invariant subrings. 

Amer. Math. Soc. 6, 470-471 (1955). 

The paper is concerned with showing that certain results 
on invariant subrings carry over from rings with minimum 
conditions. Let R be a ring with unit, S an invariant sub- 
ring; if S is the total matrix ring of order 2 or more over a 
ring with a unit, then S=R; if, on the other hand, R is the 
total matrix of order 2 or more over a ring with unit and S 
is a field, then S is contained in the center of R, if the 
characteristic of R is not 2. I. N. Herstein. 


Proc. 


Herstein,I.N. Generalized commutators in rings. 

gal. Math. 13, 137-139 (1954). 

For any three elements a, b, c of an arbitrary ring R the 
author defines the generalized commutator [a,b,c] by 
setting [a, b, c]=abc—cba. Denote by C the commutator 
ideal of R, that is the two-sided ideal of R generated by the 
totality of the commutators [a, b]=ab—ba of R, and let G 
denote the additive group generated in R by the totality 
of generalized commutators of R. The author proves that G 
is a two-sided ideal of R and that CR°?C@GCC, CCGCC. 
In particular, for a ring R with a unit element one has G=C. 
The author further shows that for a noncommutative simple 
ring R (not necessarily with a unit element) one has G=R, 
or in other words: Every element of R is a sum of a finite 


Portu- 
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number of generalized commutators. The final result is that 
if R is a noncommutative simple ring with the descending 
chain condition on right ideals, then every element of R is 
a sum of three generalized commutators. J. Levitzki. 


Herstein, I. N. A theorem concerning three fields. 

Canad. J. Math. 7, 202-203 (1955). 

Let FCKCL be three distinct fields, and suppose that 
for every x e L there exists a (nontrivial) polynomial f,(#) 
with coefficients in F such that f,(x) eK. Then either (1) 
L is purely inseparable over K, or (2) L is algebraic over F. 
The proof employs a valuation-theoretic lemma of Nagata, 
Nakayama, and Tuzuku [Nagoya Math. J. 6, 59-61 (1953); 
MR 15, 597]. R. D. Schafer (Storrs, Conn.). 


San Soucie, R. L. Right alternative division rings of 
characteristic two. Proc. Amer. Math. Soc. 6, 291-296 
(1955). 

A ring is right alternative if it satisfies the identical rela- 
tion (1) (yx)x=y(xx) and alternative if it also satisfies 
(2) x(xy) = (xx)y. A division ring R with identity element 
has the right inverse property if each nonzero x in R has 
an inverse x~' such that (3) (yx)x-'=y for all y in R; 
equivalently, R has an identity element and satisfies the 
identical relation (4) w((xy)x)=((wx)y)x. For rings with 
identity element, (4) implies (1); for arbitrary rings, (1) 
and (2) together imply (4). Skornyakov [Izv. Akad. Nauk 
SSSR. Ser. Mat. 15, 177-184 (1951); MR 12, 669] proved 
that every right alternative division ring of characteristic 
not two is alternative. The present paper proves this result 
to be false for characteristic two but true upon the addi- 
tional assumption of (4). In view of work of Skornyakov 
[Ukrain. Mat. Z. 2, no. 1, 70-85 (1950); MR 12, 668; 13, 
1139], Kleinfeld and the reviewer [Bruck and Kleinfeld, 
Proc. Amer. Math. Soc. 2, 878-890 (1951); Kleinfeld, Proc. 
Nat. Acad. Sci. U. S. A. 37, 818-820 (1951); MR 13, 526, 
527 ] on alternative division rings it may now be stated that 
every division ring with the right inverse property is either 
associative or a Cayley-Dickson algebra over its centre. The 
geometric application is significant, for it is known that the 
affine planes for which every coordinate ring in the sense of 
M. Hall [Trans. Amer. Math. Soc. 54, 229-277 (1943); 
MR 5, 72] is both linear and two-sided distributive are 
precisely those affine planes coordinatized by division rings 
with the right inverse property. R. H. Bruck. 


San Soucie, R. L. A characterization of a class of rings. 

Amer. J. Math. 77, 190-196 (1955). 

The author has proved [see the paper reviewed above ] 
that a right alternative division ring of characteristic 2 is 
alternative if and only if it satisfies the Moufang identity 
w(xy-x) = (wx-y)x. In the same paper he gives an example, 
due to Bruck, of a right alternative division ring of charac- 
teristic 2 which is not alternative. Let F be a field of 
characteristic 2 with an automorphism a of order 2 fixing 
an element fo not a square. Then let @ be the additive 
endomorphism of F defined by fé=fa+fof for all f in F. 
Then a ring R is given by ordered pairs (f, g) over F with 
equality and addition componentwise and a product rule 
(f, g)(h, k) = (fh+g-k0, fk+gh). R will be a right alterna- 
tive division ring of characteristic 2 but will not be alterna- 
tive. Such a Bruck ring is characterized in this paper, apart 
from being a right alternative division ring which is not 
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alternative, as satisfying the identity 
~ 
(wx, y, 2) = w(x, y, 2) +(w, y, 2)+ (w, x, (y, 2)) 


and having commutators (x, y) in the left nucleus. 
Marshall Hall, Jr. (Columbus, Ohio). 


Terada, Fumiyuki. On a generalized principal ideal 

theorem. Téhoku Math. J. (2) 6, 95-100 (1954). 

The author gives a still simpler proof of the generalization 
of the principal-ideal theorem which Tannaka and he proved 
in 1949 [Proc. Japan Acad. 25, no. 8, 7-8 (1949); MR 
12, 316. ]. G. Whaples (Bloomington, Ind.). 


Paige, Lowell J. A theorem on commutative power associ- 
ative loop algebras. Proc. Amer. Math. Soc. 6, 279-280 
(1955). 

The loop algebra A (L) of a (possibly infinite) loop L over 

a field F is defined in the usual way with L as a Hamel basis 

over F. The author proves the following and shows it to be 

false for characteristic 2: If F has characteristic not 2, a 

necessary and sufficient condition that A(L) be a commu- 

tative power-associative algebra is that L be a commutative 
group. The proof of necessity involves linearizing the 
identity (x*)? = (x*x)x. R. H:. Bruck (Madison, Wis.). 


Glu3kov, V. M. Exact triangular representations of Lie 
Z-algebras. Dokl. Akad. Nauk SSSR (N.S.) 100, 617- 
620 (1955). (Russian) 

The author generalizes G. Birkhoff’s theorem on triangu- 
lar representations of Lie algebras of finite rank to the much 
wider class of the so called Z-algebras of Lie. A Z-algebra 
of Lie is a Lie algebra which possesses a central system, i.e. 
a system M={A,} of ideals A., ordered by inclusion, satis- 
fying the following conditions: 1) The zero ideal of the given 
algebra A as well as the algebra A itself are included in M. 
2) The system M contains all unions and crosscuts of ideals 
belonging to M. 3) Let a be an arbitrary nonzero element 
of A. If A. is a maximal ideal of the system M which does 
not contain a, then [a,b]eA,. for any element } of A. 
His principal result is that any Z-algebra of Lie possesses 
a faithful representation by strictly triangular matrices of 
a certain specified type. 

The class of the Z-algebras of Lie includes as a subclass 
the locally nilpotent Lie algebras, i.e. algebras where any 
finite set of elements lies in a nilpotent algebra. He gives a 
simple proof of this assertion by using the following property 
of locally nilpotent Lie algebras: Any ideal of a locally 
nilpotent Lie algebra L which is generated by the totality 
of commutators [/, x], xe LZ, and / a fixed element of L, 
does not contain /. J. Levitzki (Jerusalem). 


Borel, A., and Mostow, G. D. On semi-simple automor- 
phisms of Lie algebras. Ann. of Math. (2) 61, 389-405 
(1955). 

The object of the paper is to investigate groups I of 
semi-simple automorphisms of a Lie algebra G over a field 
of characteristic 0 with regard to the elements or Cartan 
subalgebras of G which are fixed under I’. In the case where 
r is Abelian and G semi-simple ¥ {0}, it is proved that there 
exists a fixed point ~0 if I is either an infinite group or a 
cyclic group. In the latter case, there even exists a fixed 
element which is regular in G; moreover, the theorem on the 
existence of a fixed element #0 extends to the case where G 
is only assumed not to be solvable, and then there is a fixed 
element x such that ad x is not nilpotent. The proof, quite 





easy in the case where [L is infinite, is more difficult in the 
case where I is cyclic. In that case, it depends on a proposi- 
tion (prop. 4.3’) giving the structure of an Abelian group 
of semi-simple automorphisms of a semi-simple Lie algebra 
G under the assumptions that the group has no fixed ele- 
ment 0 and no proper semi-simple invariant subalgebra 
and that every proper subgroup of I has a fixed point #0: 
such a group is of type (p, p), where p is prime. However, 
the reviewer thinks that the proof of prop. 4.3’ is only valid 
under the assumption that the basic field is algebraically 
closed, for the condition of non-existence of proper invariant 
semi-simple subalgebras does not seem to be of the type 
which is obviously preserved under basic field extension. 
However, since the existence of a fixed point ~0 is insensi- 
tive to changes of the basic field, this does not affect the 
validity of the main results of the paper. 

In studying Cartan subalgebras, the authors prove that, 
if G is solvable, then any two Cartan subalgebras are conju- 
gate to each other under an operation of the connected group 
whose Lie algebra is G™! (where G™ =G, G+ =[G, G], 
Gl*l=(\G™) (the corresponding result for G™ instead of 
G'! was already known). The authors consider groups I of 
semi-simple automorphisms which satisfy the following con- 
dition: there exists a chain T=IT',D---DI'y;D---DTo= {1} 
of normal subgroups of I’ such that T;,; is generated by I; 
and by a group A which either is cyclic or has a connected 
Abelian algebraic hull. The main result is that such a group 
always leaves some Cartan subalgebra of G invariant. A 
variety of examples show that the stated results are very 
near to being best possible. C. Chevalley. 


Jacobson, N. A note on automorphisms and derivations 
of Lie algebras. Proc. Amer. Math. Soc. 6, 281-283 
(1955). 

The author proves that a Lie algebra L which has an 
automorphism of prime order with no fixed point +0 is 
nilpotent. This generalizes a result of Borel and Serre 
[Comment. Math. Helv. 27, 128-139 (1953); MR 14, 948] 
to the effect that the same statement is true under the as- 
sumption that the basic field is of characteristic 0. Let L be 
a Lie algebra and D a nilpotent algebra of derivations of L 
such that there are no D-constants ~0 in L; the author 
proves that, if the basic field is of characteristic 0, then L 
is nilpotent, while, if the basic field is of characteristic p>0, 
and if it is assumed that L is restricted and that the opera- 
tions of D are restricted derivations, then L is nilpotent- 
restricted. Moreover, he shows that every nilpotent Lie 
algebra has a derivation which is not inner. 


C. Chevalley (Paris). 


Yoshii, Tensho, and Ikeda, Masatoshi. Note on general- 
ized uniserial algebras. II. Proc. Japan Acad. 30, 550- 
552 (1954). 

[For part I see Osaka Math. J. 6, 105-107 (1954); MR 
16, 108. ] Let A be an associative algebra of finite rank with 
a unit element over the field K. If Z is an extension field 
of K, the algebra over L obtained from A by ground-field 
extension is denoted by A_z. The following two theorems are 
proved. I. If Az is a generalized uniserial algebra for some 
extension field L of K, then A is a generalized uniserial 
algebra. II. If, for some extension field L of K, the radical 
of A; is a principal ideal, the same is true for the radical of A. 

R. Brauer (Cambridge, Mass.). 
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Arf, C. Eine explizite Konstruktion der separablen Hiille 
eines Potenzreihenkérpers. Abh. Math. Sem. Univ. 
Hamburg 19, 117-126 (1955). 

Let P denote the Galois field of order p, and $ = P(t) the 
field of formal Laurent series. The author explicitly con- 
structs the separable-algebraic closure B* of $. It is known 
that $* can be generated by the operations (a) adjoining 
elements of the algebraic closure k of P; (b) adjoining rth 
roots of t, for integers » prime to p; and then (c) adjoining 
roots of Artin-Schreier equations. Let R be the extension 
of $ obtained by all operations (a) and (b). Arf defines a 
ring % whose elements are linear combinations over & of 1 
and of vectors 


1 £2 | 
ps ai ’ Te ’ 

where m is any positive integer, the £; are elements of k and 
the »; are positive rationals with denominator prime to p. 
Addition of vectors is simple [essentially that for a tensor 
product over P']; multiplication is complicated and defined 
by recursion on m. The meaning of the vectors is explained 
by the derived rules 


as se 
vi v ” 
(16) “ s oa i o ee a 
Vi Ve Va Vi V2 Vn 
= &i & a §.—-1 fn 
vy ve : Vn—1)t"" 


Arf proves that USP. He further gets an explicit descrip- 
tion of the elements of the Galois group of & over $ and 
promises to derive the class field theory over $ from this. 
Reviewer's comments: The restriction that the field of 
constants be a Galois field seems easy to remove. Arf’s 
vecters have nothing to do with Witt’s: Witt-vectors repre- 
sent defining equations of cyclic p*-extensions whereas Arf- 
vectors represent elements generating extensions of degree 
p” and it is not evident from the form of a vector whether 
the corresponding extension is cyclic or even normal. 
G. Whaples (Bloomington, Ind.). 





Theory of Groups 


Gacsdlyi, S. On pure subgroups and direct summands of 
abelian groups. Publ. Math. Debrecen 4, 89-92 (1955). 
Let G be an abelian group, A a subgroup. It is shown that 

purity of A is equivalent to the following statement: every 

system of equations over A in a finite number of unknowns 

which has a solution in G is already solvable in A. A is a 

direct summand of G if and only if the same statement holds 

with any number of unknowns. I. Kaplansky. 


Kneser, Martin. Ein Satz iiber abelsche Gruppen mit 
Anwendungen auf die Geometrie der Zahlen. Math. Z. 
61, 429-434 (1955). 

Let A and B be two non-null finite subsets of an abelian 
group G with n(A), n(B) elements respectively. The 
author proves that A+B=G if n(A)+(B)>n(G), while 
n(A+B)2n(A)+n(B)—n(H) if n(A)+n(B) Sn(G). Here 
H isa proper subgroup of G. This is a weak form of a stronger 
result stated by the author which can be proved by methods 
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similar to those he has used in an earlier paper [Math. Z. 
58, 459-484 (1953); MR 15, 104], but is all the author 
needs to prove certain results concerning the n-dimensional 
torus group 7. Thus, if A and B are two non-null sub- 
sets of 7, then A+B=T when 1(A)+i(B)>2(T), while 
1(A+B)2=i(A)+i(B) when i(A)+7(B)Si(T). Here the 
function i denotes Jordan content. As remarked by the 
author, this result is included in a paper of A. M. Macbeath 
[Proc. Cambridge Philos. Soc. 49, 40-43 (1953); MR 15, 
110] where it is proved similarly. 

Applications to the geometry of numbers are given and 
results such as the following, which includes as particular 
cases theorems of Hlawka [Math. Z. 49, 285-312 (1943); 
MR 5, 201] and Schneider [Arch. Math. 2, 81-86 (1950); 
MR 11, 331] are obtained. Let 0<kSk+hAS1; suppose that 
the set A of Euclidean n-dimensional space contains not 
more than k, and the set B not more than / inner points 
which are congruent modulo J, where J is an n-dimensional 
lattice of determinant d(J). If 


(1—Al™)k-“4(A) +F-1(B) > d(d), 


then for every vector x there exist at least k+h lattice 
vectors g e J such that x—g lies in A+B. 
R. A. Rankin (Glasgow). 


Gol’berg, P. A. On a criterion of conjugateness of Sylow 
II-bases of an arbitrary group. Mat. Sb. N.S. 36(78), 
335-340 (1955). (Russian) 

Let G be an arbitrary group. A maximal p-subgroup is 
called a p-component. A Sylow I1-basis is a set of p-com- 
ponents (pe II) such that no subset of the set generates an 
element with order containing a prime foreign to the primes 
involved in the subset. The question considered in this and 
other papers is the conjugacy of any two Sylow II-bases. 
[See P. Hall, Proc. London Math. Soc. (2) 43, 316-323 
(1937); R. Baer, Duke Math. J. 6, 598-614 (1940); MR 2, 
2; P. A. Gol’berg, Mat. Sb. N.S. 32(74), 465-476 (1953); 
MR 14, 1060.] Baer considered the case when a certain 
basis generated G and had only a finite number of con- 
jugates. (Here G had to be periodic.) One generalization is 
the following. Let N(S) be the largest normal subgroup 
contained in the subgroup which normalizes each of the 
components of a Sylow II-basis S. If G/N(S) is finite and 
II-separable (has a composition series the order of no factor 
of which is divisible by two different primes of the set II; 
example: solvable), then any two Sylow II-bases are con- 
jugate. Another generalization, in which G had to be 
periodic, was given in the last paper cited above. 

J. L. Brenner (Pullman, Wash.). 


Schenkman, Eugene. The splitting of certain solvable 

groups. Proc. Amer. Math. Soc. 6, 286-290 (1955). 

Let G be a finite group, and G* the intersection of the 
terms of its lower central series. Then G* is complemented 
in G, and any two complements of G* are conjugate. If, in 
addition, G has trivial centre, both G and its group of auto- 
morphisms are contained in the holomorph of G*. 

Graham Higman (Oxford). 


Schenkman, Eugene. On the structure of the automor- 
phism group of a nilpotent group. Portugal. Math. 13, 
129-135 (1954). 

Let G be a group, G; its derived group, and G(p) the sub- 
group generated by the pth powers of its elements. The 
group of automorphisms of G which induce the identity on 
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G/G: and G/G:G(p) respectively are called A: and B, 
respectively. If G is nilpotent of class k then A: is nilpotent 
of class at most k—1, and if also G can be generated by 
elements of order p*, B, is nilpotent of class at most mk. 
(In this case only the bound for the class is new; the author 
appears to have overlooked the fact that it was proved by 
Hall [Proc. London Math. Soc. (2) 36, 29-95 (1933) ] that 
B, is under these conditions a p-group.) There are similar 
results for G generalised nilpotent, and for the subgroups 
GA, and GB, of the holomorph of G. Graham Higman. 


Jennings, S. A. The group ring of a class of infinite nil- 
potent groups. Canad. J. Math. 7, 169-187 (1955). 
Let & be a finitely generated torsion-free nilpotent group, 
I the group ring of G over a field of characteristic zero, and 
A the ideal of I spanned by the elements G—1, G in G. 
Then @& has a central series 


G=F: DF: nee DSF -41= {1} 


in which F;/ Fi; (¢=1, ---, 7) is an infinite cycle; here r is 
an invariant of G, called the rank. If F; is a generator 
of %: modulo is, every element of G can be written 
uniquely as F\*!- - - F,*" (a1, «+ -,a, integers) and the elements 


(Fa! —1)"(Fat—1)%- + - (Fe 1)® 
1 2 a 


with 151,;<i,.<---<i,Sr and 4, ---, 5, positive integers 
form a basis for A. It follows that, for all w, A**' is properly 
contained in A*, and that the intersection of all these ideals 
is zero. The set D, of elements G of @ for which G—1 
belongs to A* is a rermal subgroup of G; and Dy/Dw+: (if 
not 1) is a torsion free abelian proof. The author states 
(deferring the proof to a later paper) that the D, are the 
minimal normal subgroups of G with these properties. 

Because the intersection of all A* is zero we may complete 
IT with respect to the topology they induce, obtaining I*; 
A* is the closure of A in I'*. If x belongs to A* we can form 
log (1+) in I'*. In particular, we can form log G for all G 
in @. These elements span a Lie algebra % of dimension r 
over the base field, whose structure constants with respect 
to a suitable basis are rational. Then @ is a discrete sub- 
group of the simply connected Lie group whose (real) Lie 
algebra has the same constants of structure as &. 

Graham Higman (Oxford). 


Litoff, O. On the commutator subgroup of the general 
linear group. Proc. Amer. Math. Soc. 6, 465-470 (1955). 
Let G be the group of all »Xm matrices with elements 

from an arbitrary ring R with identity. T is the subgroup 

of G generated by all “‘elementary”’ matrices of the form 

I+re.;, i~j, re R. C is the commutator subgroup [G, G]; 

V is the subgroup of G consisting of all matrices of de- 

terminant 1. [Determinants are defined in G when R is 

commutative or when R is a division ring. They satisfy the 
relation det AB =det A -det B. See J. Dieudonné, Bull. Soc. 

Math. France 71, 27-45 (1943); MR 7, 3.] A number of 

conditions are given under which 7, C, V coincide. For 

example: if R is a valuation ring (Wa, b,a|bvb|a) then 

T=C except when n is 2 and R modulo its radical is the 

field of 2 elements; and for any euclidean R, T=C except 

when » is 2 and 2 is not invertible; when R is euclidean and 

commutative, T= V. The question whether T= V when R 

is a non-commutative division ring is left unsettled by the 

author. J. L. Brenner (Pullman, Wash.). 











Helmberg, Gilbert. Strukturbeziehungen zwischen end- 
licher Gruppe, Gruppenring und irreduziblen Darstell- 
ungen. Monatsh. Math. 58, 241-257 (1954). 

For the finite group G let D,(A) be the vth irreducible 
representation of the element A. We say that A has a fixed 
point in the vth representation if 1 is one of the eigenvalues 
of D,(A). If D is of degree n, and A has k fixed points in 
the vth representation, then D,(A)—D,(1) has rank n,—k. 
It is shown that the element B is generated by the ele- 
ments A,,---,A, if the matrix M given by putting the 
D,(Ai)—D,(1) (é=1, ---, 5s) in a line has the same rank as 
that of M followed by D,(B)—D,(1) for all representations. 
The author regards this result as an analogue of the result 
in Diophantine approximation that there exists an integral 
x making a,x—8, arbitrarily small modulo 1 if and only if 
all integral dependencies of the a’s modulo 1 are also satisfied 
by the 6’s modulo 1. Furthermore elements A,, ---, A, 
generate G if in every representation there is no common 
fixed point for all the A’s, excepting of course the identical 
representation. A stronger result says that if for each non- 
identical representation at least one of A, ---, A, is free of 
fixed points, then the product of the orders ™, ---, u, is a 
multiple kg of the order g of G and the elements A ;"- --A,* 
(a;=1, +--+, us; 4=1, ---, s) yield each element of G exactly 
k times. Marshall Hall, Jr. (Columbus, Ohio). 


Leptin, Horst. Uber eine Klasse linear kompakter abelscher 
Gruppen. II. Abh. Math. Sem. Univ. Hamburg 19, 
221-243 (1955). 

[Part I appeared in same Abh. 19, 23-40 (1954); MR 15, 
932]. Various theorems are proved concerning the splitting 
of a linearly compact module as a direct sum, and the paper 
concludes with a careful account of the duality between 
linearly compact modules and the (more or less) discrete 
dual modules. I. Kaplansky (Chicago, IIl.). 


Leptin, Horst. Zur Dualititstheorie projektiver Limites 
abelscher Gruppen. Abh. Math. Sem. Univ. Hamburg 
19, 264-268 (1955). 

Kaplan [Duke Math. J. 17, 419-435 (1950); MR 14, 245] 
proved that a sequential inverse limit of locally compact 
abelian groups satisfies the Pontrjagin duality. Michael 
[Bull. Amer. Math. Soc. 59, 248 (1953), abstract 322t] 
gave an example of a topological linear space which failed 
to satisfy duality although it was an inverse limit of Banach 
spaces. Leptin now shows that duality may fail even in an 
inverse limit of locally compact (in fact, discrete) groups. 
The example is the weak direct sum G of an uncountable 
number of discrete groups, topologized in the manner of 
the Cartesian product topology except that countable sub- 
sets of the index sets are permitted. It turns out that the 
character group of G is compact, and that the second 
character group is again G, but with the discrete topology. 
A similar example answers in the negative a question raised 
by Schéneborn [Math. Z. 60, 17-30 (1954); MR 15, 932]. 
These examples led the author to a systematic study of 
groups with compact character group (see the next review). 

I. Kaplansky (Chicago, IIl.). 


Leptin, Horst. Abelsche Gruppen mit kompakten Charak- 
tergruppen und Dualititstheorie gewisser linear topo- 
logischer abelscher Gruppen. Abh. Math. Sem. Univ. 
Hamburg 19, 244-263 (1955). 

Let G be a topological abelian group with sufficiently 

many characters. Assume that the character group of G 





(compact-open topology) is compact. Then G makes a large 
number of gestures at being discrete: all subgroups are 
closed, all characters are continuous, all compact subsets 
are finite. The totality of these groups can be surveyed as 
follows: take an arbitrary abelian group and award it a 
topology lying between the discrete topology and the weak 
topology induced by its character group. In the second part 
of the paper the author studies a class of groups introduced 
by Schéneborn [Math. Z. 59, 455-473; 60, 17-30 (1954); 
MR 15, 932]. One assumes a topological abelian group G 
with three postulates: there are subgroup neighborhoods 
of 0, modulo an open subgroup you get a primary group; 
the closure of any cyclic subgroup is complete. Departing 
from Schéneborn, he topologizes the character group G* by 
taking neighborhoods of 0 to be annihilators of compact 
subgroups in G. The main theorem asserts that duality holds 
for G if and only if the following is true: if H is a subgroup 
of G all of whose supergroups are closed, then H is open. 

I. Kaplansky (Chicago, IIl.). 


Schéneborn, Heinz. Uber eine Klasse von topologischen 

Gruppen. Math. Z. 61, 357-373 (1955). 

The topological groups in question are those having a 
system of neighborhoods of the identity consisting of normal 
subgroups. Many special classes of such groups occur in the 
literature, but this is the first systematic investigation. 
Topics include Sylow subgroups, linear compactness, local 
finiteness, local solvability, and the special case where the 
quotients modulo open normal subgroups have the descend- 
ing chain condition on subgroups. I. Kaplansky. 


Witt, Ernst. Uber die Kommutatorgruppe kompakter 
Gruppen. Rend. Mat. e Appl. (5) 14, 125-129 (1954). 
It is proved that, if a compact topological group G has 

an Abelian subgroup of finite index, then its commutator 

group G’ is closed. This applies in particular to the Galois 
group of Ax«/k, where Ax is the maximal Abelian overfield 

of a field K which is a Galois extension of finite degree of k; 

for the case where k is a field of algebraic numbers, the result 

had been established by W. Jehne [Dissertation, Hamburg, 

1954]. In order to prove that G’ is closed, it is sufficient to 

show that every element of G’ is expressible as the product 

of a bounded number of commutators; it is proved that this 
is the case in any abstract group G (with no topology) 
which has an Abelian subgroup of finite index. The prob!em 
is first reduced to the case where the center is of finite index, 
and it is shown that G’ is then finite. The author shows by 
an example that the commutator group of the Galois group 
of an algebraic extension may fail to be closed. 

C. Chevalley (Paris). 


Satake, Ichiro. A remark on bounded symmetric domains. 
Sci. Papers Coll. Gen. Ed. Univ. Tokyo 3, 131-144 (1953). 
Théoréme 1: Soit B= G/H, espace homogéne d’un groupe 

de Lie G par un sous-groupe compact H; soit y une structure 

complexe sur B, invariante par G. Il y a équivalence entre 
les conditions: (1) y et la structure conjuguée 7 sont les 
seules structures complexes G-invariantes; (2) la représenta- 
tion linéaire de H dans l’espace (vectoriel complexe) tangent 

a B est irréductible et n’est pas équivalente a la représenta- 

tion conjuguée. 

On étudie désormais le cas of B est un “domaine borné 
symétrique” au sens de E. Cartan [Abh. Math. Sem. Ham- 
burg. Univ. 11, 116-162 (1936) ], supposé irréductible. Donc 
B=G/H, ov G est un groupe de Lie simple réel (connexe, 
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non compact), H un sous-groupe compact maximal (a 
centre non discret). Soient G le complexifié de G, Ge une 
forme compacte de G telle que GA Gc = H; on sait qu'il existe 
un sous-groupe fermé AH de G tel que G=GcH=HGo, 
Gon H=Gcn H=H. Alors G/H se plonge comme un ouvert 
de G/H=Gc/H, et la structure complexe y de G/H est 
induite par celle y¢ de G/H compacte. L’implication 
(2) (1) donne (théoréme 2): y et 7 (resp. ye et Fc) sont 
les seules structures complexes G-invariantes (resp. Ge-in- 
variantes); il s’ensuit (théoréme 3) qu'il existe exactement 
deux sous-groupes H” et H® tels que H; ils correspondent 
respectivement aux structures + et 7. 

Pour terminer, l’auteur explicite Ge, H et H® pour 
chacun des 4 grands types de la classification de E. Cartan, 
ainsi que l’automorphisme transformant y dans 7. 

H. Cartan (Paris). 


Freudenthal, Hans. Beziehungen der ©; und €,; zur 
Oktavenebene. II, III, IV. Nederl. Akad. Wetensch. 
Proc. Ser. A. 57, 363-368 (1954); 58, 151-157, 277-285 
(1955) =Indag. Math. 16, 363-368 (1954); 17, 151-157, 
277-285 (1955). 

In the first part of this paper, the author has given an 
explicit construction of the group £; and of its representa- 
tion of degree 56 [same Proc. 57, 218-230 (1954); MR 16, 
108]. Let L be the Lie algebra of E;, A; the Lie algebra of 
the simple 3-dimensional group and K the space of the 
representation of degree 56 of E;; the author defines ex- 
plicitly a law of composition on the direct sum of L, of A; 
and of two copies of K which turns this vector space into a 
Lie algebra, which is of type Es. 

The group £; is the group of automorphisms of the vector 
space K which leave invariant a 28-dimensional algebraic 
variety M (which is a cone, and therefore defines a 27-dimen- 
sional projective variety); moreover, there is a symmetric 
bilinear mapping (P, Q)-—-P XQ of KXK&K into L such that 
M may be defined by the equation PX P=0; finally, there 
is a skew-symmetric bilinear form (P, Q)—{P, Q} on KXK 
invariant under the operations of E;. The author shows that 
the elements @ of L such that #&=0 may be characterized as 
follows: they are the elements PXQ, with P, Q in M, 
{P, Q} =0. These elements form a subvariety N of L. It is 
shown that the “general elements’’ of N correspond to the 
infinitesimal perspectivities of the Cayley plane, which are 
defined as follows. If A is a point and B a line, and « a real 
number, we associate to any point X the point p,(X) of the 
real (1-dimensional) line through A and X such that, if 
Y is the point where this line meets B, the cross-ratio 
(A, Y, X, p.(X)) =«. We obtain in this way a perspectivity 
p.; when « varies, p, describes a one-dimensional group, 
whose infinitesimal operation is called an infinitesimal per- 
spectivity. The elements of N which are not “general” 
(i.e. which satisfy a certain linear equation) may also be 
given an interpretation by means of a generalization of the 
infinitesimal perspectivities. 

A number of geometric properties of the variety N, or 
rather of the corresponding projective variety (JN is a cone), 
which will still be denoted by N, are given. Two points of 
N are called joinable (verbindbar) if they commute (as 
elements of L, i.e. as linear transformations of K). A maxi- 
mal set of joinable elements is called a plane; a set which 
contains more than one point and which is the intersection 
of two planes is called a line. With these definitions, each 
plane is isomorphic (with regard to the points and lines it 
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contains) to a Cayley plane. Three points which are pairwise 
joinable, but do not lie on one line, determine a plane. The 
planes correspond in a one-to-one manner to the points of 
the variety M; if a plane corresponds to a point P of M, 
it is the set of all @ in N such that 6(P) =0. The lines corre- 
spond in a one-to-one manner to the elements 20 of the 
form 66’, where 6, 6’ are elements of N which commute with 
each other. The point @ lies on the line Q if and only if 
62=0; the line lies in the plane P if and only if 2(P)=0; 
the lines 2 and Q’ meet each other if and only if 2Q’=0; 
a number of other geometric properties of a similar nature 
-are established. C. Chevalley (Paris). 


u 
*Chevalley, Claude. Théorie des groupes de Lie. Tome 

Ill. Théorémes généraux sur les algébres de Lie. 

Actualités Sci. Ind. no. 1226. Hermann & Cie, Paris, 

1955. 239 pp. 2800 francs. 

This is the third volume (from a planned 25) of a 
treatise whose scope is quite inadequately defined by the 
single title ‘“Theory of Lie groups’”’. While volume I [Prince- 
ton, 1946; MR 7, 412] is indeed solely concerned with Lie 
groups, volume II [Hermann, Paris, 1951; MR 14, 448] 
actually makes an entirely new start with the theory of 
(linear) algebraic groups. In particular, it establishes a 
correspondence between these groups and linear algebraic 
Lie algebras which, over fields of characteristic 0, is exactly 
analogous to that between ordinary Lie groups and their 
Lie algebras. In the common domain of their existence, 
these two theories merge to illuminate the same phenomena 
from two different ambient regions one of which is governed 
by analysis and topology and the other by algebraic 
geometry. 

The present volume III is an immediate continuation of 
volume II in that its main content is again purely algebraic, 
with many of the proofs leaning heavily on the results of 
volume II. On the other hand, the principal results of 
volume III bear equally on algebraic groups and on Lie 
groups. On the algebraic side, one must keep in mind that 
the Lie theory of algebraic groups which is here developed 
requires that the base field be of characteristic 0. From now 
on, it will therefore be understood that all base fields are of 
characteristic 0. Furthermore, every representation space 
and every Lie algebra will be assumed finite dimensional. 
Since our description of the content must necessarily remain 
very sketchy, it is well to draw attention to the careful and 
illuminating summaries which the author has given at the 
beginning of each chapter of this volume. 

Chapter III (whose predecessors I and II make up 
volume II) deals with generalities concerning representa- 
tions of groups and Lie algebras. It is preparatory and 
contains only elementary results which are mostly well 
known. Particular attention is paid, of course, to the con- 
nection between the representations of a group (algebraic, 
or Lie) and the derived representations of its Lie algebra. 
This connection is traced through for Cartesian products 
and tensor products of representations, and for the forma- 
tion of sub-representations, factor-representations, and dual 
representations. The linearization of certain problems con- 
cerning groups by the consideration of their Lie algebras is 
already illustrated here. For instance, the invariants of a 
continuous representation of a connected Lie group, or of a 
rational representation of an irreducible algebraic group, 
are exactly those elements of the representation space which 
are annihilated by the derived Lie algebra representation, 
and a subspace of the representation space is stable under 
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the group representation if and only if it is stable under the 
derived Lie algebra representation. 

Chapter IV takes up the elementary theory of semisimple 
Lie algebras which may be defined most simply as those 
having no non-zero abelian ideal. By a fundamental 
theorem of E. Cartan, a Lie algebra is semisimple if and 
only if its fundamental bilinear trace form is non-degenerate. 
The proof of this theorem is here greatly simplified by the 
use of the author’s replica trace criterion for the nilpotency 
of a linear transformation. Unfortunately, the theory of 
replicas is not established elementarily in this treatise (as it 
has been in an earlier publication by the author) but is 
drawn from the theory of algebraic groups of volume II. 
Thus, an unwary reader might well be misled into the belief 
that Cartan’s criterion depends on the theory of algebraic 
groups and on algebraic geometry! 

The most vital property of semisimple Lie algebras is 
that all their representations are semisimple. This result 
(due to H. Weyl, in the classical case) is here proved more 
simply and elegantly than anywhere else; a skillful use of 
the exterior algebra built over the representation space 
reduces the proof to a transparent application of the 
Casimir operator in a very simple situation. 

The consideration of semisimple representations leads to 
the notion of a reductive Lie algebra, i.e., one which is 
semisimple modulo its center. In fact, a Lie algebra is re- 
ductive if and only if it has a faithful semisimple represen- 
tation, and a representation of a reductive Lie algebra is 
semisimple if and only if it represents every central element 
by a semisimple linear transformation. A reductive Lie 
algebra is the direct sum of its center and its derived 
algebra, and the latter is semisimple. 

An important consequence of these results is that the 
tensor product of two semisimple representation spaces for 
a Lie algebra L is again semisimple as a representation 
space for L. Using the theory of algebraic groups and a new 
general device which leads to a number of results of inde- 
pendent interest, the author eventually deduces that, for 
an arbitrary abstract group, tensor products of semisimple 
finite-dimensional representations over a field of character- 
istic 0 are semisimple. 

The other results he obtains on the way can be summed 
up most neatly by first stating a theorem which generalizes 
the author’s Proposition 1 and which is obtained immedi- 
ately by feeding back the tensor-product result into the 
proof of that proposition. Let G be a group and let H be a 

normal subgroup of G. It is not difficult to show that every 
semisimple representation of G induces a semisimple repre- 
sentation of H. The theorem in question is a very useful 
partial converse. It holds for finite-dimensional representa- 
tions over fields of characteristic 0 of any one of the follow- 
ing three types: (1) arbitrary representations of abstract 
groups; (2) continuous representations, over the real or 
complex number field, of topological groups; (3) rational 
representations of algebraic groups. In case (2) or (3), a 
“representation of G/H”’ is to be understood as a repre- 
sentation which arises in the natural way from a continuous 
or rational representation of G whose kernel contains H. 
With this understanding, the theorem may be stated as 
follows: suppose that every representation of G/H is semi- 
simple. Then every representation of G which induces a 
semisimple representation of H is a semisimple representa- 
tion of G. 

The most important consequence deduced by the author 
is that every rational representation of a semisimple alge- 
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braic group and every continuous representation of a semi- 
simple Lie group with only a finite set of connected com- 
ponents is semisimple. These results follow from the case 
of the above theorem where G/H is finite. Other useful cases 
immediately suggest themselves; for instance, case (2) with 
H closed and G/H compact, or, when G is a Lie group, G/H 
semisimple with only a finite set of connected components. 

Chapter V is mainly concerned with the theory of general 
Lie algebras. It begins with Lie’s theorem, formulated to 
state that a semisimple representation of a solvable Lie 
algebra annihilates the derived algebra. It then procedes to 
the theory of the radical and of the maximal nilpotent ideal. 
The notions of solvability and nilpotency of groups are 
discussed and related to the corresponding notions for Lie 
algebras. In particular, it is shown that an irreducible alge- 
braic group, or a connected Lie group, is solvable (nilpotent) 
if and only if its Lie algebra is solvable (nilpotent). 

The theory of Lie algebras is continued with Levi's de- 
composition theorem, according to which a Lie algebra g 
contains a semisimple subalgebra s such that g is the semi- 
direct sum of its radical and s, and Malcev’s uniqueness 
theorem, according to which this decomposition is unique 
up to an automorphism of the form exp (ad(x)), where x 
belongs to the intersection of the derived algebra and the 
radical of g. If the adjoint representation maps g onto an 
algebraic Lie algebra, there is the following refinement of 
Levi's theorem: the radical of g can be written as a semi- 
direct sum a+n, where n is the maximal nilpotent ideal of g, 
and a is an abelian subalgebra whose elements commute 
with those of s and whose image under the adjoint repre- 
sentation of g is algebraic and consists entirely of semisimple 
linear transformations. If g is itself an algebraic Lie algebra, 
there is a similar decomposition with m the largest ideal of g 
consisting entirely of nilpotent linear transformations and 
a an abelian algebraic Lie algebra consisting entirely of 
semisimple linear transformations. In the solvable case, the 
decomposition into the form a+ of an algebraic Lie algebra 
gives rise to a similar decomposition of the corresponding 
irreducible algebraic group. 

The elementary theory of Lie algebras is wound up with 
Ado’s theorem, proved by the method of Harish Chandra, 
and refined by the second statement here: every Lie algebra 
has a faithful representation in which the elements of the 
maximal nilpotent ideal are represented by nilpotent linear 
transformations. If the image of the Lie algebra under its 
adjoint representation is algebraic there exists such a repre- 
sentation in which the image Lie algebra is algebraic. 

One application which the author makes of Ado’s theorem 
is to conclude that every Lie algebra over the real number 
field actually belongs to a Lie group. This is a very belated 
filling in of a gap in volume I! Actually, much less of the 
theory of Lie algebras than Ado’s theorem is sufficient for 
the proof (taught to the reviewer by the author 15 years 
ago) in which the desired Lie group is obtained by a sequence 
of constructions of semidirect products and which yields 
valuable additional information; namely, that if G is a 
simply connected Lie group and H is a closed connected 
normal subgroup of G there exists an analytic cross section 
for the group extension H-G-G/H. 

On the other hand, it should be emphasized that the 
refinement of Ado’s theorem gives an intrinsic characteriza- 
tion (found independently by M. Goto) of algebraic Lie 
algebras: an abstract Lie algebra is isomorphic with an 
algebraic Lie algebra if and only if its image under the 
adjoint representation is algebraic. 
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The chapter closes with an analysis and an interpretation 
(as the algebra of invariant differential operators acting on 
the rational, resp. analytic, functions on the corresponding 
group) of the universal enveloping algebra of a Lie algebra, 
Here, the use of Ado’s theorem for proving the completely 
elementary fact that the ordered monomials formed from 
the elements of an ordered basis of the Lie algebra are 
linearly independent as elements of the universal enveloping 
algebra is misleading, both with regard to the significance 
of Ado’s theorem and with regard to the degree of generality 
of the deduced result. 

Chapter VI is devoted to the Cartan subalgebras of a Lie 
algebra which provide the key to the higher theory of semi- 
simple Lie algebras (in particular to their classification), 
and the Cartan subgroups of an algebraic or Lie group. The 
first two paragraphs deal with technicalities of algebraic 
geometry concerning the Zariski topology, tangent spaces, 
and orbits of subsets of a vector space under the action of 
a group of linear transformations. This material is needed 
for the study of the Cartan subgroups of an algebraic group. 

The usual definition of a Cartan subalgebra of a Lie 
algebra is somewhat artificial but has the advantage of 
making their existence obvious. It is here replaced by a 
simple and natural definition which is shown to be equiva- 
lent: a subalgebra c of a Lie algebra g is called a Cartan 
subalgebra if it is nilpotent and coincides with its normalizer 
in g. The main innovation is a purely intrinsic definition for 
the Cartan subgroups of a group which is meaningful even 
for abstract groups. A subgroup C of a group G is called a 
Cartan subgroup if it is a maximal nilpotent subgroup with 
the additional property that every subgroup which is 
normal and of finite index in C is also of finite index in its 
own normalizer in G. It is proved that the Cartan subgroups 
of an irreducible algebraic group G are exactly those irre- 
ducible algebraic subgroups of G whose Lie algebras are the 
Cartan subalgebras of the Lie algebras of G. If G is a con- 
nected Lie group, its Cartan subgroups are closed in G, but 
not necessarily connected, and their Lie algebras are the 
Cartan subalgebras of the Lie algebra of G; more precisely, 
each Cartan subalgebra is the Lie algebra of one and only 
one Cartan subgroup. The Lie group result is actually 
deduced from the result for algebraic groups by considering 
the adjoint representation of the Lie group and passing to 
the smallest algebraic group containing its image. The 
Cartan subgroups of a compact connected Lie group turn 
out to be exactly the maximal connected abelian subgroups. 
For irreducible algebraic groups over an algebraically closed 
field and for compact connected Lie groups, all Cartan sub- 
groups are conjugate to each other. Further results concern 
the density with which the Cartan subgroups distribute over 
a group, and there are many more results concerning Cartan 
subgroups and subalgebras whose description would lead 
too far here. 

The reading of Chapter VI is hard work, especially where 
the methods of algebraic geometry are involved. As is al- 
ready the case with certain portions of volume II, the 
burden could have been lightened by avoiding the merciless 
use of the differential of a rational map as a function of two 
variables, with the requisite formula 


d(S-R)(y, x) = (dS) (R(y), (€R)(y, *)) 


which is the rule for differentiating a composite function, 
inflated to the appropriate nightmare. 

Generally speaking, the exposition has been made rather 
rigid. Its fine partitioning into numerous propositions and 
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lemmas, supporting an intricate network of cross references, 
is often somewhat exasperating, in spite of (and one is 
tempted to say: because of) the consequent increase in rigor. 

It must be emphasized, however, that, at worst, these are 
defects which are quite negligible in comparison with the 
immensity of the task of building up a coherent and self- 
contained work combining the classical theory of Lie groups 
with the author’s theory of algebraic groups. In particular, 
this volume brings ample evidence of the fruitfulness of this 
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combination. Many classical results have been considerably 
refined and extended, and many have acquired new sig- 
nificance in the light of the theory of algebraic groups which 
already at this stage appears as a rich and beautiful struc- 
ture in its own right. One can but eagerly look forward to 
the continuation of this work which promises an ample 
reward for all the pains taken by the author in establishing, 
and by the reader in absorbing, the foundations of this 
theory. G. Hochschild (Berkeley, Calif.). 


NUMBER THEORY 


Vandiver, H. S. Divisibility problems in number theory. 
Scripta Math. 21, 15-19 (1955). 
Expository paper. 


Federici Casa, Carlo. Rev. 


Mat. Elem. 3, 75-80 (1955). 


On criteria of divisibility. I. 
(Spanish) 


Suranyi, Janos. Equations diophantiques et fractions con- 
tinues. Mat. Lapok 5, 79-100 (1954). (Hungarian. 
Russian and French summaries) 

Expository article. P. Erdos. 


Nagell, Trygve. On the Diophantine equation x?+8D=y". 

Ark. Mat. 3, 103-112 (1955). 

Let m be an odd integer >3, and suppose that the class 
number of R((—2D)"/?) is not divisible by n. If D=1 (mod 3) 
then the equation x*+8D =~," has no solution in integers x 
and y. This result enables the author to improve an earlier 
theorem [Arch. Math. 5, 153-159 (1954); MR 15, 855] and 
establish that x?+-8 = y* has no solution in positive integers 
with n23; this follows from the general theorem above 
and the facts that x?+8 =* has only the solutions |x| =1, 
ly| =3, and x*+8=~, only the solution x=0, y=2. Many 
other results concerning the equation x?+8D = y" are proved, 
such as the following. Let m be a power of an odd prime of 
the form 8k+1, and suppose that the class number of 
R((—2D)"?) is not divisible by m. Then the equation has at 
most one solution in positive integers. I. Niven. 


Stolt, Bengt. On the Diophantine equation u?— Dv?= +4N. 

Ill. Ark. Mat. 3, 117-132 (1955). 

Continuing his previous work [Ark. Mat. 2, 1-23, 251- 
268 (1952); MR 14, 247, 354] the author determines the 
number of classes of solutions of the equation of the title 
in the following two cases: (1) N is square-free, and (2) NV 
is a power of a prime. The details are too extensive for 
reproduction here; however, in case (1) the number of 
classes is a power of 2. Among the solutions in a class, that 
one with smallest non-negative v is called the fundamental 
solution of the class. The paper treats various bounds on the 
fundamental solutions of the equation. These bounds or 
inequalities on the fundamental solutions can be obtained 
in an elementary way as well as by algebraic number theory, 
and it is established that the elementary methods give 
better results. I. Niven (Berkeley, Calif.). 


Utz,W.R. Two diophantine cubics. 

121-123 (1954). 

The following theorem is proved: The diophantine equa- 
tion (1) x*+-y*=xyz has no integral solutions (x, y, 2) for 
z= 1 or for z an odd prime unless z is of the form 3n?+3n+1, 
m an integer. In case s=2, there is exactly one solution 
(1,1, 2). When the prime z is of the form 3n?+3n+1, (1) 


Portugal. Math. 13, 





has only the solutions (x, y, 2) = (p, g, r) and (q, p, r), where 
p=n?(n+1), g= —n(n+1)? and r=3n?+3n+1. The trivial 
solutions (0,0, z) and (x, —x, 0) are neglected. All integral 
solutions of x*+-y’=2(x—y) are also obtained. 

W. Ljunggren (Bergen). 


Dénes, Peter. Uber die Diophantische Gleichung 
xP +"? = p™-2"?, 


Czechoslovak Math. J. 1(76) (1951), 179-185 (1952) 

= Cehoslovack. Mat. Z. 1(76) (1951), 205-211 (1952). 

In a previous paper [Monatsh. Math. 54, 175-182 (1950); 
MR 12, 392] the author showed that the equation in the 
title has no solution in non-zero integers x, y, z when p>3 
is a regular prime. The object of this paper is to consider 
the case in which is an irregular prime. By using certain 
results of H. S. Vandiver, the author proves that if p is 
irregular but does not divide the second factor of the class 
number of the cyclotomic field K(exp 2xi/p) and further 
if p* does not divide the Bernoulli number B,, for r=1, 
2, +++, (p—3)/2 and finally if m#3, then the equation in 
the title has no solution with xyz+0. D. H. Lehmer. 


Dénes, Peter. Uber die Diophantische Gleichung 
x!-y'=cs, 


Acta Math. 88, 241-251 (1952). 

Nine theorems giving conditions under which the equa- 
tion of the title has no nontrivial solutions are proved by 
the theory of cyclotomic fields, special attention being given 
to the case ¢ a prime or prime power and in particular, c=2. 
For this latter case the author proves the theorem: Let / be 
a regular prime, not dividing (2'—2)/l, for which the ex- 
ponent of 2 is either (J—1)/2 or even; then x'+y'=2s! 
implies xyz=0 or 1. The regular primes <617 all satisfy 
these hypotheses with the 7 exceptions 


31, 73, 89, 127, 151, 223, 281. 


The author is unaware of the facts that /=389 and 613 are 


irregular since they divide Byoo and Boe. 
D. H. Lehmer (Berkeley, Calif.). 


Maxfield, John, and Maxfield, Margaret. Sums of powers 
of numbers having a given period modulo m. Amer. 
Math. Monthly 62, 349-353 (1955). 

Let m=p,"'---p,** be a given modulus and let a; be the 
distinct integers less than m having a given period e (mod m). 
The authors consider the sum S= >>; a," (mod m). This is 
done by deriving k congruences for S with respect to the 
moduli p,** (s=1, 2, «++, ®) respectively. In each of these 
congruences the corresponding result for a prime-power 
modulus is needed and the appropriate formula is derived 
by the authors. H. W. Brinkmann (Swarthmore, Pa.). 
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Lehmer, Emma. Period equations applied to difference 

sets. Proc. Amer. Math. Soc. 6, 433-442 (1955). 

The multiplier theorem of Hall and Ryser [Canad. J. 
Math. 4, 495-502 (1951); MR 13, 312] states that every 
divisor g of k—} is a multiplier of the difference set (v, k, d) 
provided g>d. The condition g>\ is necessary for the proof 
but for all explicitly known examples all divisors of k—X 
are multipliers. The author verifies the multiplier theorem 
for several cases of power residue difference sets. In doing 
this she proves the following four theorems. I) All divisors 
of (p+2*)/4 are quadratic residues of p if p=—1 (4), 
z=1 (2). Il) If p=4A?+27B*, then all the divisors of 
(p+B*)/4 are cubic residues of p. III) If p=x?+4y’, 
y=1 (2), then all the divisors of (3p+<x*)/16 are quartic 
residues of p. IV) If p=9a?+64y?=a?+2?=9 (16), then 
all the divisors of (7p+-a)/64 are octic residues of p. 

H. B. Mann (Columbus, Ohio). 


Lambek, Joachim, and Moser, Leo. On integers n rela- 
tively prime to f(m). Canad. J. Math. 7, 155-158 (1955). 
Let f(1), f(2), --- be a non-decreasing sequence of posi- 

tive integers tending to . Let f*(m) denote the number of 

those positive integers m for which f(m)=n, and let Q(x) 

denote the number of those positive integers » Sx for which 

(n, f(m))=1. The main result of the paper is that, if f* is 

non-decreasing, and 


lim {nf (n) log f(m)} =lim {n—f*(f(m)) log f(n)} =0, 


then lim,... {x-'Q(x)} = 6x7. T. Estermann, 
Moser, Leo, and Wyman, Max. On solutions of x‘=1 in 

symmetric groups. Canad. J. Math. 7, 159-168 (1955). 

Let To=7,=1, T,=Tn-1+(m—1)T,~-2. The authors es- 
tablish a connection between 7, and the Hermite poly- 
nomials. This enables them to establish an asymptotic 
formula for T,. They also obtain an asymptotic formula for 
A,,» where 


LAs, t"/n!=exp (x+x?/p) 


and p denotes any fixed prime. The dominant term for T, 
had been obtained by Chowla, Herstein and Moore [same 
J. 3, 328-334 (1951); MR 13, 10]. The connection between 
A,,, and the solutions of x?=1 in symmetric groups was 
observed by Jacobsthal [Norske Vid. Selsk. Forh., Trond- 
heim 21, 49-51 (1949); MR 11, 639] and by Chowla, 
Herstein and Scott [ibid. 25, 29-31 (1953); MR 14, 947]. 
S. Chowla (Boulder, Colo.). 


*Landau, Edmund. Handbuch der Lehre von der Ver- 
teilung der Primzahlen. 2 Bande. 2d ed. with an ap- 
pendix by Paul T. Bateman. Chelsea Publishing Co., 
New York, 1953. xviii+pp. 1-564; ix+pp. 565-1001. 
$17.50. 

The present edition of this classic work [Teubner, 
Leipzig-Berlin ] of 1909 differs from the original principally 
by the addition of a preface and appendix (in English) by 
P. T. Bateman and by the inclusion of two papers of Landau 
himself. Also, a few minor misprints have been corrected. 

The first appended paper of Landau [Math. Z. 20, 98-104 
(1924) ] shows how the use of the functional equation for 
the zeta function can be avoided in deriving the error term 
of the type O(x exp {—c,/ log x}) for the prime number 
theorem. It might be remarked, however, that the newer 
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method leads to a larger value of c than the older one. The 
second paper [S.-B. Preuss. Akad. Wiss. 1932, 514-521] 
gives Landau’s version of Wiener’s Tauberian proof of the 
prime number theorem. 

In his slightly terse preface and appendix, occupying 
about 23 pages, Bateman surveys the place of the book in 
the history of the subject, points out the later major de- 
velopments and improvements which have taken place in 
the materi] treated by Landau and gives many references 
to the literature. These references do not pretend to be on 
the extensive scale of the original; but they, and the accom- 
panying comments, are nevertheless quite comprehensive 
and form a very useful guide to the more recent literature, 
Since the writing of the appendix another significant de- 
velopment has taken place with the appearance of a paper 
of A. Z. Val’fiS [Akad. Nauk Gruzin. SSR. Trudy Tbiliss, 
Mat. Inst. Razmadze 19, 1-31 (1953); MR 16, 338] in 
which an estimate, sharper than that in §152 of the book, 
is given for the error term in the asymptotic formula for 


Lanse O(n). L. Schoenfeld (Ithaca, N. Y.). 


Furstenberg, Harry. On the infinitude of primes. 
Math. Monthly 62, 353 (1955). 


Amer. 


Breusch, Robert. Another proof of the prime number 
theorem. Duke Math. J. 21, 49-53 (1954). 
Another elementary derivation of the prime-number 
theorem from Selberg’s identity 


LX log? p+ LX log p log g=2x log x+-O(x) 


paz pass 


is given. The proof is close in spirit to that given by Erdés 


[Proc. Nat. Acad. Sci. U. S. A. 35, 374-384 (1949); MR 10, | 


595 ] but is considerably simpler. H. N. Shapiro. 
Stalley, Robert. A modified Schnirelmann density. Pacific 

J. Math. 5, 119-124 (1955). 

Let A= {a9=0<a;<a,<---} be a set of non-negative 
integers. The author defines a*=infi/a;. Let A+B=C. 
The author shows: If a*+$*>1, then y*=1. Furthermore, 
if 1,2, ---,keA, then y*2k(k+1)“a*+ 8". 

H. B. Mann (Columbus, Ohio). 


Prachar, K. Uber die Anzahl der Teiler einer natiirlichen 
Zahl, welche die Form »—1 haben. Monatsh. Math. 59, 
91-97 (1955). 

Let d(m) denote the number of divisors of and 5(m) the 
number of divisors of the form p—1, where p is prime; the 
function 6(m) has occurred in a recent paper by W. Nébauer 
[Monatsh. Math. 58, 181-192 (1954), p. 190; MR 16, 338]. 
The following results are proved in the present paper. 


(1) > 6(n) =x log log x +Bx+O0(x/log x), 
naz 
where B is a constant. (2) 5(m)>exp {c log n/(log log m)*} 


for infinitely many m and some c>0. (3) Assuming the 
Riemann hypotheses for the Dirichlet L-series, 


5(n) >exp {(}—€) log m log 2/log log n} 
for infinitely many n. (4) Sa<z &(m) =O(x log* x). Thus the 
results for 5(m) are analogous to known results for d(m), 
although, as the author points out, according to (1) (én) 
is on the average smaller than d(n), while according to (3) 
5(m) can presumably become as large as d(m). 

L. Carlitz (Durham, N. C.). 
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Meinardus, Giinter. Wher Partitionen mit Differenzen- 

bedingungen. Math. Z. 61, 289-302 (1954). 

The author obtains (Theorem 1) the first term in an 
asymptotic expansion of r(m), where f(z) = S-o r(m)e~™ con- 
verges in the right half-plane, r(m) is real, and f(z) satisfies 
certain function-theoretic conditions similar to those in 
Ingham’s classical theorem [Ann. of Math. (2) 42, 1075- 
1090 (1941); MR 3, 166], except that the monotonicity of 
r(n) is no longer assumed. The author’s result is essentially 
the same as Ingham’s, but the method is different, being a 
saddle-point method, whereas Ingham used a Tauberian 
theorem. The author then considers the function 

Cs) git +m 
F(v) 1+2 G—v).—e) 
and obtains (Theorem 2) the first term of an asymptotic 
expansion of s(m) by applying Theorem 1 to the coefficients 
of the above series. To show that F(v) satisfies the function- 
theoretic conditions of Theorem 1, use is made of an identity 
of Euler as well as a saddle-point calculation. By specializing 
k and / the author obtains in the last section of his paper 
asymptotic relations for various partition functions. 
J. Lehner (Los Alamos, N. M.). 


=1+Ds(n)o", 





Lomadze, G. A. On the representation of numbers by 
sums of squares. Akad. Nauk Gruzin. SSR. Trudy 
Tbiliss. Mat. Inst. Razmadze 20, 47-87 (1954). (Rus- 
sian) 

If sand m are positive integers, let r,(m) denote the number 
of solutions of the equation m,’+----+m,?=n in integers 
m;, *++, m,. Using the Hardy-Mordell method [cf. Hardy, 
Ramanujan . . . , Cambridge, 1940, Chap. 9; MR 3, 71] 
the author has previously worked out in full detail the exact 
formulas for r,(m) when 9s 324 [same Trudy 16, 231-275 
(1948); 17, 281-314 (1949); MR 15, 103; 12, 805]. Here he 
does the same thing for 25Ss532. This involves a tre- 
mendous amount of calculation. P. T. Bateman. 


Lomadze, G. A. On the summation of a singular series. 
I. Akad. Nauk Gruzin. SSR. Trudy Tbiliss. Mat. Inst. 
Razmadze 20, 21-45 (1954). (Russian) 

[For Part I see same Trudy 19, 61-77 (1953); MR 16, 
77). Suppose s is a fixed integer and m and m are integers 
with A=sn—m?*>0. Let r,(m, m) be the number of solutions 
of the pair of equations m,;*+ ----+-m,?2=n, m,+---+m,=m 
in integers m,, ---, m,. Let 


pa(m, m) = xD OPS, (mn, m)/s-T ((s—1)/2), 


where ©,(m, m) is the sum of the appropriate singular series, 
the full definition of which may be found in the review of 
Part I. From the work of Kloosterman [Math. Ann. 118, 
319-364 (1942); MR 5, 33; 9, 735], Bronkhorst [Disserta- 
tion, Groningen, 1943; MR 14, 1063], and Lomadze [Akad. 
Nauk Gruzin. SSR. Trudy Mat. Inst. Razmadze 18, 153-181 
(1951); MR 14, 622] it is known that r,(", m) =p,(n, m) for 
s=3, 5, 6, 7, 8. From the work of Val’fiS [Uspehi Mat. 
Nauk (N.S.) 7, no. 6(52), 97-178 (1952); Akad. Nauk 
Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 19, 
33-59 (1953); MR 15, 936; 16, 448] it is known that 
r,(n, m) = p,(m, m)+O((n+1)°/— log (m+-2)) if s>8. In 
Part I the author obtained formulas for ©,(m, m) for all 
odd s23. In the present paper he does the same for all even 
s24. The methods used stem from Kloosterman and 
Bronkhorst. In the special case s=4 his result, in conjunc- 
tion with an exact formula for r4(m, m) given by van der Blij 
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[Nederl. Akad. Wetensch., Proc. 50, 41-48 = Indag. Math. 
9, 26-33 (1947); MR 8, 502], shows that r4(”, m) = p,(n, m). 
P. T. Bateman (Urbana, IIl.). 


Fischer, Giinter. Verallgemeinerungen einer Selbergschen 
Formel. Mitt. Math. Sem. Giessen no. 50, i+31 pp. 
(1954). 

Certain identities involving the sums over primes of the 


form 
> log™! pi-- -log** Pr 
Py, St 
are derived. The results and proofs are similar to those given 
in a paper of the reviewer [Ann. of Math. (2) 51, 485-497 
(1950); MR 11, 419]. Whereas in the aforementioned paper 
various identities involving the zeta function are used to 
obtain certain arithmetic identities, the derivation given in 
this paper avoids the use of the zeta function. 
H. N. Shapiro (New York, N. Y.). 


Popken, J. On convolutions in number theory. Neder. 
Akad. Wetensch. Proc. Ser. A. 58=Indag. Math. 17, 
10-15 (1955). 

The multiplication theorem for Dirichlet series provides 
that for suitably convergent series 


Xf (m)n“"Le(n)n = Dh(n)n- 
where h(n) = Doan f(d)g(n/d), and suggests various iden- 
tities between arithmetic functions. The author defines the 
“convolution” of f(m) and g(m) as h= f*g, develops various 
properties of it, and gives a proof of Selberg’s identity, 
utilizing this notion. H. N. Shapiro (New York, N. Y.). 


Postnikov, A. G. On the sum of characters with respect 
to a modulus equal to a power of a prime number. 
Izv. Akad. Nauk SSSR. Ser. Mat. 19, 11-16 (1955). 
(Russian) 

The author proves the following lemma: Let p be a prime 
greater than 2 and m a positive integer not of the form 
ap’ —yv for any f>0, OS»<f, (a, p) =1. Then there exists a 
polynomial f(u) =u+a,u?+---+a,,u"" with integral co- 
efficients such that 

ind, (1+pu) 
p-1 
for all integers u, where g is any given primitive root modulo 
p". Here (A, p) =1 and A is defined by 


ind, (1+ )) 
p-1 
The coefficients a, are defined as follows: Let k= p*k’ where 
(k’, p) =1; then 
a,=(—1)**p"n, 
where x, is a root of the congruence 
k'xx=1 (mod p****), 


In proving this result the fact that 1+ generates the sub- 
group of residues modulo p* of the form 1+u is used. 

Since a character x(k) modulo p* and of degree not less 
than p*—' can be expressed as 


x(k) =exp {2rimp'™ ind, k/(p—1)}, 


where (m, p)=1, the lemma can be used to replace character 
sums by exponential sums involving the polynomial f(u) in 
their exponents. By using estimates, of Vinogradov for such 
sums with polynomial exponents, the author proves that if 


=Af(u) (mod p*"), 


=Af(1) (mod p*”). 
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n is not of the form ap’ —», as in the lemma, then 


I 
Xx (k) 
k=l 
where A=log {12(n—2)(m—1)/r}, wr=3(m—1)%, and 
r=1 if pt’@) s/sp’, p=(l/p)’ if psi. A similar result 
can be proved for n of the form ap’ —yv. These estimates are 
applied to show that the associated Dirichlet L-function 
L(s, x) is free of zeros in a certain region. 

R. A. Rankin (Glasgow). 


< {8(m—2)} > 2pep-», 








Rodosskii, K. A. On the distribution of small values of 
the modulus of the ¢-function. Izv. Akad. Nauk SSSR. 
Ser. Mat. 19, 97-102 (1955). (Russian) 

The author proves a theorem on the absolute value of a 
segment of an ordinary Dirichlet series and uses it to prove 
the following result on the Riemann zeta-function. Suppose 
T2=3 and {In (8c In T)}"/*/{In T}?+4$5A31, where c is 
a certain positive constant. For »=0,1, ---, [47] let R, 
be the rectangle in the plane of the complex variable s 
defined by ASRe(s) $1, $7+nSIm(s) <$}7+n+1. Then 
the number of rectangles R, for which 


min l¢(s)| <5{In T . T 24-0 —4)/ (2-84-4242) } —1 


sORa, 
does not exceed 


cln™ T . T@4+) G—4)/(2-844249) | 


A cruder form of this result was given earlier [Dokl. Akad. 
Nauk SSSR (N.S.) 86, 1069-1070 (1952); MR 14, 451]. 
P. T. Bateman (Urbana, IIl.}. 


Leptin, Horst. Die Funktionalgleichung der Zeta-Funiction 
einer einfachen Algebra. Abh. Math. Sem. Univ. Ham- 
burg 19, 198-220 (1955). 

Let A be a simple algebra of finite dimension over a field 
of algebraic numbers of finite degree. It is possible to asso- 
ciate to A a Dedekind zeta function, which is defined in 
the usual manner by making use of the right ideals in some 
maximal order of A. It has been proved by K. Hey [Disser- 
tation, Hamburg, 1930] that this function is meromorphic 
in the whole plane and satisfies a functional equation. The 
author gives a new and substantially shorter proof of this 
theorem. The proof is of course based on the functional 
relation for theta functions, but theta functions and zeta 
functions are related in a different manner. The discussion 
of the manner in which the group of units of a maximal 
order operates on the vector space Az (where R is the field 
of real numbers) is avoided. C. Chevalley (Paris). 


Faddeev, D. K. On an arithmetical formula. Uspehi 
Mat. Nauk (N.S.) 10, no. 1(63), 169-171 (1955). (Rus- 
sian) 

The formula 
LX F(n)=Lu@UF(x) 
(n, m)=—1 dim d\z 
is generalized to apply to a wide class of multiplicative 
systems and in particular to ideals over an algebraic number 
field. The result is applied to prove: Let Q(N) be the num- 
ber of prime ideals of a given field of degree m over the 
rationals whose norms do not exceed N and are square free; 
then Q(N) =CN+0(N’), where »=1—1/n if n23 and $+ 
if m=2. (The use of small o’s in the statement on p. 170, is 
apparently a typographical error.) An explicit product 





formula for the constant C is obtained which differs from 
1/¢(2) in having additional terms for the ramified primes, 
J. D. Swift (Los Angeles, Calif.). 


Ward, Morgan. The laws of apparition and repetition of 
primes in a cubic recurrence. Trans. Amer. Math. Soc. 
79, 72-90 (1955). 

Let the sequence (W) satisfy the recurrence 


Wass = PWare — OWasitRW,, 


where P, Q, R are assigned integers, R¥0, and the initial 
values Wo, W:1, W2 are also integers. The paper is concerned 
with ‘the distribution of prime divisors and their powers 
in (W), endeavoring in the terminology of Lucas to find 
their laws of apparition and of repetition’. Unfortunately it 
does not seem feasible to summarize these results in brief 
form. As an application of certain of his results on null 
divisors the following theorem is obtained. The sequence 
(W) and the characteristic polynomial f(z) = 2°— P2*+Qz—R 
are said to be degenerate if any one of the ratios of the 
roots of f(z) is a root of unity. It is proved that if f(z) is 
irreducible over the rational field and if the sequence (W) 
is such that W,| W,, when n|m, then (W) is degenerate and 
Wass=RW,, where RX cube. L. Carlitz. 


Fjellstedt, Lars. Bemerkungen iiber gleichzeitige Lis- 
barkeit von Kongruenzen. Ark. Mat. 3, 193-198 (1955). 
Generalizing a theorem of Nagell [Skr. Vid. Kristiania. 

I. 1923, no. 13 (1924)], the author proves the following 

result. Let Q be an algebraic number-field, f(x) and g(x) 

polynomials with distinct zeros and with coefficients that 

are integers of 2. Then there exist infinitely many prime- 
ideals p of 2 for which the congruences f(x)=0, g(x) =0 

(mod p) have respectively m and m incongruent roots, where 

m=deg f(x), n=deg g(x). It is also proved that if f(x) and 

g(x) are irreducible polynomials with integral coefficients, 

each of degree 22, then there exist infinitely many primes 

p for which the congruences f(x) =0, g(x) =0 (mod p) have 

no solution. The proof makes use of a result of Frobenius 

[S.-B. Preuss. Akad. Wiss. 1896, 689-703]. LL. Carlitz. 


Uchiyama, Sabur6. Sur le nombre des valeurs distinctes 
d’un polynéme 4 coefficients dans un corps fini. Proc. 
Japan Acad. 30, 930-933 (1954). 

Let F, denote the finite field of order g=p’. Let f(X) be 

a polynomial of F,(X) of degree m and let V(q) denote the 

number of distinct values f(x), x e F,. For n=2 or 3, V(q) 

can be determined explicitly. For »24 the writer proves 

that if f*(u,v)=(f(u)—f(v))/(u—v) is absolutely irre- 
ducible then V(q)>4q for sufficiently large p. The proof 
makes use of a theorem of Weil [Sur les courbes algé- 
briques . . . , Hermann, Paris, 1948; MR 10, 262] as well 

as some results of his own [Proc. Japan Acad. 30, 523-527 

(1954); MR 16, 570]. It is shown by examples that if the 

hypothesis concerning f*(u,v) is dropped then the conclu- 

sion of the theorem need not hold. L. Carlits. 


Nébauer, Wilfried. Gruppen von Restklassen nach Rest- 
polynomidealen in mehreren Unbestimmten. Monatsh. 
Math. 59, 118-145 (1955). 

In the present paper the author extends the results of a 
previous paper [Osterreich. Akad. Wiss. Math.-Nat. KI. 
S.-B. Ila. 162, 207-233 (1953); MR 15, 856] to the case of 
k indeterminates. Let r denote the vector (x;, ---, xs), T 
the ring of rational integers and ['[r] the polynomial ring 
I'[x1, +++, xe]; let P, denote the direct sum of & rings ['[r]. 
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The elements of IT, are denoted by f(r)=(f,(r)) and are 
referred to as polynomial vectors. The totality of poly- 
nomial vectors such that f(r) =0 (mod m) for all integral r 
constitute an ideal A,”. Let F, G, --- be elements of I',/A," 
and f(r), g(r), --- representatives of these classes; then 
the product class FG is defined by means of the relation 
f(g)= (/,(@(r))). Since this product is associative and 
possesses both a left and a right inverse (namely the unit 
class E represented by r), it follows that T/A," is a semi- 
group ©, *. It is proved that the kernel G,* of 5,* consists of 
those elements whose polynomial vectors constitute a com- 
plete vector system (mod n). 

Of the subgroups of G,* the author is particularly inter- 
ested in those that he designates as natural subgroups, 
defined as follows. Consider those elements of G,* of the form 


(*) g(t) = (Xa, +++, Xr, Seer (Z), +++, Be (LE) = (Lr, Ge-s(Z)); 


they determine a natural subgroup denoted by G&,*. For 
1=0, define G,* =G,*. Then ,G,*D 4:G,* for OS1<k. 

The degree of a polynomial in k indeterminates is defined 
in the usual manner but to the polynomial 0 is assigned the 
degree —1. If A* is the ideal of the residual polynomials 
(mod m) in k indeterminates then the degree of an element 
of '[r]/A® is defined as the minimum of the degree of any 
representative. The degree vector {f} of f(r) has for com- 
ponents the degrees of the components of the latter. If F 
is an element of I',/A,", the author seeks a representative 
f(r) in which each component has least degree. 

Put { F} = {f}. If Ge G,*, [G] denotes the degree vector 
with the first / components of {G} deleted. 

Of the many results of the paper we shall confine ourselves 
to the following. The function ,£,*(t) is defined as the num- 
ber of elements Ge @,* such that [G]St, where t is an 
integral vector with k—/ components. By 4(f) is denoted 
the number of elements G satisfying [G]=f; the function 
4(f) is evaluated in terms of ,£,*(t). In the next place it is 
proved that 


vE*a»(t) = rE a*(t)-Ey*(t) (a, 6) =1). 


Thus it is only necessary to consider the case n=p*. It is 
proved that ,* is isomorphic to the direct product of p! 
symmetric groups ©,'-: and that ,G,-: is a homomorphic 
image of @,+. Later results describe this homomorphism 
more precisely. In particular, the order of ,G*,: is obtained 
explicitly. For p>2 it is proved that 


uE*, (8) = pE*,-1(8) pT ier), 


where »,*(s) is the number of solutions of the system 
A k 
Liss, Lelt,) <e; 
1 1 


e(t) denotes the exponent of the highest power of p occurring 
in 7!. Also when e> 2, 


0(1G* p+) =0(1G*p-1) per), 
where 0(G) denotes the order of G. The function »,*(s) 


satisfies a simple recursion relation; similarly for ,*( ). 
L. Carlitz (Durham, N. C.). 


Sidlovskil, A.B. On a criterion of algebraic independence 
of the values of a class of entire functions. Dokl. Akad. 
Nauk SSSR (N.S.) 100, 221-224 (1955). (Russian) 
The following theorem is announced: Let the E-functions 

filz), «++, fm(2) be arbitrary solutions of the system of m 





linear differential equations 


y= Qno()+EOnc(s)ye (=A, «++, m) 


whose coefficients Q, ;(z) are rational functions of z with 
algebraic numerical coefficients, and let a be an algebraic 
number distinct from 0 and the poles of all the Q, ;(z). Then 
the numbers f:(a), ---, fm(a) are algebraically independent 
over the field of rational functions of z. This further extends 
the author’s earlier generalization [same Dokl. (N.S.) 96, 
697-700 (1954); MR 16, 117] of Siegel’s work [Transcen- 
dental numbers, Princeton, 1949, p. 52; MR 11, 330] on 
E-functions, in that f(z), ---, fm(z) are no longer required 
to form an irreducible system. Various applications are 
indicated. No proofs are given. W. J. LeVeque. 


Boughon, Pierre, Nathan, Jacqueline, et Samuel, Pierre. 
Une classe de séries formelles transcendantes. Acad. 
Roy. Belg. Bull. Cl. Sci. (5) 41, 93-96 (1955). 

Let k denote a field of arbitrary characteristic and con- 
sider formal power series in an indeterminate T with coeffi- 
cients in k. The object of the paper is to find sufficient condi- 
tions that a power series be transcendental relative to k(T). 
Let s=>f a;7T* (a;ek,a;40). Theorem 1. A sufficient 
condition that the series s not be algebraic of degree n 
relative to k(T) is that there exist an e>0O and such that 
di4;1/d;>n-+e for infinitely many 7. Theorem 2. A sufficient 
condition that s be transcendental is that the ratio d;,,/d; be 
unbounded. For example, }>7™' is transcendental over k(T) 
for any k. The series (1—7)"'+ 7", a=2™, is transcen- 
dental over k(T), k=GF(2); similarly for (1—7)?*+ 7", 
b=3", when k=GF(3). [For analogous results see, e.g. 
L. I. Wade, Duke Math. J. 11, 755-758 (1944); MR 6, 144; 
and S. M. Spencer, ibid. 19, 93-105 (1952); MR 13, 538.] 

L. Carlitz (Durham, N. C.). 


Nakano, Noboru. Uber die Einteilung von Primiridealen 
im unendlichen algebraischen Zahlkérper. J. Sci. Hiro- 
shima Univ. Ser. A. 17, 321-343 (1954). 

Let K be an infinite algebraic number field, let q be a 
primary ideal of K and let p denote the corresponding prime 
ideal. Suppose that q#p. The author distinguishes four 
types of primary ideals q. Type I: qp¥q, q: pq. Type II: 
qpq, q: p=q. Type III: qp=q, q: p#q. Type IV: qp=q, 
q: p=q. It is shown that these four types are identical with 
types introduced by W. Krull [Math. Z. 29, 42-54 (1928), 
p. 49] with somewhat different definitions. Examples are 
given which show that all four types exist. It is necessary 
and sufficient for type I that p¥p*. In this case, q™: p#q™ 
and q™**; q*=q™ for all natural integers m and k. If q is of 
type II, q™: p=q™ and q***: qg*=q™. If q is of type III, 
q™: pxq™ and q™**: q'q™. If q is of type IV, we may have 
q™: p=q™ and q™: p#q™. The latter case occurs if and only 
if the value of q as introduced by Krull is rational. Results 
concerning the type of the product of two primary ideals are 
given which refine results of Krull. If qp#q, then qp is 
maximal in q. If q: pq, then q is maximal in q: p. In all 
cases, q?qp and q™q"*". 

R. Brauer (Cambridge, Mass.). 


Kawada, Yukiyosi. Class formations. Duke Math. J. 22, 
165-177 (1955). 
Artin and Tate have formulated class-field theory in the 
frame of a general theory of class formations [in vol. 2 of 
their series of mimeographed notes ‘Algebraic functions 
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and algebraic numbers”, which has not yet appeared ]. The 
author shows that, in several other cases, known facts about 
certain types of extensions of a field may be formulated in 
the same frame. The cases considered by the author are the 
following: 1) the theory of Abelian extensions of infinite 
extensions of a p-adic field or of a field of power series; 
2) the theory of Kummer extensions of fields kp of character- 
istic 0 which contain all roots of unity and which satisfy 
the following condition: if K/k» is normal of finite degree 
and koCkCK, then every element of & is norm of an ele- 
ment of K; 3) the theory of unramified extensions of a field 
of algebraic functions of one variable over the field of com- 
plex numbers; 4) the theory of separable normal extensions 
of degree »* of a field of characteristic p. In each of these 
cases, a class formation is constructed and the correspond- 
ing norm-residue symbol is determined. It would be too long 
to describe here the general notion of a class formation and 
its specific applications to the cases discussed by the author. 
C. Chevalley (Paris). 


Ehrhart, Eugéne. Sur les ovales en géométrie des nom- 

bres. C. R. Acad. Sci. Paris 240, 935-938 (1955). 

This article is a continuation of previous notes [same 
C. R. 240, 483-485, 583-585 (1955); MR 16, 574, 740] on 
properties of non-central convex bodies K in the geometry 
of numbers. As before, lattices are assumed to have a fixed 
point at the centroid of K. J. H. H. Chalk (London). 


Vinogradov, I. M. Improvement of asymptotic formulas 
for the number of lattice points in a region of three 
dimensions. Izv. Akad. Nauk SSSR. Ser. Mat. 19, 3-10 
(1955). (Russian) 

In an earlier paper [same Izv. 13, 97-110 (1949); MR 11, 

233 | the author proved that the error term in the asymptotic 

formula for }-3_; h(—m) is O(N*), where 


7 1 


10 405 


for any «>0. [h(—m) denotes the number of classes of 
primitive quadratic forms of discriminant —m.] The same 
applied to the error in the formula for the number of points 
with integral coordinates in the sphere x*+y’+2°s N. The 
proof of these results required the use of van der Corput’s 
method. The author now gives a proof of a more exact 
estimate, with 
a 
a 16 €. 


This could be further slightly improved by applying van 
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der Corput’s method, which is not used in the present paper, 
The proof, like that of the previous result, depends on skilful 
subdivisions of regions of summation, and applications of the 
transformation formula for sums of the type > ¢(x)e**¥@), 
H. Davenport (London). 


Doubrére, Monique. Sur les points limites d’un ensemble 
remarquable d’entiers algébriques imaginaires. C. R. 
Acad. Sci. Paris 240, 2111-2113 (1955). 

Let S; be the set of algebraic integers @ all of whose con- 
jugates except @ itself are interior to the unit circle, and let 
S: be the set of non-real algebraic integers 0=x+-iy, all of 
whose conjugates except @ and 6=x-—vty are interior to the 
unit circle. Let Q(z) be the irreducible polynomial with 
rational integral coefficients, such that Q(1/@)=0 and 
Q(0) =1. It is shown that a number @ in S, or S; is a limit 
point of S, if and only if there is a polynomial A(z) with 
rational integral coefficients, such that for |z| =1, 


|A(z)| S|Q()| ifOeS2, |A(z)|S|@@| ifeeS,, 


equality holding at only finitely many points. 
W. J. LeVeque (Ann Arbor, Mich.). 


Tornheim, Leonard. Approximation to irrationals by 
classes of rational numbers. Proc. Amer. Math. Soc. 
6, 260-264 (1955). 

(1) Let r, s, m be integers without common factor and 
m=i. For any real ~ there are infinitely many pairs of 
integers a, 6 (6>0) such that sa=rb (mod _m) and (*) 
b| bk —a| <5~/2m. (II) If in addition a, b are constrained to 
be coprime, then (1) remains true provided that m is of the 
form p* (p#¥2), 2°, p*g’ for primes p, g and integers e>0, 
f>0 and that 5~? in (*) is replaced by 5~”?, 3, 1 respec- 
tively. (III) For any fixed r, s, m the constants in (I), (II) 
are the best possible. The proofs are elementary, simple and 
straightforward. J. W. S. Cassels. 


Diananda, P. H., and Oppenheim, A. Criteria for irra- 
tionality of certain classes of numbers. II. Amer. 
Math. Monthly 62, 222-225 (1955). 

Continuation of a paper by the second author [same 

Monthly 61, 235-241 (1954); MR 15, 781 ]. Two new criteria 

for the irrationality of numbers of the form 


aot+ Yia;/bibe r¢ -bi, 


t=—1 
where the a; and the 6; are integers, are given. 
J. Popken (Utrecht). 


ANALYSIS 


Turan, P. On a new analytical method and its applica- 

tions. Colloq. Math. 3, 91-112 (1955). 

This is a very readable exposition of the method the 
author has developed in detail in his book [Eine neue 
Methode in der Analysis und deren Anwendungen, Akad. 
Kiad6, Budapest, 1953; MR 15, 688]. W. J. LeVeque. 


Germansky, Baruch. On the Fekete-systems of linear 
closed and bounded sets of a special kind. Riveon 
Lematematika 8, 1-12 (1954). (Hebrew) 

The author generalizes some previous results on Fekete 
points of finite collinear interval systems [Riveon Lemate- 
matika 6, 61-78 (1953); MR 14, 854]. He considers now an 
infinite compact set S on the real axis whose complement in 





the complex plane is 7, and assumes that T has a generalized 
Green’s function in the sense of Myrberg. His main result 
is as follows: Let ¢ be the end point of an interval on the 
real axis complementary to S and suppose that the Green’s 
function G(z, ©) tends to zero as zc. Then c will belong 
to all Fekete systems of sufficiently high order with respect 
to S. The author gives two different proofs of this theorem, 
one of which is based on the theorem: Let W be a plane 
compact set (not necessarily linear) whose complement has 
a generalized Green’s function. If c is a boundary point of 
W such that G(z, ) tends to zero as z—c, then in each given 
neighborhood of ¢ there will lie at least one point of every 
Fekete system of sufficiently high order with respect to W. 
M. Schiffer (Stanford, Calif.). 


in 

det 
tio 
the 
fur 








paper, 
skilful 
of the 
gris (2) 


on). 


emble 
CS 


e con- 
nd let 
all of 
to the 

with 
) and 
limit 
| with 


‘ty 
h.). 


s by 
Soc. 


r and 
irs of 
d (*) 
ed to 
f the 
e>0, 
spec- 
, (ID 
e and 
els. 


irra- 
mer, 


same 
teria 


t). 


MATHEMATICAL REVIEWS 


Krylov, V. I. Convergence of mechanical quadratures in 
classes of functions of different orders of differentiability. 
Dokl. Akad. Nauk SSSR (N.S.) 101, 801-802 (1955). 
(Russian) 

The author gives conditions for the validity of the 
quadrature relation 


b n 
() ff Pe yse)de=lim DAuflen) (Send), 
a no k=l 

in the class C, of all functions f(x) with r first continuous 
derivatives on [a,b]. The necessary and sufficient condi- 
tions are that 1) (*) holds for all polynomials f, and that 2) 
the total variations of indefinite integrals of order r of the 
functions 


F.(2)=CAgE(e—zu), E(x) =}(1-+0gn 2), 


k=l 


be uniformly bounded. G. G. Lorentz. 





Calculus 


Au, 
5 *Brand, Louis. Advanced calculus. An introduction to 


classical analysis. John Wiley & Sons, Inc., New York; 

Chapman & Hall, Ltd., London, 1955. 

$8.50. 

The number system. Sequences and series. Functions of 
a real variable. Functions of several variables. Vectors. The 
definite integral. Improper integrals. Line integrals. Mul- 


xiv+574 pp. 








tiple integrals. Uniform convergence. Functions of a complex 
variable. Fourier series. Table of contents. 


*Silov, G. E. Lekcii po vektornomy analizu. [Lectures 
on vector analysis.] Gosudarstv. Izdat. Tehn.-Teor. 
Lit., Moscow, 1954. 139 pp. 2.65 rubles. 

The main characteristic of the book is the author’s use of 
intrinsic definitions of the fundamental operations of vector 
analysis, gradient, divergence and curl, i.e., without re- 
course to any system of coordinates and to differentiation 
of coordinates. The author claims that this procedure gives 
a logically more complete construction of vector analysis 
and that it leads to an extension of this branch of mathe- 
matics to some fields beyond the limits of fields with differ- 
entiable coordinates. 

The author expounds the following topics. Scalar and 
vector fields. Ostrogradsky’s formula (i.e. Green’s or Gauss’s 
formula). Additive functions of domains and their density. 
Gradient of the scalar field. Flux and divergence of the 
vector field. Curl. Stokes’ theorem with applications. 
Differentiable fields. Smooth vector fields (defined by the 
author as vector fields with continuous curl and divergence). 
Harmonic fields. Construction of a vector field by means of 
curl and divergence. Appendix: Improper multiple integrals. 

Technically the book is well got up. T. P. Andelié. 


Malecki, Ignacy. Methods of application of tensor calculus 
to technical problems. Rozprawy Ing. 2, 1-68 (1954). 
(Polish. Russian and English summaries) 





Theory of Sets, Theory of Functions of Real Variables 


Popruzenko, J. Sur une décomposition des ensembles 
indénombrables. II. Fund. Math. 41, 272-277 (1955). 
The following two propositions are shown to be equiva- 

lent: (Q) If E is of power m, there exists a double sequence 
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{A.,*} of subsets of E such that E=U5.1 A.‘ (é=1, 2, 3, ---); 
for every i, the sets A,’ (m=1,2,3,---) are mutually 
exclusive; and, for every pair of sequences of natural num- 
bers {m,} and {i,}, the latter increasing, 
m, 
him inf UA}| <m. 


rao | j=l 





(R) On every set E of power m there exists a convergent 
sequence of real-valued functions which does not converge 
o-uniformly [cf. Popruzenko, Fund. Math. 41, 29-37 (1954); 
MR 16, 343] on any subset of E of power m. The author has 
proved [ibid. 41, 146-149 (1954), p. 148; MR 16, 343] the 
existence of an aleph m (regular and nonenumerable) 
satisfying (Q) and (R). Let m be such an aleph, and 
|Z|=m. Denote by %,g the family of all finite exterior 
measures g* that are defined for the subsets of EZ, do not 
vanish identically, but vanish for every subset of E of 
power less than m, and suppose that (as is the case if m is 
regular and nonenumerable) #, is not empty. Then, given 
a finite number of subsets E;, ---, E, of EZ, there exists a 
g* ez such that each of the sets E; (i=1,---,m) is 
g-measurable. However, there exists a fixed infinite sequence 
of subsets {H;} of Z such that, for every g* e Sz, there are 
infinitely many distinct subsets of E that belong to the 
sequence {H;} and are not g-measurable. 
F. Bagemihl (South Bend, Ind.). 


Kozlova, Z. I. On covering of sets. Izv. Akad. Nauk 

SSSR. Ser. Mat. 19, 125-132 (1955). (Russian) 

The paper contains a generalization of Glivenko’s im- 
bedding theorem as it was generalized by Lyapunov [same 
Izv. 17, 563-578 (1953); MR 15, 690]. The generalization 
consists (Th. 3, 5) in replacing in Lyapunov’s wording the 
word “‘N-unique” by “N-p-fold’’, where p means “‘finite” or 
a fixed positive integer. Denotations. N is a rigid basis of 
a 6s-operation. A point x is called an N-p-fold point of a 
sequence E, of sets provided there are just p chains of N, 
each term of which contains x. Let N* (resp. N**) be the 
set of all the chains of N each of which contains at least 
2 (resp. Xo) distinct chains of N. Let Syy,)* (resp. By) be the 
8s-operation selecting the points contained in > p (resp. 2 No) 
kernels determined by chains of N; in particular, let 
y*=,y,)*. Let N* be the system of all the chains of V 
containing the integer n; let K be the system of all inter- 
sections of a finite number of sets of N*. A set system S 
and a basis N are in “totally regular correspondence”, 
symbolically SpN, provided that 1) the class @y(S) is in- 
variant relative to enumerable unions and intersections, 
2) for any MeK one has @y(S)Cé@y(S). If SpN, then 
Syy)*(S)\COv(S) (Th. 1), Bpwpi*(S)Cenv(S) (Th. 2), 
By**(S)U Syees(S) Cby(S) (Th. 4). G. Kurepa. 


Fodor, Géza. 
Akad. Mat. Fiz. Oszt. Kézl. 5, 57-59 (1955). 
garian) 

Hungarian version of Acta Sci. Math. Szeged 15, 240-242 

(1954); MR 16, 455. 


On a problem of set theory. Magyar Tud. 
(Hun- 


Tugué, Tosiyuki. Sur la famille monotone d’ensembles 
développables. Proc. Japan Acad. 30, 691-693 (1954). 
Suite d’une Note précédente [Tuqué et Okuyama, mémes 

Proc. 30, 345-349 (1954); MR 16, 227] et l'on considére 

des familles F d’ensembles développables C R*. Soit ECR"; 

R.E=E, RewE=R,E—R.E, RE = (RE (a <B, B limite). 

Si E est développable, soit i(Z) l’ordinal 8 tel que RsE=0, 
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R,E#0 (a<£). Soit 


Fe ={X|X e F, X=B}; 
Fret) ={X|X e Fe, RX =RaE}; 
Fe®=(\Fr (a< si B=w8). 


Soit [F]={Fr@|Ee F,aSi(E)}. Enfin, soit y[F] la fa- 
mille des éléments de [ F] dont chacun contient au moins 2 
éléments (remarquons que si X e[F], alors XCF). Théo- 
réme: Soit F une famille monotone d’ensembles dévelop- 
pables extraits de R"; pour que (F; D) soit semblable a 
un ensemble linéaire, il faut et il suffit que ¥[F] soit au plus 
dénombrable. 





Bull. 
(Japanese 


Funayama, Nenosuke. On directed systems. I. 
Yamagata Univ. (Nat. Sci.) 1, 1-4 (1950). 
summary) 

The author proves some theorems about a relation A>B 
defined by Tukey for directed systems, and having the 
property that A and B are cofinally similar if and only if 
A>B and B>A. He calls T, the directed system of all 
ordinals less than the first ordinal of cardinal number a, 
and shows that 7, and 7; are not cofinally similar if a#8, 
and that any transfinite “‘sequence’”’ is cofinally similar to 
some 7... For a directed system A, a necessary and sufficient 
condition is given that A >T7,. It is shown that any directed 
system can be imbedded in a conditionally complete upper 
semi-lattice in which it is cofinal. O. Frink. 


Dell’Agnola, C. A. Considerazioni sui limiti delle suc- 
cessioni numerabili di numeri reali. Ist. Veneto Sci. 
Lett. Arti. Atti 112, 121-148 (1954). 

The author first gives an elementary discussion of se- 
quences of numbers and then considers a uniformly bounded 
sequence of continuous functions f,,(x) in an interval [a, 5]. 
Let (x) be the oscillation of {f,(x)} at x, and let M,(x, e) 
and m,(x,¢) denote the maximum and minimum, respec- 
tively, of f,(x) in [x—e, x+e]. Moreover, as in a previous 
paper of the author [same Atti 69, parte 2, 151-159 (1909) ], 
set 


lim inf m,(x, «)=~y(x,«), lim sup M,(x, e-)=u(x, 6), 


n-n nna 


lim (x, €)=y(x), lim u(x, €-)=u(x), 


«0 e+0 


(x) —y(x) =r(x). 


Then A(x) Sr(x) and, if the functions f,(x) are also equi- 
continuous in [a, b], then A(x) =r(x). Some other relations 


of a similar character are also given. A. Rosenthal. 
Grabiel, Federico. A peculiar class of set functions. Rev. 
Soc. Cubana Ci. Fis. Mat. 3, 76-78 (1954). (Spanish) 


The paper concerns an example of a set function with 
certain properties. The author states that the original pur- 
pose of the example no longer exists. This is fortunate since 
the example is erroneous. L. C. Young. 


Taylor, S. J. On the Hausdorff measure of linear @-sets. 

Nieuw Arch. Wisk. (3) 3, 6-12 (1955). 

A linear set containing no three points in arithmetic 
progression is called an @-set. S. Ruziewicz [Fund. Math. 7, 
141-143 (1925) ] showed that every @-set has Lebesgue 
measure 0, while R. Salem and D. C. Spencer [Nieuw Arch. 
Wisk. (2) 23, 133-143 (1950); MR 11, 417] showed that 
there exists a linear @-set of Hausdorff dimension 1. The 
latter result is refined in the present paper; it is shown that 
for }<a<1, there exists a perfect linear @-set of positive 


G. Kurepa (Zagreb). / } 
y' 





ha-measure, where h,(x) =x exp [(—log x)*]. The proof de. 
pends on a theorem due to F. A. Behrend [Proc. Nat. Acad. 
Sci. U. S. A. 32, 331-332 (1946); MR 8, 317] giving a lower 
bound for the maximal density of a finite @-set of positive 
integers. W. J. .LeVeque (Ann Arbor, Mich.), 


Temple, G. The theory of generalized functions. 
Roy. Soc. London. Ser. A. 228, 175-190 (1955). 
Exposé de la théorie des “generalized functions’’ (distri- 

butions) définies comme limites de suites de fonctions, en 

un sens convenable. L. Schwartz (Paris). 


Proc. 


¥*Temple, G. Weak functions and the “finite part” of 
divergent integrals. Studies in mathematics and me- 
chanics presented to Richard von Mises, pp. 135-140. 
Academic Press Inc., New York, 1954. $9.00. 
Relation entre les parties finies d’intégrales divergentes 
et les distributions (appelées “‘weak functions’’). 
L. Schwartz (Paris). 


Gehring, F.W. Anote ona paper by L.C. Young. Pacific 

J. Math. 5, 67-72 (1955). 

The author continues his study [Trans. Amer. Math. Soc. 
76, 420-443 (1954); MR 16, 346] of inequalities originating 
in the reviewer’s papers of the 1930s [e.g., Proc. London 
Math. Soc. (2) 43, 449-467 (1937) ] and he obtains, in the 
course of the paper, a further theorem which may be stated 
as follows (the author states it differently): Suppose f(x) 
measurable and real-valued with period 1 and let W(a) 
denote the supremum of {>>| Af|'/«}« for all finite sub- 
divisions of a period; further let W(8, 7) denote the su- 


premum, for k>O and for all monotone functions ¢(f) . 


subject to ¢(1+2/) =1+¢(2), of 


ins] f ‘| flot-+h)]—slow@ }var}”. 


Then W(a) = W(a, a) for OS a1. L. C. Young. 

Tomié,M. Sur une fonction continue sans dérivée. Bull. 
Soc. Math. Phys. Macédoine 5 (1954), 16-18 (1955). 
(Serbo-Croatian. French summary) 


Heyting, A. Sur la théorie intuitionniste de la mesure. 
Bull. Soc. Math. Belgique 6 (1953), 70-78 (1954). 
Exposé de la théorie brouwerienne de la mesure. 

H. Freudenthal (Utrecht). 


Ryll-Nardzewski,C. Onthe ergodictheorems. III. The 
random ergodic theorem. Studia Math. 14 (1954), 
298-301 (1955). 

The random ergodic theorem of S. Kakutani [Proc. 2nd 
Berkeley Symp. on Math. Statist. and Probability, 1950, 
pp. 247-261, Univ. of California Press, 1951; MR 13, 476] 
is extended as follows: Let m be a completed o-measure on 
X with m(X) =1. Let { g:} ser be a family of transformations 
of X into X such that m(¢,-'(E)) =m(E) for every measur- 
able set ECX, and let p be a completed measure on T with 
p(T)=1. Then, for any m-integrable function f(x), there 
exists an m-integrable function f(x) such that 


lim mE f(eq(#), ++» 4,(2)) = f(x) 
for almost all x, t;, #2, ---. If, moreover, the family { ¢;} is 


“indecomposable’”’, then the average f is a constant function. 
K. Yosida (Tokyo). 
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Lane, Ralph E. The integral of a function with respect to 
a function. II. Proc. Amer. Math. Soc. 6, 392-401 
(1955). 

[For part I see same Proc. 5, 59-66 (1954); MR 15, 514. ] 
The note offers an extension of the Stieltjes mean integral 
due to H. L. Smith [Trans. Amer. Math. Soc. 27, 491-515 
(1925), pp. 491, 492] viz. 


ff s4e=lim Sa(F, 2) = ZAG) +4) (eC) eee), 


where A is a subdivision a=x9<x,<---<x,=6 of [a,b] 
and the limit is taken as A spreads. (u, v, H) is said to bea 
singular graph of two functions u, v relative to a subset H 
of [a,b] if for every «>0, there exists a sequence of sub- 
intervals [a,, b,] of [a,b], endpoints not in H, covering 
H such that for every pair of subdivisions A,, B, of (an, 5, ] 
we have >,|S4,(u, v)—Sz,(u, v)| <e. x is an exceptional 
point of [a, b] relative to u, v if there exists a subinterval 
[c, d] of [a, 6] containing x such that for every subinterval 
[p, ¢] of [c,d], f,* udv exists or does not exist according as 
[p, q] does not or does contain x. Finally, G is a summability 
set for u, v, if G contains no exceptional points, if (u, v; H) 
is a singular graph, where H is the complement of G, and if 
lim, Sa(f, g) exists if A is restricted to points of G. If G,; 
and G; are two summability sets, then the limits of S agree. 
Hence u is said to be summable relative to v on [a, b] if 
there exists a summability set G for u, v, Jf, udv is defined 
as the lim, S4(u,v), A restricted to points of G and 
JS.° udv= — f,* udv. The resulting integral, in addition to 
defining an additive function of intervals of subintervals of 
[a, b], also has the following property : If f.° udv exists and f, 
g are related linearly to u, v in the sense f=a,,4+a19+41;, 
£=42u+a230+a2;, then Jf,° fdg exists and 


f fag—4(f() +F(a)) (g(6) —g(2)) 


b 
= (oxtn—arsn)| f udv — 4 (u(b) +u(a)) (v(d) -(a))| 


which includes integration by parts and bilinearity. 
T. H. Hildebrandt (Ann Arbor, Mich.). 


Loeffel, Hans. Convergence faible et compléte d’une suite 
{ F,(x)} et de la suite associée {G,"(x)}. C. R. Acad. 
Sci. Paris 240, 2293-2294 (1955). 

Given a number p (0<31), consider the linear trans- 
formation A which takes the distribution function F(x) into 
the new distribution function 


(AF) (x)= f F(x/a)da?. 


The author observes that A is one-one and that both A 
and A- are continuous in the customary weak topology. 
Note: the expression for A~ in formula (3) on page 2293 is 
not correct. H. P. McKean, Jr. (Princeton, N. J.). 


Mihlin, S. G. Composition of multidimensional singular 
integrals. Vestnik Leningrad. Univ. 1955, no. 2, 25-41 
(1955). (Russian) 

Mihlin [Dokl. Akad. Nauk SSSR (N.S.) 2, 3-6 (1936) ] 
established a theorem on composition of two-dimensional 
singular integrals, extended over the whole plane E>. G. 
Giraud [C. R. Acad. Sci. Paris 202, 2124-2127 (1936) ] an- 
nounced without proof a similar theorem in m-dimensional 
Euclidean space E,. These theorems are of fundamental 





importance in the theory of singular integral equations (in a 
suitable sense of principal values) in Z,,. In the present paper 
Mihlin gives a proof of the composition theorem in E,,, for 
any m. The demonstration is rather difficult. 

W. J. Trjitzinsky (Urbana, IIl.). 


Gagliardo, Emilio. Un criterio di compattezza per insiemi 
di funzioni di due variabili. Ricerche Mat. 3, 166-171 
(1954). 

A sequence of functions defined in a rectangle R: 
(asx 3b, cSx Sd) is said to converge u:-quasi uniformly if 
for any e«>0 the sequence converges uniformly except on a 
set I whose projections on the coordinate axes have meas- 
ures less than e. If only the projection on the x axis must 
have measure less than e, the convergence is said to be 
ux*-quasi uniform. Similarly one defines y;’-quasi uniform 
convergence. These definitions were introduced by Stam- 
pacchia [see, e.g., Ricerche Mat. 1, 27-54 (1952); MR 
14, 30]. 

The author proves a theorem on compactness with respect 
to w;*-quasi uniform convergence. Precisely: if {f,(x, y)} is 
a sequence of functions uniformly bounded on R, absolutely 
continuous in y for almost all x, measurable in x for almost 
all y, such that J,* f,(x, #)dt is absolutely continuous for 
almost all pairs p, g with c<p<q<d, and satisfying, with a 
and A positive constants, 

of, 


J Sites 
fag” 


Qo ryt 
~ J fn (x, t)dt 


for all0<h<(d—c), then a subsequence converges mu;*-quasi 
uniformly. He compares his result with one of Cafiero [Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 8, 
305-311 (1950); Ricerche Mat. 1, 227-240 (1952); MR 12, 
247; 14, 856], and proves by examples that the two criteria 
are independent. J. M. Danskin (Princeton, N. J.). 


l+a 


dxdySA; 








lta 
dysA 








Ravetz, J. R. A descriptive analysis of continuous func- 
tions of two real variables. Quart. J. Math., Oxford 
Ser. (2) 6, 9-26 (1955). 

Definitions and notations. f: continuous function of 
z=x-+iy, where x and y are real variables, defined on a 
plane region (open set) R. d*f(%0)(0,f(20)): upper (lower) 
linear derivate of f(z) in Zo in the direction (whose polar 
angle is) wu. D*f(zo) (D,f(20)): Haslam-Jones’ upper (lower) 
directed derivate of f(z) in zo in the direction yu. f(z) has a 
“tangential singularity” at 29 if there exists a direction » 
such that at least one of the following conditions hold: 
(i) D*f(zo) or Def(zo) is discontinuous at @=,; (ii) 
D+ f (zo) > d*f (20) or Df (20) <O,f (20); (iii) D*f(2o)=+ © or 
D,f (%) = — ©. 

Main results. Theorem 1. There are two open sets U and 
V whose union is everywhere dense on R, with the following 
properties: for each point 2 of V and for all directions 6, 
D* f(z) and Def(zo) are continuous, bounded, and equal to 
8° f (zo) and df(z0) respectively; for each point 2; of a set 
residual on U, there is a closed arc Q(2;), including a semi- 
circle, such that for @ in Q(2;), D®f(z:) = —Des.f(21)) = +. 
Theorem 2. Let u be a fixed direction. There are two open 
sets H and J whose union is everywhere dense on R with the 
following properties: for each point 2 of H, D*f(2o) = d*f(z0), 
Dyarf (20) = 8n42f (20); for each point 2, of a set residual on J, 


Def(s;)=De**f(s;)=+0, Dyf(s)=Dpref (si) =— ©. 








912 MATHEMATICAL REVIEWS 


Theorem 3. Let u be a fixed direction. The set of points 2 
such that 0*f(20)*—0,,,f(g0) is a plane set of the first 
category on R. Counter-examples. Two examples are pro- 
vided, invalidating natural “descriptive” (i.e. topological) 
versions of results of Haslam-Jones’ “metric” theory. (1). 
There exists a continuous function f(z) defined on the unit 
square, with uniformly bounded derivates, such that at all 
points 2; of a residual set, D°f(z;)=1, Dof(z:) =0. (2) There 
exists a continuous function f(z) defined on the unit square 
S such that, at all points z, of a set W* residual on S, 
D*f(z2)= +0, —$S50Sn, Df (22) 50, r<0<34/2. 

Hints to the proofs. The auxiliary topological space is the 
set of pairs (z, #) with the usual product topology. The key 
properties of the sets G; and F, used are: An everywhere 
dense G;-set is a residual set; an F,-set of the second category 
includes an open set (Th. 1). The key configuration is: 
At a point 2 of tangential singularity there exists a oo>0 
and two directions \ and » distinct but arbitrarily near such 
that Df (zo) > f(z0) +00, or D,f (zo) <A,f (20) — oo; therefore 
corresponding to any e>0O and p>O there exists a point 
2* 2, and an arc @ of directions, slightly less than a semi- 
circle, such that |z*—20| <p, |arg (2*—20)—»| <e, any ray 
issuing from 2* with a direction ge¢@ meets ray arg (g—20) =A 
in a point 2 and the restriction of f to the segment from 2* 
to 2 has linear derivates whose absolute values are arbi- 
trarily great (depending on the nearress of Xd and »). 
B=set of points where f(z) has a tangential singularity, 
V=R-—B, U=R-V. (Th. 2) B=union of {2; D*f(z) > d*f(z)} 
and {2; D,,.f(2) <9,4.f(z)}. H=R-—B, J=R—H. (Th. 3) 
Reduction to the linear case by cutting R by lines with 
direction yp. 

Remarks by the reviewer. (I) A complement of informa- 
tion may be derived from the theorem of Choquet-Brisac 
[R. Brisac, C. R. Acad. Sci. Paris 224, 257-258 (1947); MR 
8, 321] asserting the coincidence on a residual of the con- 
tingent and the paratingent of a (closed) set, applied to the 
graph of f in Z;. (II) p. 25, lines 10 and 9 from the bottom. 
The reviewer cannot see why D°g(z)20 for —4"30S- and 
all 20, a result used line 4 from the bottom. 

C. Y. Pauc (Nantes). 


Aruffo, Giulio. Sulle condizioni di validita della formula di 
Green-Stokes generale. Ricerche Mat. 3, 189-201 
(1954). 


Stokes’ theorem in the case of a k-dimensional parallele- 
piped in m-space and for an exterior differential form satis- 
fying an ad hoc set of conditions; the edges of the parallele- 
piped are supposed parallel to coordinate axes. 

L. C. Young (Madison, Wis.). 


My3kis, A. D., and Bunt, A. Ya. On a sufficient condition 
for homeomorphism of a continuously differentiable 
mapping. Uspehi Mat. Nauk (N.S.) 10, no. 1(63) 139- 
142 (1955). (Russian) 

The paper consists of comments on the sufficient condition 
of Fomin [Uspehi Mat. Nauk (N.S.) 4, no. 5 (33), 198-199 
(1949); MR 11, 195]. The authors give a geometrical inter- 
pretation to this condition. L. C. Young. 


Rodnyanskii, A. M. On continuously differentiable map- 
pings of open sets. Mat. Sb. N.S. 36(78), 233-262 
(1955). (Russian) 

This is mainly a detailed presentation of two articles 
already reviewed [same Dokl. Akad. Nauk SSSR (N.S.) 
72, 15-17 (1950); 91, 1019-1021 (1953); MR 11, 718; 
15, 337}. L. C. Young (Madison, Wis.). 





Theory of Functions of Complex Variables 


*Noshiro, Kiyoshi. Kindai kansuron. 
theory of functions. ] 
4+428 pp. 800 yen. 
A small book of the title ‘The recent theory of functions” 

[Tokyo, 1941] by the same author is one of the books 

written in Japanese which have stimulated the younger 

generation of Japanese researchers working on the theory 
of functions. The present book is its completion with many 
new sources added. Throughout this book Riemann surfaces 
are almost always the object of investigation and the place 
where functions are defined or assume values. Even when 
domains are in the ordinary plane, it seems to the reviewer 
that the author has in his mind the intention to extend the 
results to the case that the domains are in Riemann surfaces, 

Classical results on conformal mappings are stated in 
Chapter I: Fatou’s, Riesz’s, Koebe’s and Lindeléf’s theorems 
in §1, Carathéodory’s theorem on boundary correspondence 
in §2, conformal mapping of the universal covering surface 
of a multiply connected domain in a plane and conformal 
mapping onto canonical domains in §3, boundary corre- 
spondence under the mapping of the universal covering 
surface in §4, and uniformization of a simply connected 
Riemann surface by the method of Heins [Ann. of Math. (2) 
50, 686-690 (1949); MR 11, 93]. 

Chapter II is devoted to the discussion of meromorphic 
functions. First, Nevanlinna’s theory is explained in §1, 
results on the inverse functions of meromorphic functions, 
by Iversen, Gross, Locher and Shimizu are stated in §2, 
Kierst and Szpilrajn’s theorems on residual sets of integral 
functions are mentioned in §3, several proofs of Ahlfors’s 
theorem on the number of asymptotic values and the sharp 
form by Teichmiiller of Collingwood'’s theorem are given in 
§4, and Ahlfors’s theorem on the existence of a schlicht piece 
of the Riemann surface of the inverse function of a mero- 
morphic function is quoted in §5. 

The definition of Riemann surfaces and related notions 
are stated in Chapter III. In §§1-2 the definition of Rie- 
mann surfaces is given, the proof of the triangulability is 
carried out in Rado’s way and Priifer’s well known example 
is shown. Nevanlinna’s normal representation of Riemann 
surfaces is explained in §3. Covering surfaces and some re- 
lated notions are introduced in §4, and Riemann surfaces 
defined with the aid of function elements (analytisches 
Gebilde) are explained in §5. 

In Chapter IV Ahlfors’s theory of covering surfaces is 
dealt with. After the explanation of his original work, some 
applications are made; for instance, to study the behavior 
of the inverse function of a meromorphic function in a 
neighborhood of a transcendental singularity. 

Modern topics are taken up in Chapters V and VI. The 
Evans-Selberg theorem which guarantees the existence of a 
potential, equal to © on a given closed set of logarithmic 
capacity zero and having a carrier on this set, is proved in 
§1, and results of the author [Jap. J. Math. 19, no. 4, 299- 
327 (1948); MR 11, 428, 872] and af Hallstrém [Acta 
Acad. Abo. 12, no. 8 (1940); MR 2, 275] are stated in §2. 
The functions of class U are explained in §3, and the theory 
of cluster sets is discussed rather in detail in §4. A paper by 
Ahlfors and Beurling [Acta Math. 83, 101-129 (1950); 
MR 12, 171] and some related results by P. J. Myrberg, 
Lehto, Sario and Nevanlinna are treated in §5. 

Chapter VI begins with the work on harmonic modulus 
by Sario [Ann. Acad. Sci. Fenn. Ser. A. I. no. 50 (1948); 


[The modern 
Iwanami shoten, Tokyo, 1954, 
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Mr 10, 365] and Pfluger [ibid. no. 64 (1949); MR 11, 342]; 
this is followed by results due to Laasonen [ibid. no. 11 
(1942); MR 8, 24] on the type problem in §1, and by 
Nevanlinna’s work [ibid. no. 57 (1949); MR 11, 516] on 
the mean value of harmonic functions in §2, and that on 
regular differentials defined on Riemann surfaces with null 
boundary [ibid. no. 1 (1941); MR 7, 427] in §3. §§4—5 are 
concerned with the classification problem of Riemann sur- 
faces. Together with work by Virtanen, Nevanlinna, Bader, 
Parreau, Royden, Pfluger, Sario and others, the author 
presents the work of Mori (J. Fac. Sci. Univ. Tokyo. Sect. I. 
6, 247-257 (1951); MR 13, 735]. Some examples given by 
P. J. Myrberg and Ahlfors are referred to and finally in §6 
some properties of analytic functions on open Riemann 
surfaces are stated. M. Ohtsuka (Nagoya). 

/ 

u 

*MBieberbach, Ludwig. Analytische Fortsetzung. Ergeb- 

nisse der Mathematik und ihrer Grenzgebiete (N.F.), 

Heft 3. Springer-Verlag, Berlin-Géttingen-Heidelberg, 

1955. ii+168 pp. DM 25.50; $6.07. 

This book is concerned with developments in the coeffi- 
cient theory of the Taylor series many of which have taken 
place since the author’s well known article in the Encykl. d. 
math. Wiss. [Bd. II 3, Teubner, Leipzig, 1921, pp. 379-532] 
appeared. That article contains a section entitled ‘Ana- 
lytische Fortsetzung’ which is also the title of a chapter in 
the author’s Lehrbuch der Funktionentheorie [Bd. II, 2d 
ed., Teubner, Leipzig-Berlin, 1931], and, as the author 
points out, the present work may be regarded as a modern- 
ised and much expanded version of these. It is a work of 
erudition and scholarship and lists over 300 papers and books 
in the bibliography while the number of references runs to 
four figures. It is encyclopaedic in character and, while 
giving due weight to the classical theory, is written from 
the modern point of view which, as the author rightly states, 
was inaugurated by Pélya’s famous paper of 1929 (*) 
[Math. Z. 29, 549-640 (1929) ]. The earliest work in the 
coefficient theory is usually attributed to Darboux [J. 
Math. Pures Appl. (3) 4, 5-56 (1878) ], and the subsequent 
contributions of Hadamard, Borel, Fabry, Leau, Le Roy, 
Hurwitz, Lindeléf, Faber, Wigert and others form a series 
of novel but largely disconnected results. What makes 
Pélya’s papers [in particular (*) and Ann. of Math. (2) 34, 
731-777 (1933) ] so valuable is that in them these disparate 
elements are integrated in a comprehensive theory, the 
beginnings of which are to be found in the works of Lindeléf 
and Carlson. The present work is informed by the same 
spirit of enquiry which permeates the approach of these 
authors and by the clarity of exposition necessary for dealing 
with a complex subject whose different parts are closely 
interwoven. As in the encyclopaedia article this book is not 
broken up into chapters but runs without break through 
seven sections, each divided into several paragraphs. 

Let f(z)=Sc,2" have a finite, non-zero radius of con- 
vergence. Then the interpolating function 


1 1 
G(s) = f. f(w)w-tdw=— f. fletyetay, 


where C is a closed circuit containing the origin, on which 
f(w) is regular, is such that c,=G(m) for every positive 
integer m. The relation between f(z) and G(z) is a kind of 
modified Laplace transformation and it is natural that the 
book should begin with a study of the Laplace-Borel trans- 





formation and its applications in this field. Here G(z) is an 
integral function of at most order 1, mean type, and it,is 
convenient to take the radius of convergence of f(z) to be 
unity. If f(z) has on |z| =1 a unique singularity at z=1 then 
G(z) is of at most order 1, minimum type, in some angle 
bisected by the positive real axis and the size of the angle 
depends on the nature of the singularity. From this quite a 
lot can be deduced about the behaviour of G(z) at positive 
integral points. These matters are dealt with in some detail 
in regard to the essential, the almost isolated (fast isoliert), 
the easily approachable (gut zugingliche), and the isolable 
(isolierbar) singularities defined by Pélya. The latter part 
of section 1 is concerned with the theorems of Hadamard 
and Hurwitz dealing with the composition of singularities, 
and the Euler transformation is used to obtain Hadamard’s 
test for singular points. This leads naturally to the second 
section in which Fabry’s theorems on the sufficient condi- 
tions that a point on the circle of convergence may be 
singular are subjected to a detailed analysis. This section 
also contains a treatment of the famous Fabry ‘gap theorem’ 
which, in turn, leads to the study in section 3 of the gap 
theorems of Ostrowski and Pélya. As Montel has remarked 
‘the magnitude of the lacunae give information about the 
nature of the singularities, whereas their distribution con- 
cerns the number of the singularities’. This matter is dealt 
with in the latter part of section 3. The well known problem 
of the numerosity of the non-continuable Taylor series is 
handled in section 4. Borel first posed the question of what 
is the probability that an arbitrarily chosen Taylor series, 
of given radius of convergence, shall have its circle of con- 
vergence as a natural boundary. This matter has been 
studied by many authors, notably by Pélya and Hausdorff. 
In section 5 recent important results on the Hadamard 
composition of the singular points defined in section 1 are 
given as well as the classical theory. Section 6 is devoted to 
the study of how the behaviour of the function depends on 
the arithmetical properties of the coefficients, such as when 
all the coefficients are integers or when they involve only 
a finite set of numbers. This leads in the last section to some 
classical problems in which the interpolating function G(z) 
is given and the properties of f(z) have to be deduced, the 
converse aspect of the theory with which the book is largely 
concerned. 

The main theorems are proved in detail, but in some of 
the subsidiary theorems the proof is only sketched and in all 
cases references are given for recent extensions of the main 
results. The amount of valuable material which has been 
packed into this small book is immense and it is completely 
up to date. Nevertheless its small size precludes it from 
containing everything. For example, in order to link up the 
classical results with the modern theory of singularities, it 
has been necessary to give ad hoc proofs rather than develop 
the theory of functions regular in an angle and this also 
conserves space. In consequence one or two deep results in 
the coefficient theory of the singular arc have been omitted. 
In the same way there has been no room to give extensive 
treatment to determinantal criteria, and, in fact, this could 
very well form the subject of another book. The present 
work is well printed on beautiful paper and attractively 
bound. No mathematician who is interested in the Taylor 
series, in interpolatory theory, or in the study of the singu- 
larities of analytic functions, can afford to be without it. 

R. Wilson (Swansea). 
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Késsler, Milo’. Uber reelle Charakteristiken von Po- 
tenzreihen. Czechoslovak Math. J. 4(79), 274-282 
(1954). (Russian summary) 

The author solves the following problem: given a series 


A(r)=r+Co?+Cyr'+---, 


with real coefficients, and converging for |r| <r,, to find 
all functions 


ff (2) =2+22?+-c,2°+---- 


for which (1) max;,.)., Rf(z)=A(r) when r is sufficiently 
small. His method is based on the fact that if the function f 
satisfies (1) and if ¢(r) isa function such that f(re*”) =A (r) 
(|r| <rz), then (2) re f’(re#) =rA’(r). 

The particular choice ¢(r)=0 leads to the obvious solu- 
tion f(z) = A(z). More generally, let a curve have the repre- 
sentation (3) z=re*”, where sin ¢(7)=yirt+yor? +--+: (Yn 
real); the relation (3) determines an inverse function 
r=v(z) =2+622"+5,2°+--- (|2| <74); this, substituted in 
(2), gives the equation 


af’ (z) =v(z){1+2Cw(z)+3Cw(z)+---}. 


Comparison of coefficients now determines a function f 
whose real part takes the prescribed maximum A (r), relative 
to the circle |z| =r, for each r less than some rs. Moreover, 
this maximum is taken at the point of intersection of the 
circle with the curve (3). In the special case where A (r) =r 
and sin @(r) =4er (e¢ real), f(z) =2{ (1+-tez)"*—1)} /te. 

If B(r) = —r+Cy*+--- (C, real), and if Rf*(z) has the 
maximum — B(r) on|z| =r, then the function f(z) = —f*(—z) 
has the minimum real part B(r), on |z| =r. If 


M(r)=1+Cir+Cy’+--- (C, real, C,:>0), 


let A (r) =log M(r); the author’s method yields the solutions 
f(z) of (1) and, by means of the function g=exp f and 
certain trivial changes of variable, all the solutions of the 


equation 
max |g(z)| = M(r) 


lzl=r 


(|r| <rs). 


G. Piranian (Ann Arbor, Mich.). 


Edrei, Albert. On the zeros of successive derivatives. 

Proc. Amer. Math. Soc. 6, 386-391 (1955). 

The author proves the following theorem. If 80, there 
is a finite number R2(8) such that if g is regular in |z| SR, 
with g(0) =1, g’ (0) =8. Then g(z) (g’(z) — 1) must have a zero 
in |z| SR. Applying this with g(z)=f(z)/f’(z), he obtains 
the following corollary : If a#1, then there is a finite number 
R;(a) such that if f is regular in || SR; with f(0) =f’(0) =1 
and f’’(0)=a, then either f, f’, or f’’ must have a zero 
in |z| SR,. He obtains an estimate for R:(a) and states that 


lim sup Ri(a)|1—a| 
1 a aaa 
al |log|1—a| | 


The exceptional nature of a=1 is explained by f(z) =e.¥ 


Applying the theorem to g(z)=f(z+c), one obtains im- 
mediately the theorem of Saxer and Polya [Saxer, Math. Z. 
17, 206-227 (1923) ] asserting that if f is entire, and if f, f’, 
and f’” have no zeros, then f(z)=Ae*. These results may 
also be applied to the study of limit points of zeros of suc- 
cessive derivatives of an analytic function; one obtains, for 
example, another proof of a theorem of Y. Martin and 
RAdstrém dealing with the zeros of successive derivatives 
of }-+a,2* [Martin, Bull. Sci. Math. (2) 75, 166-171 
(1951); MR 13, 732]. R. C. Buck (Madison, Wis.). 





Lohwater, A. J. On the Schwarz reflection principle, 

Michigan Math. J. 2 (1953-54), 151-156 (1955). 

Es sei f(z) im Einheitskreis K: |z| <1 meromorph und 
lim,.1 | f(re**)|=1 fiir fast alle e eines Bogens A der 
Peripherie |z| =1. Unter welchen zusatzlichen Bedingungen 
kann f tiber den Bogen A hinaus analytisch fortgesetzt 
werden? Hieriiber gelangt Verf. zu folgendem Resultat: 
Falls dieses f in einer Umgebung von A keine Nullstellen 
und Poie hat, so ist es dann und nur dann iiber A hinaus 
fortsetzbar, wenn weder null noch © asymptotischer Wert 
fiir f auf A ist. Daraus ergibt sich folgende Erganzung zu 
einem Satz von C. Carathéodory [Comment. Math. Hely, 
19, 263-278 (1946); MR 8, 508]: Ist f in K meromorph 
und beschranktartig, existiert lim,., f(re*)=f(e*) mit 
| f(e**)| =1 fiir fast alle e* eines Bogens A, ist eine Umge- 
bung von A frei von Nullstellen und Polen und e**’ ein 
singularer Punkt auf A, so ist jeder Wert asymptotischer 
Wert von f, der nicht in jeder Umgebung von e**’ unendlich 
oft angenommen wird. Unter gleichen Voraussetzungen gilt 
noch: Die Singularitatenmenge auf A ist die abgeschlossene 
Hiille der Menge {e'*| f(e**) =0 bzw. @}. A. Pfluger. 


Lohwater, A. J. On the radial limits of analytic functions. 

Proc. Amer. Math. Soc. 6, 79-83 (1955). 

Verf. betrachtet die Klasse (LP) der nichtkonstanten 
analytischen Funktionen f(z) im Einheitskreis |z| <1, fiir 
welche lim,.; f(re“*) =0 ist fiir fast alle e** auf einem Bogen 
A der Peripherie |z|=1. Nach dem Riesz-Nevanlinna’ 
schen Theorem kann f nicht beschrinktartig sein und 
kommt f in jeder Umgebung V(e**), ee A, jedem Wert 
(auch ) beliebig nahe. Welches sind die asymptotischen 
Werte von f? Hieriiber beweist Verf. folgenden Satz: Gehért 
f zur Klasse (LP), ist A’ irgend ein Teilbogen von A mit 
dem Mittelpunkt e‘*’ und gibt es eine Umgebung V(e'*’), 
sodass die % mit %eV und f(%)=Z der Bedingung 
xX? (1—|2%]|) < © geniigen, so ist Z fiir einen Punkt auf A’ 
asymptotischer Wert. A. Pfluger (Ziirich). 


Kubo, Tadao. Kelvin principle and some inequalities in 
the theory of functions. II. Mem. Coll. Sci. Univ. 
Kyoto. Ser. A. Math. 29, 17-26 (1955). 

This paper is a continuation to an earlier paper of the 
author [same Mem. 28, 299-311 (1953); MR 16, 122], in 
which the Kelvin principle was used to deduce several in- 
equalities involving harmonic functions with a vanishing 
normal derivative on some of the boundary curves of the 
given domain. By virtue of the Kelvin principle, two similar 
theorems are established in this paper. As an application of 
the former theorem an inequality is derived concerning the 
Neumann functions of a schlicht domain and its mutually 
disjoint subdomains, while the latter theorem is applied to 
a radial slit mapping problem. O. Lehto (Helsinki). 


*%Boas, Ralph Philip, Jr. Entire functions. Academic 

Press Inc., New York, 1954. x+276 pp. $6.00. 

Von den umfangreichen Ergebnissen, welche die mathe- 
matische Forschung in der Klasse der Funktionen vom 
Exponentialtypus in den letzten drei Dezenien erzielt hat, 
gibt das Buch eine zusammenfassende Darstellung. Diese 
Funktionen sind analytisch und vom Exponentialtypus in 
einem Winkelraume oder in der Ebene (ganze Funktionen 
vom Exponentialtypus). Verf. gibt also weder eine voll- 
standige noch ausschliessliche Behandlung der ganzen 
Funktionen. 
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Immerhin kommen in den einleitenden Kapiteln die 
fundamentalen allgemeinen Eigenschaften ganzer Funk- 
tionen endlicher Ordnung sowie die speziellen Eigenschaften 
ganzer Funktionen mit lauter negativen Nullstellen und 
der Funktionen von der Ordnung 31 (Minimalbetrag) 
ausfiihrlich zur Darstellung. 

Das fiinfte Kapitel behandelt dann allgemeine Wachs- 
tumseigenschaften der Funktionen vom Exponentialtypus, 
wahrend die nachfolgenden Kapitel dem sehr umfangreichen 
‘und vielschichtigen Gebiet der speziellen Eigenschaften 
gewidmet sind. Die Kapiteliiberschriften mégen die ein- 
zelnen Sondergebiete andeuten: Functions of exponential 
type restricted on a line (I, Theorems in the large; II, 
Asymptotic behavior in a half plane; Connection between 
growth and distribution of zeros); Uniqueness theorems; 
Growth theorems (Zusammenhang zwischen dem Wachstum 
entlang einer Linie und entlang einer divergenten Punkt- 
folge); Operators and their extremal properties. Kapitel 12 
beschliesst mit einer Reihe typischer Beispiele aus ver- 
schiedenen Anwendungsgebieten dieses inhaltsreiche Buch. 

Dass der Verf. von der modernen Theorie der Funktionen 
von Exponentialtypus, an deren Entwicklung er selbst 
wesentlich teilgenommen hat, eine zusammenfassende Dar- 
stellung gegeben hat, ist sehr verdankenswert. Der mit dem 
Gegenstand vertraute Leser wird hier eine Reihe verscharfter 
Resultate und vereinfachter Beweise bemerken und durch 
die Tendenz, méglichst einheitliche Methoden zu verwen- 
den, manche Anregung finden. Dem Nicht-Eingeweihten 
gibt das Buch eine iibersichtliche Orientierung sowie eine 
systematische Einfiihrung. (Der Verf. wird auf Bitte eine 
Liste von Berichtigungen liefern.) A. Pfluger (Ziirich). 


Azpeitia, A. G. The proximate order for entire functions. 
Rev. Mat. Hisp.-Amer. (4) 14, 3-25, 83-103, 179-193, 
221-236 (1954). (Spanish) 

If p(r) is a function satisfying the formal conditions of a 
Lindeléf proximate order, and f(z)=}¢c,2" is an entire 
function with maximum modulus M (r), connections between 
the c, and the upper and lower limits of r~*“™ log M(r) have 
been stated by Valiron [Mémor. Sci. Math., no. 2, 1925]. 
In this thesis the author establishes Valiron’s results and 
generalizes them both to lower proximate orders and to a 
class of functions of infinite order. He calls (following San 
Juan) a function of »»-order p if 

lim sup {loge+, M(r)}/log r=p. 
The notion of proximate order extends to functions of finite 
© -order in a natural way. To extend Valiron’s theorem to 
the case p>0 the author has to assume that f(z) is of regular 
increase, i.e. that {loge,, M(r)}/log r—p. Under suitable 
conditions of regularity imposed on p(r), and with @(x) the 
inverse of x =r), the main theorem is that there are a finite 
A and a positive B with 


A=lim sup r-*™ logi,, M(r), 

B=lim inf r-* logi,, M(r), 
if and only if 

lim sup |c,|/*"®(log, ») =A"?, 
and 

lim inf |¢,,;|'/"*6(log, n;) =b>0 
for a sequence {m,;} such that log, m;,:/log, m; has lower 
limit at least 1 and finite upper limit. 2. P. Boas, Jr. 





Clunie, J. The asymptotic behavior of integral functions. 

Quart. J. Math., Oxford Ser. (2) 6, 1-3 (1955). 

Let f be an entire function having 0 as an asymptotic value 
corresponding to an asymptotic path L. Let e(r) = max|f(z) |, 
for |z| 27 and zon L. The author is concerned with the rate 
with which e(r)—0 as r— ©. The exponential function shows 
that one may have e(r)=1/M(r). By means of a simple 
argument based on harmonic measure estimates, the author 
shows that it is always true that 

e(r) = {1+0(1)} M(r)*/M (kr)', 

where k is a constant independent of f. For k, he is able to 
use e**, Moreover, if f has two distinct asymptotic values, 
then ¢(r)20(1)/(M(r)M(k"r)). In this connection Hay- 
man’s theorem [Proc. London Math. Soc. 2, 469-512 
(1952); MR 15, 22] can be applied to show that for arbi- 
trarily large r, e(r)2=M(r)-4°, where Apo is an absolute 
constant. R. C. Buck (Madison, Wis.). 


Redheffer, R. M. On even entire functions with zeros 
having a density. Trans. Amer. Math. Soc. 77, 32-61 
(1954). 

Verf. untersucht den Zusammenhang zwischen dem Wach- 
stum ganzer Funktionen der Form F(z) = [Jno (1—27/,”), 
0<dAoSA1S--+, DA ?*<&, und ihren Nullstellen. Es sei 
A(u) die Zahl der \’s <u. Zu dem bekannten Resultat (1), 
dass log* | F(x)| =o(x) ist fiir A(u)/u-—+D, fiigt Verf. das 
folgende (1’) hinzu: Mit A(u)/u=O(1) und 


A (vx) _A(x/») 
vx x/v 


bei festem »>0 und x gilt log+ | F(x) | =o(x). Wie durch 
interessante Beispiele gezeigt wird, ist keiner dieser Satze 
umkehrbar: Zu gegebenen Zahlen p>q>0 und A <1 gibt 
es eine Folge {A,} mit Any41—An>A/p, lim sup A(u)/u=p, 
lim inf A(u)/u=q und logt | F(x)|=0(x). Bekannte Re- 
sultate iiber das Verhalten von F in der komplexen Ebene 
im Falle A(u)/u—>D werden mit neuen Methoden bewiesen. 
Sind 





=o(1) 


, ; ‘ 1 77 A(u) 
A=lim sup log| F(y) | /y, B=lim sup - f ——du 
0 


y+ ta) r u 


1 2r 
C=lim sup —f log| F(re**)|dg, D=lim sup A(u)/u 
A4arJo 


ro un 


und a, b, c, d die entsprechenden Gréssen mit lim inf, und 
7=0.8047---, so gelten die Ungleichungen rD2A2rD; 
A=rD fir 
d=0; dsc, CSD; 
1+log (C/D)2c/D, 1+log (C/d)2¢/d. 


Sie sind alle exakt. Mit Hilfe der Fouriertransformation wird 
ferner gezeigt, dass die Integrale 


f log | F(iy) | |? dy ¢ F’ (ty) |? dy 
————| — und . — 
0 y y o | F(ty)| y 


je kleiner sind als #*fo*[A(u)/u udu, und daraus ergibt 
sich das Taubersche Theorem: Es ist 


lim iF’ (iy)/F(éy) =2D 

















dann und nur dann, wenn lim A(u)/u=D ist. Fiir gleich- 
massig verteilte Nullstellen, d.h. |A(u)—Du|<H fir ein 
D und H gelangt Verf. zu folgendem Resultat: Ist D>0 und 
H>+}, so gilt F(x) =0(x**-*); die Gréssenordnung auf der 
rechten Seite ist scharf. Der Rest der Arbeit beschaftigt 
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sich im Anschluss an die Arbeiten von Paley, Wiener und 
Levinson mit der Unvollstandigkeit vom Funktionssystem 
{et==} im L?. A. Pfluger (Ziirich). 


{ Collingwood, Edward F. Sur le comportement 4 la 
frontiére, d’une fonction méromorphe dans le cercle 
unité. C. R. Acad. Sci. Paris 240, 1502-1504 (1955). 

Collingwood, Edward F. Sur les ensembles d’indéter- 
mination maximum des fonctions analytiques. C. R. 
Acad. Sci. Paris 240, 1604-1606 (1955). 

Let f(z) be meromorphic in |z|<1. The cluster set 
C(f, e®) of f(z) at z=e* is defined to be the set of all values 
c for which there exists a sequence of points {z,}, with 
|z,| <1, ,—e*, such that f(z,)—~c. If EZ is any point set 
in |z| <1 for which e* is a limit point, Cg(f, e”) is defined 
similarly with the additional condition that z, e E. Let Xo 
denote a continuous arc with end point z=1 which, except 
for z=1, lies in |z| <1 and cuts every circle |z| =r<1 once 
and only once. A rotation about the origin through an angle 
6 transforms \» into an arc dy terminating in z=e*. It is 
shown that C,,(f, e®) =C(/f, e®) for every value of 6 belong- 
ing to a residual subset of the interval 0S@<2z. Let J(f) 
be the set of all points z=e* such that C(f, e*) =C,(f, e*) 
for every Stolz angle A with vertex at e* and let K(f) denote 
the set of all z=e* such that Ca, (f, e”) =Ca(f, e*) for any 
pair of Stolz angles A,, A2 with vertices at e®. A consequence 
of the above result is that the two sets J(f) and K(f) are 
residual on |z| =1. The global cluster set C(f) is defined to 
be the set of all values c for which there exists a sequence of 
points {z,}, with |z,| <1, |z,|-+1, such that f(z,)—+c. Being 
given a meromorphic function f(z) in |z| <1, a construction 
is given for determining a function ¢g(z), meromorphic in 
|z| <1, such that C(¢, 1)=C(/). W. Seidel. 





Rudin, Walter. On a problem of Collingwood and Cart- 

wright. J. London Math. Soc. 30, 231-238 (1955). 

Let f(z) be meromorphic in |z| <1. A point w of the Rie- 
mann sphere 0 is called a cluster value of f(z) if there exists 
a sequence of points {z,} with |z,|<1, |z,|—>1, such that 
f(2,)—>w. The set C(f) of all cluster values of f(z) is called 
the cluster set of f, in the large. It is known that C(f) is 
always a non-empty continuum. The set of values which 
f(z) attains infinitely many times in |z| <1 is denoted by 
R(f) and the set of values which f(z) attains in |z| <1 
aribtrarily close to e® is denoted by R(f, e#). It is shown 
that not every continuum can be a C(f). As pointed out by 
the author, his example was anticipated by D. B. Potyagailo 
[Dokl. Akad. Nauk SSSR (N.S.) 86, 661-663 (1952); MR 
14, 549]. A set ECQ is called a A-set if E=()s.1 G,, where 
Gn >Ga+1, and each G, is a connected open subset of 2. It is 
shown that every A-set is an R(f), as well as an R(f, e*). 
As pointed out be the author, this result was anticipated by 
W. Gross [Monatsh. Math. Phys. 29, 3-47 (1918) ]. It is 
finally shown that every closed, but not every open, set 
is a A-set. W. Seidel (South Bend, Ind.). 


Flett, T. M. Some remarks on schlicht functions and 
harmonic functions of uniformly bounded variation. 
Quart. J. Math., Oxford Ser. (2) 6, 59-72 (1955). 

Let o(z)=2+--- be regular and schlicht in |z| <1. The 
author derives a necessary and sufficient condition for the 
validity of 


1 ° 
log 0) = ~= f log (1—2e-")dU(Y), 





U(y) being periodic and of bounded variation, in terms of 
the boundary behavior of arg o’(z) and the rate of growth 
of |o’(z)|. He further gives a new proof of Paatero’s 
theorem [Ann. Acad. Sci. Fenn. Ser. A. 33 (1931)] that, 
if f=, |d arg o’(re®)| is bounded for r<1, then ¢(z) is con- 
tinuous in |z| $1 save at a finite number of points on |z| =1, 
while ¢(z)—>~ as z tends to each of these exceptional points, 
Y. Komatu (Tokyo). 


Nehari, Zeev. On the coefficients of R-univalent functions, 

Duke Math. J. 22, 223-227 (1955). 

Let an analytic function w= f(z) map a region B onto a 
domain B’ embedded in a closed Riemann surface R and 
let the inverse function z= f-'(w) be single-valued in the 
subset of R covered by B’. Then f(z) is called R-univalent 
in B. If R is the schlicht plane, f(z) is univalent in the ordi- 
nary sense. The author proves the following generalization 
to R-univalent functions. 

If Sp denotes the class of analytic functions f(z) which 
map |z|>1 onto a domain embedded in a given closed 
Riemann surface R and which have the expansion 


f(z) =2+a2"'+a2"7+--- 


near z= ©, then the region of variability of the coefficient 
a, within the class Sz is contained in a circle of radius 1 
whose center depends upon R, 


(1) |a:+A,| 31. 


If f(z) is univalent, A,=0 and |a,| 31. It is pointed out 
that (1) is sharp only if R is of genus zero. Some estimates 
for the constant A, are obtained in special cases. 

M. S. Robertson (New Brunswick, N. J.). 


Waadeland, Haakon. Uber einen Spezialfall k-fach sym- 
metrischer schlichter Funktionen. Norske Vid. Selsk. 
Forh., Trondheim 27 (1954), 151-155 (1955). 

Let S,’ denote the class of functions 


g(z)=2+ Tae set (k=1, 2, -++), 
p=1 


which are regular and univalent in |z| <1, and for which 
a¥eii1=0. The author proves in two different ways that 
laf}, | S(2/k(k+1))"*. If @ is omitted by a function of 
this class, then |@| = (2+ (2k/(k+-1))"*)-"*. Both results are 
sharp. In the special case k=1 (a;=0) then |@| 21/3, a 
result which parallels the classic 1/4-theorem of Koebe. 

A. W. Goodman (Lexington, Ky.). 


Tsuji, Masatsugu. Theory of Fuchsian groups. 

4, 193-205 (1953). (Japanese) 

The results in the following papers by the author con- 
stitute the main part of this paper: [Jap. J. Math. 19, 259- 
284 (1945); 21, 1-27 (1952); Kddai Math. Sem. Rep. 1950, 
89-93; J. Math. Soc. Japan 4, 189-193, 310-312 (1952); 
correction, 7, 202-207 (1955); MR 8, 280; 14, 968; 13, 125; 
14, 623, 742]. M. Ohtsuka (Nagoya). 


Sfgaku 


Satake, Ichiro. On the Fuchsian theta function. Sfgaku 

5, 73-81 (1953). (Japanese) 

Let ®; be a disc in the extended z-plane, C its boundary, 
T a Fuchsian group having ®; as its fundamenta! domain. 
Poincaré proved [Acta Math. 1, 193-294 (1883) ] that the 
Fuchsian theta series 0 (2; H(z)) = >> er H © ¢(2) (de(z)/dz)” 
generated by a rational function H(z) analytic on C, of 
order m22, is a Fuchsian form vanishing at parabolic 
vertices defined with respect to I’, and, conversely, that such 
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a form of order m is developed into a Fuchsian theta series 
of order m. In the case that every point of C is a limit point 
of T, the author proves: (1) if a rational function G(z) 
satisfies (*) Sse, Res. G(z)@(z)dz=0 for every integral 
Fuchsian theta series @(z) of order m, then the summation 
of Res. G(a)O(a;1/(z—a))da taken over aeiRi, af 
(mod I’), is a Fuchsian form regular at the parabolic vertices 
on C, of order (1—m), and conversely, such a Fuchsian form 
is obtained in this way; (2) if R, is |z| <1 and if H(z) is 
a rational function analytic on |z| <1 whose poles in 
1<|z|<« have principal parts without terms of order 
> —2m, then in order that @(z; H(z))=0 it is necessary and 
sufficient that G(z) = (2m—1) fo!" (u) (1 —2u)?”—*du satisfies 
condition (*) for every integral Fuchsian theta series @(z). 
M. Ohtsuka (Nagoya). 


Leja, F. Construction of the function mapping conformally 
an arbitrary simply connected domain upon a circle. 
Zastos. Mat. 2, 117-122 (1955). (Polish. Russian and 
English summaries) 

Let D be a simply connected bounded domain such that 
OeD. Let T be the boundary of the domain which one 
obtains from D by the inversion {=2~!. Let mon, min, ***) Man 
(mn eT, »=0, 1, ---,) be an extremal system for I, i.e., 
we have 


II {s-%ls II 


O0<iSkSn OSi<kSn 


| nin — Men | 


for any system {f,},v=0,1,---,#, ¢,eI. If one writes 
din=[]em0,2x% |Tin—ten|", it is possible to show that 
lim,+0 din =d@, where d is the Fekete transfinite diameter 
of T. The author indicates that from his previous results 
one can show that the expression 


II (1 =) 


e=0, ak 


g(2)=lim gen(2), gen(2) =de 


yields the function which maps D into the unit circle, and 
we have: g(0) =0, g’(0)>0. S. Bergman. 


Fick, E. Konforme Abbildungen durch elliptische Funk- 
tionen. Z. Angew. Math. Mech. 34, 416-429 (1954). 
(English, French and Russian summaries) 

Conformal mappings are graphically represented. They 
concern the functions g(u), ¢(u), o(u), o3(u), sn, cn, dn, am, 
E, zn, 8;, 34 in the case of a rectangular lattice, and the 
curves are computed numerically. The half-periods are, for 
most of the functions, w=1 and w’=1.52; while, for the 
Jacobi function zn and the Theta series, the ratio of the 
periods is r= 0.752. The values of the functions at the points 
of the sides of the rectangle (0,0), w, w+w’, w’ are repre- 
sented in diagrams obtained by unfolding the perimeter of 
the rectangle into a straight line; which is taken as one axis. 

H. Kober (Birmingham). 


Seibert, Peter. Flaichenbau und Wertverteilung einiger 
Funktionen, die aus harmonischen Massen entspringen. 
Mitt. Math. Sem. Giessen no. 38, i+51 pp. (1951). 
Given a region G and a boundary subset a, one can form 

an (in general multiple-valued) analytic function f=w+ia 

having as real part the harmonic measure w of a. The author 
investigates here the function z(w) inverse to w= f(z), with 
particular attention to its Riemann surface and to the 

behavior of the Nevanlinna functions N(r,a) and m(r, a), 

the characteristic function T(r)=N(r, ©)+m(r, ©), and 

the defect function 5(a) =lim inf,.., m(r, a)/T(r). 





The following four cases are treated in detail: (a) G the 
upper half-plane and a a finite number of intervals on the 
real axis; (b) G the interior of an ellipse with foci on the 
real axis and a the upper half of the ellipse; (c) G a rectangu- 
lar region and a@ one side; (d) G the region between two 
circles (not necessarily concentric) and a a subarc of the 
inner circle. 

In case (a) 2(w) is a periodic k-valued algebroid omitting 
exactly the 2k values comprising the end-points of the in- 
tervals forming a. In cases (b) and (c) 2(w) is regular ex- 
cept for poles and algebraic branch points, and is periodic 
but infinitely multiply-valued. Corresponding to Nevan- 
linna’s first fundamental theorem in the case of finitely 
multiply-valued functions there are obtained the relations 
N(r,a)+m(r, a) =r+O(1) and N(r, a)+m/(r, a) =r/2+0(1) 
in cases (b) and (c), respectively. Case (d) is distinguished 
by a more complicated Riemann surface and by the fact 
that the series for m(r, a), arising from summation over the 
branches of 2(w), fails to converge at infinitely many points. 

The derivations are based on theorems of Nevanlinna 
concerning the zeros of f’, examination of the level lines 
of & which pass through these zeros, and use of analytic 
continuation. M. G. Arsove (Seattle, Wash.). 


Seibert, Peter. Flaichenbau und Wertverteilung einiger 
Funktionen, die aus harmonischen Massen entspringen. 
Arch. Math. 3, 87-92 (1952). 

Brief résumé of the paper reviewed above. 
M. G. Arsove (Seattle, Wash.). 


Strebel, Kurt. Die extremale Distanz zweier Enden einer 
Riemannschen Fliche. Ann. Acad. Sci. Fenn. Ser. A. I. 
no. 179, 21 pp. (1955). 

For the case of a plane region G, of finite connectivity 
whose boundary consists of a finite number (2 2) of analytic 
Jordan curves, it is known that, if one distinguishes two 
boundary components, say Ip and T;, then the extremal 
distance between I> and I, is the reciprocal of the Dirichlet 
integral of the harmonic function in G, which vanishes on To, 
takes the value 1 on ’;, and has vanishing normal derivative 
on the remaining components of the boundary. The present 
paper generalizes this result for arbitrary Riemann surfaces, 
the notion of boundary component being suitably extended. 
In the case of a plane region, results concerning the mapping 
of the region (1, 1) and conformally onto certain canonical 
regions are obtained [cf. the paper reviewed below ]. 

M. Heins (Providence, R. I.). 


Strebel, Kurt. A remark on the extremal distance of two 
boundary components. Proc. Nat. Acad. Sci. U. S. A. 
40, 842-844 (1954). 

This note gives a characterization of a canonical region 
considered by the author in the paper reviewed above 
(Theorem 5) which yields a new proof of unicity for the 
mapping of that theorem. A domain G, is called a radial-slit 
domain if it lies in a ring ro<|w|<r:, separates |w| =r 
and |w|=r:, and is such that the extremal distance of 
|w| =r. and |w| =r, with respect to G, is equal to the ex- 
tremal distance of these two circles with respect to the whole 
plane. The cited theorem admits the following restatement: 
If G, is a plane domain with two distinguished boundary 
components I,° and I,' having extremal distance \(< @), 
then in the class of conformal maps of G, onto radial slit 
domains G.C (ro< |w| <r:) (where T° and I,°, the images 
of T,° and I,’ respectively, contain |w| =r. and |w| =n 





respectively) there is one which minimizes ro. It is 
determined uniquely up to a constant factor. 
M. Heins (Providence, R. I.). 


Martinelli, Enzo. Teoremi integrali nella teoria delle 
funzioni di piii variabili complesse. Rend. Sem. Mat. 
Fis. Milano 24 (1952-53), 172-182 (1954). 

An account of the author’s results in Ann. Mat. Pura 
Appl. (4) 34, 277-347 (1953) and Colloque sur les fonctions 
de plusieurs variables, Bruxelles, 1953, pp. 109-124, Masson, 
Paris, 1953 [MR 15, 304; 16, 582]. 


*Bochner, S. Green’s formula and analytic continuation. 
Contributions to the theory of partial differential equa- 
tions, pp. 1-14. Annals of Mathematics Studies, no. 33. 
Princeton University Press, Princeton, N. J., 1954. 
$4.00. 

Une fonction holomorphe sur la frontiére supposée con- 
nexe d’un domaine borné D peut étre prolongée dans D: 
ce théoréme de Hartogs s’étend a des classes de fonctions 
analytiques réelles f(x, - - -,x,) solutions de systémes d’équa- 
tions aux dérivées partielles [par exemple, 5-7 0*f/dx,?=0, 
> 8 f/dx,2=0, p<n; cf. S. Bochner, Ann. of Math. (2) 44, 
652-673 (1943); Proc. Nat. Acad. Sci. U. S. A. 38, 227-230 
(1952); MR 5, 116; 14, 279]. On considére ici une forme 
extérieure A,,...,,d&"- - «dé, od 


aa 
- 
. 
t 


ante 
A fqeovig = DGaqeevig (E—X) Df (E), vit ++ +r N-1; 
(») 
les G{?, ne dépendent que de t=§—x, sont analytiques réels 
sauf sur la diagonale =x; on appelle G,[t—<x, f(&), dé] 
l’operateur ainsi formé. On considére alors les f(¢) ana- 
lytiques qui vérifient a la fois le systéme obtenu en écrivant 
d,G,=0 et une équation aux dérivées partielles 
Lo Cay++-ay "mf =0 
ol n’interviennent que mSn—1 des £;; sous une hypothése 
de décroissance assez rapide des coefficients Gi} (#) a l’infini, 
le théoréme de prolongement cité plus haut est établi. Note: 
G, s’interpréte comme un courant double 
L(x, )= X Giy(e)D fF (x+0)dx*-- dxto 
(®), @) 
et les propriétés intégrales du mémoire résultent de 
d,L(x,t)=0 [cf. G. de Rham: Variétés différentiables, 
Hermann, Paris, 1955; MR 16, 957]. 

La seconde partie du mémoire considére les fonctions 
I(x, y) =f (x1, «++, Xn» V1» ***, Ym) analytiques réelles de x, y 
qui satisfont pour y donné un systéme d’équations aux 
dérivées partielles résultant de l’écriture de 


a,GLé, x, f®, dé] =0, 
ot G a ses coefficients Gi}, (é, x) analytiques de £, x sauf sur la 
diagonale §=x: une solution f(x, y) dans ye Y,,, x e D(y) se 
prolonge dans ye Y,,, x e D(y), D(y) étant une complétion 
topologique de D(y). P. Lelong (Paris). 





Theory of Series 


Stenberg, Warren. On sequences with divergent total 
variation. Nederl. Akad. Wetensch. Proc. Ser. A. 58 
= Indag. Math. 17, 178-190 (1955). 

The paper proves that if {a,} is a sequence of positive 

terms with a,—0 such that }-a,=, then there exists a 
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“rearrangement” {b,} of {a,} with }>),= © such that for 
every subsequence {c,} of {,} it is true that 


n—l n 
L les ej41| >2X | cj] —5Sd*, 
j=l j=l 


where }5* is the largest b,. Here {b,} is a “rearrangement” 
of {a,} if b. =Gacn) where h(n) is a univalent function on the 
positive integers to the positive integers and includes the 
notion of rearrangement of a subsequence. This theorem has 
as corollary an unpublished result of Besicovitch and Erdés 
that there exists a sequence {a,} of positive terms with 
a,—0 and }\a,= © such that for every subsequence {),} 
with }°b,= © it is true that >, |bs—bays| = @. 
T. H. Hildebrandt (Ann Arbor, Mich.). 


Agnew, Ralph Palmer. Abel and Riesz transforms of 
general Tauberian series. Rend. Circ. Mat. Palermo 
(2) 3 (1954), 293-336 (1955). 

Es seien A (t) = S-Feo fu, (0<¢<1) und 


RO(n)=E 


k=0 


k r 
1-——_) u, (n=0,1,2, ---;7r20 fest) 
n+1 


die Abel- und Riesz-Transformationen einer Reihe }-Fo %, 
fiir die x,= (n+1)—Steo ku, beschrankt ist. Dann gibt es 
zu jedem g>0 eine beste Zahl G,(g) derart, dass 


lim sup | A (#)—R“™ (m)| SG,(q) -lim sup |x,| 


t+ 1—, n> n>» 


gilt, sofern m und ¢ durch lim,,; (1—4)-n(t)=q oder 
limMn+s« (1—t,)-m=q gekoppelt sind. Die Funktionen G,(g) 
lassen sich exakt angeben und werden genau studiert, 
Besonderes Interesse finden die Stellen g=g,, an denen 
G,(q) (bei festem r) sein Minimum annimmt. Die gq, und 
G,(q-) sind tabuliert und auch durch asymptotische Ent- 
wicklungen (fiir r—«) dargestellt. (i) Fiir OSr<1 ist q, 
die eindeutige positive Wurzel E (auf 4 Dezimalen 1,6783) 
von e®=2(1+£), also unabhangig von r, und (auf 4 
Dezimalen) G,(gq,) =1,6224—folx[1 — (1—x)" ]dx. (ii) Fir 
r>1 ist 

Peak a 


G =r 


2 24r 





+0(r*) 


(r+) 
und 


G, (qr) = +o(r"). 


FE? 
2(1+£)r 
Entsprechende Ergebnisse gelten fiir stetige Riesz-Transfor- 
mationen, da bei beschrankter Folge {x,} stets 


| R® (w1) —R® (ws) |—-0 


strebt fiir w:, w2.—«© und w;/w:—1. Das gegenseitige Ver- 
halten der Funktionen A(t) und R™(m) unter den Zusatz- 
bedingungen 
lim sup m|u,|<«0 und limsup |>m|<« 
ne ne k=O 

wurde vom Verf. in friiheren Arbeiten studiert [J. Reine 
Angew. Math. 193, 94-118 (1954); J. Rational Mech. Anal. 
3, 47-72 (1954); MR 16, 237; 15, 416]. D. Gaier. 


Izumi, Shin-ichi. A simple proof of Littlewood’s tauberian 
theorem. Proc. Japan Acad. 30, 927-929 (1954). 
The author proves the following integral form of Little- 
wood's theorem [Proc. London Math. Soc. (2) 9, 434-448 
(1911) ]. Let f(s) =fo* a(t)e~*‘dt exist for s>0 and let f(s)—0 
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as s—0. When |a(#)| SA/t (¢>0), then fo” a(#)dt=0. The 
present proof contains elements both of Karamata’s proof 
as simplified by Wielandt [Math. Z. 56, 206-207 (1952); 
MR 14, 265] and of Littlewood’s original proof. Setting 
g(t)=1 (OSt<1), g(t) =0 (¢21) one has 


s(T) = f a(t)dt=T f “a(Tig (tat 
-rf a(T?){g(t)—P(t)}de 


+7 f a(THP (d= S\(7)+Sx(7). 


In the Karamata-Wielandt proof P(#) is an exponential 
polynomial >°d,e-** and so obviously S:(7)—-0 when T> ~, 
The difficulty then is in showing that S,(7) can be made 
arbitrarily small for all T by suitable choice of P(#). In the 
present proof 
P(tj)=e™>. (ut)™/m! 
m<u 

and so by straightforward calculations | S,(7)| < B(log u/u)"? 
for u large. In order to show that S.(7T)—-0 when T—& (and 
“u remains fixed) the author invokes Littlewood’s lemma 
according to which f(s)—-0 and s"f™ (s) =O(1), m=1, 2, --- 
imply sf (s)—0 (s—0). J. Korevaar. 


Focke, Joachim. Asymptotische Entwicklungen mittels 
der Methode der stationiren Phase. Ber. Verh. Sachs. 
Akad. Wiss. Leipzig. Math.-Nat. Kl. 101, no. 3, 48 pp. 
(1954). 

The integral f.° g(x)e-?*@dx with |arg p| S49 is con- 
sidered. It is assumed that x is real, that g(x) is real and 
infinitely differentiable in [a,b] and that there are only 
a finite number of critical points in [a,b] at which 
¢g=---=gD=0, 9g 0, a22. It is also assumed that 
g(x) is infinitely differentiable except possibly at the critical 
points; if x=€ is a critical point g(x) may have the form 
g(x) = |x—£|¢(x), OSA<1. It must be possible to expand 
g(x) and g(x) at the critical points. Finally g(x) must be 
non-negative in (a, 6] if |arg p| #4. Then the value of the 
above integral is for large » asymptotically equal to the 
sum of the contributions from a, b and the other critical 
points; these contributions can be expanded in negative 
powers of ~; appropriate formulas and applications are 
provided. Corresponding results are given for the surface 
integral f fg(x, y)e?°=dxdy. T. E. Hull. 


Bajraktarevié, Mahmud. Quelques remarques sur les 
fractions continues. Acad. Serbe Sci. Publ. Inst. Math. 
6, 137-148 (1954). 

The author applies to continued fractions results from 
earlier papers [C. R. Acad. Sci. Paris 236, 881-883, 988-989, 
1125-1127 (1953); MR 14, 760]. For zeJ[0,2], z=do, 
d,d,---, in binary representation and for 


én = (1—2d,)/(1—2d,_1) 
it is shown that 


€o2o 
£o(z) ree 


€;0; €ndn 
-h- -bh - 
converges uniformly on the subset of J where z#p/2*, and 


is a strictly decreasing function of z continuous on I except 
for = p/2*. If Po(z, x) =1+ Df ca(z)x" is the corresponding 
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P¥Tolstow, G. P. Fourierreihen. Deutscher Verlag der 





power series of the continued fraction 
E00 0X 
1—-i- -1- 
it is shown that Ro(z, x)=Po(z, x), ze I, |x| <R, when the 
following conditions hold: (i) for each ze JZ, Po(z, x) con- 
verges for 0<x<R, where the two binary representations of 
z= p/2* are considered as different numbers; (ii) for each x, 
0<x<R, Po(z, x) is an increasing function of z on J, and is 
continuous on the right (left) foreachzeZ. W. T. Scott. 


€;0\x 


EnOnX 


Ro(z, x) =1— 











Farinha, Jofio. Sur la convergence de #a;/1. 

Math. 13, 145-148 (1954). 

Theorem 1 of this paper is a particular case of a theorem 
of Scott and Wall [Trans. Amer. Math. Soc. 47, 155-172 
(1940), Theorem 3.4, p. 163; MR 1, 217]. Theorem 2 
gives a condition for convergence of the continued fraction 
1/1+a2/1+a;/1+--- in case lima,=a, |a| <1/4 [cf. E. 
B. Van Vleck, ibid. 5, 253-262 (1904). H. S. Wall. 


Portugal. 





Fourier Series and Generalizations, Integral 


Transforms 


Wissenschaften, Berlin, 1955. xi+300 pp. DM 23.00. 
Translation of Tolstov’s ‘“‘Ryady Fur’e’’ [Gostehizdat, 
Moscow-Leningrad, 1951; MR 13, 645]. 


Sunouchi, Gen-ichir6. On the strong summability of power 
series and Fourier series. Téhoku Math. J. (2) 6, 220- 
225 (1954). 

Let f(z) be analytic for r= |z| <1 and belong to the class 
H?, that is f*,| f(re®) |?d@ is bounded as r-1. Chow [Proc. 
London Math. Soc. (3) 1, 206-216 (1951); MR 13, 340] has 
shown that if ¢,*(@) is the (C, a) mean of the Fourier expan- 
sion of the boundary function f(e*) then 


(*) 
if a>1/p and 0<qsp/(p—1). The present note shows 


that (*) holds when a=1/p if 0<q<p/(p—1). 
P. Civin (Eugene, Ore.). 


> | o,*-1(0) — f(e*) |*=0(m) for almost all @, 


Mohanty, R., and Nanda, M. The summability by log- 
arithmic means of the derived Fourier series. Quart. J. 
Math., Oxford Ser. (2) 6, 53-58 (1955). 

Let f(t) be an integrable function with period 27, and 

g(t) = (f(x+0) —f(x—2))/4 sin #}—C. The authors prove 

that if 


fF Leta) |u-tdu=o(log 1/1 as t-0, 


then (i) the derived Fourier series of f(#) is (R, log, 1) 
summable to C at t=x, and (ii) its mth arithmetic mean is 
there of order o(log 7). S. Izumi (Tokyo). 


Saté, Masako. Uniform convergence of Fourier series. 

II. Proc. Japan Acad. 30, 698-701 (1954). 

[For part I see same Proc. 30, 528-531 (1954); MR 16, 
692. ] Let f(x) be of period 2% and continuous with modulus 
of continuity (3). f is said to be of class @(m), where 
@(n) T ~, if f. f(x+#) cos nidt=O(S"(n)), uniformly for 
all x, m, and a<b with b—a32b. Theorem. If f is of class 





















@(n) where 6(n) Sn, then 


¥ w(t 
lon (x) — f(a)| 3 w(t/ny-e(n/o(m)ye+— f= = at), 


where 0<a<1 and co,“ (x) is the nth Cesaro mean of order 
—a of the Fourier series of f(x). On taking w(é)=é* and 
@-'(n) =0(n-*), 0<a<1, a test for uniform summability 
(C, a) is obtained [cf. Izumi, T6hoku Math. J. (2) 6, 30-34 
(1954); MR 16, 353]. W. W. Rogosinski. 


HarSiladze, F.I. Gibbs’ phenomenon in the summation of 
Fourier series by the methods of BernStein-Rogosinski. 
Dokl. Akad. Nauk SSSR (N.S.) 101, 425-428 (1955). 
(Russian) 

The Bernstein-Rogosinski means of order k (k=1, 2, ---) 
of the series 4a9+ 7 (a, cos »xx+5, sin vx) are defined by 
the formula 


= tg 
(®) (2) = k 
B,,™ (x) toot cos’ nti 
It is shown that the B, (x), when applied to the standard 
series }-y~' sin vx show Gibbs’ phenomenon at x=0 for each 
k=1,2,---, though in rapidly decreasing measure since 
— $n <1/2*(k+1), if 2d, denotes the length of the interval 
of oscillation of the B, (x) on the y-axis. The result is of 
interest since the Bernstein-Rogosinski method of order k 
is more powerful than (C,k), and the (C,) means of 
> sin vx do not show Gibbs’ phenomenon for k2 1. 
A. Zygmund (Chicago, IIl.). 





(a, cos vx+5, sin vx). 


Timan, A. F. On linear processes of approximation by 
algebraic polynomials, Lebesgue functions, and some 
applications to Fourier series. Dokl. Akad. Nauk SSSR 
(N.S.) 101, 221-224 (1955). (Russian) 

Let >°o c:7i(x) be the Fourier development of a func- 
tion f(x), —1 3x31, into a series of Chebyshev polynomials 
cos k arc cos x, normalized with respect to the weight func- 
tion (1—x*)-? (—1<x<1). Given a triangular matrix of 
number /, (k=0, 1, 2, ---, #+1; lo =1, R21, =0), we con- 
sider linear means U,(f, x, 1)= Stoo kk ™crT,(x) and ask 
about the system /,™ such that U,(f,x,])—-f(x), uni- 
formly in x. Write 

M,(x)= sup 
\s@) 51 


|Un(f, *, 2), 


where the upper bound is for all measurable f satisfy- 
ing |f| <1 on (—1,1). Then (1) if all rows of the ma- 
trix ,™ are of uniformly bounded variation (that is if 
Dt.o| A | =O(1)) we have 
(t) M,(x)240*|L,(1)—{1—|7,(|x])|}La(x)+0(1), 
where L,(x) = Sf.1 kU T(x), and the O(1) on the right is 
uniform in —1Sx31 and m=1,2,---. (2) If ™=O(1) 
and each row of the matrix /, is convex or concave, then 
the sign ‘S’ in (f) can be replaced by ‘=’. 

A. Zygmund (Chicago, IIl.). 


Chrestenson, H. E. A class of generalized Walsh func- 

tions. Pacific J. Math. 5, 17-31 (1955). 

If a is an integer, a22, and w=exp (27i/a), then the 
Rademacher functions of order a are defined by ¢o(x) =w* 
if k/asx<(k+1)/a, k=0,1,---,a—1; and for n20, 
on(x+1) =o, (x) =¢0(a"x). The Walsh functions of order a 
are defined by Yo(x) =1, and if m=a,a™"'+ ---+a,a™, where 
0<a;<0 and m;>n2z> --->tm, then pa(x) = gat (x) - - rn (x). 
Let ¥, denote the set of Walsh functions of order a. Vz is, 
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of course, the set of ordinary Walsh functions [see, e.g,, 
J. L. Walsh, Amer. J. Math. 45, 5-24 (1923); N. J. Fine, 
Trans. Amer. Math. Soc. 65, 372-414 (1949), cited as F; 
MR 11, 352]. Much of the theory of ¥, carries over to the 
present case [we quote from F]: results by Walsh quoted 
in the Introduction of F; and (among others) the following 
propositions from F: Theorems 1, 2, 4-6; the latter has the 
additional factor csc r/a on the right side of the inequality; 
Theorems 11-13, 17; Section 2 in F also carries over mutatis 
mutandis (replace “‘dyadic”’ by ‘‘a-adic’’). 
G. K. Kalisch (Princeton, N. J.). 


Fine, N. J. On groups of orthonormal functions. I. 

Pacific J. Math. 5, 51-59 (1955). 

Generalizing results by Civin [same J. 2, 291-295 (1952); 
4, 481-482 (1954); MR 14, 163; 16, 354] and Chrestenson 
[see the preceding review ], the author proves the following 
theorem: Let (Q, F, m) be an abstract measure space such 
that m(Q)=1; let F={f.}, a=0,1,--- be a sequence 
of complex-valued measurable functions on © such that 
Sofafsdm =ba, and fafze F. Then F turns out to be a group. 
If F is taken in the discrete topology, then its relation to its 
(compact and second countability axiom) character group 
H can be described as follows: there exists a measure-pre- 
serving transformation T of 2 into H such that v*(T(Q)) =, 
where py is the normalized Haar measure of H, T(Q) =H, 
the f.7— are extensible to H and give rise to H. Necessary 
and sufficient conditions are given in order that T be onto 
and 1-1, respectively. Results of Civin and Chrestenson 
quoted above are analysed by means of this theorem. There 
are two theorems on the statistical independence of the f,. 

G. K. Kalisch (Princeton, N. J.). 


Fine, N. J. On groups of orthonormal functions. IL. 

Pacific J. Math. 5, 61-65 (1955). 

In connection with the paper reviewed above, the question 
arises, which orthonormal groups can a given 2 support. If 
© is the unit interval, the question is answered by the 
theorem that every countable abelian group is isomorphic 
to a group of orthonormal functions (which is complete in 
L, if the group is infinite). The theorem is a consequence of 
the isomorphism theorem of measure algebras [see, e.g., 
Halmos, Measure theory, Van Nostrand, New York, 1950, 
p. 173; MR 11, 504] and of a theorem of v. Neumann [Ann. 
of Math. (2) 33, 574-586 (1932) ]. A group of orthonormal 
functions is constructed which is isomorphic to the additive 
group of the rationals mod 1. Using this construction, and 
using 2=unit square, a group of orthonormal functions is 
constructed which is isomorphic to the additive group of 
the rationals. G. K. Kalisch (Princeton, N. J.). 


Tornehave, Hans. On the Fourier series of Stepanov 
almost periodic functions. Math. Scand. 2, 237-242 
(1954). 

Preuve nouvelle, obtenue en généralissant une méthode de 
Stepanof, d’un résultat de N. Wiener: toute série >)? a,e*™ 
od) Dds. {XCmar,<m+i/@n|}* converge est la série de 
Fourier d’une fonction p.p. (presque périodique) S, et il 
y a alors S convergence de la série. Démonstration d’une 
réciproque: si on a: a,>0, et si la série précédente est celle 
d’une fonction p.p. S*, alors la condition de Wiener est 
satisfaite. Le dernier résultat est aussi vrai pour les fonctions 
p.p. W? (remarque de Félner), et a toute fonction p.p. W* 
a coefficients: a, >0, correspond une fonction p.p. S* ayant 
la méme série de Fourier. J. Favard (Paris). 
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Wiener, Norbert. On the factorization of matrices. Com- 

ment. Math. Helv. 29, 97-111 (1955). 

This paper contains refinements, and extensions to ma- 
trix-valued functions, of the (vague and imprecise) assertion 
that the functions of positive type are those whose Fourier 
transforms are positive. The duality implied in the Fourier 
transformation is here that between the circle and integer 
groups, so it is natural to find as a refinement the demand 
on certain functions on the circle that they be boundary 
values of functions holomorphic on the unit disc. A typical 
result, the Fundamental Theorem 1 for numerical func- 
tions, asserts: An F(@)eL(—7, 2) has the form F=|¢|?, 
with 9(0)= So ane™ and Yo |a,|*<+ 0, if and only if 
\log F| is integrable; it is then possible to choose ¢ so that 
¥e a.2"+0 for |z| <1. Extensions are given to the case 
in which F(@) is replaced by a 2X2 Hermitian matrix-valued 
function H(@). The results are stated to be of interest in 
connection with certain integral equations and with some 
mathematical problems of operational analysis. 

R. E. Edwards (London). 


Koizumi, Sumiyuki, and Sunouchi, Gen-ichir6. General- 
ized Fourier integrals. Tédhoku Math. J. (2) 5, 243-260 
(1954). 

H. Hahn gave a formula for the inversion of Fourier in- 
tegrals of functions f(x) such that f(x)/(1+ |x|) eZ [E. 
C. Titchmarsh, Fourier integrals, Oxford, 1937, p. 14]. 
S. Izumi gave corresponding formulae for cases in which 
f(x)/(it+|x|)eL for 1<a<2, and a=2,3,4,---. The 
present authors extend them to the case in which a is 
greater than 1 and is otherwise unrestricted. They make 
essential use of the equivalence of Bessel summation and 
Cesaro summation proved by the reviewer [Proc. Indian 
Acad. Sci. Sect. A. 17, 219-229 (1943); MR 5, 63]. 

K. Chandrasekharan (Princeton, N. J.). 


Churchill, R. V. Generalized Fourier integral formulas. 

Michigan Math. J. 2 (1953-54), 133-139 (1955). 

An expansion theorem of the Fourier integral type, arising 
from the singular boundary-value problem: 
u(x) +d2u(x)=0, hu(O)—ku’(0)+mu’’ (0) =0 

(h, k, m all 20), 

is established. For functions f(x) on (0, ©), satisfying suit- 
able smoothness conditions, 


f(a) == fo 0([10000. ny)ar; 


the characteristic functions ¢(x, \) are given by 





indbmrevetarcedils. .ctibeetanct stn 
(x, A) =cos a » @ =tan ( a ) 
G. E. H. Reuter (Manchester). 


Kawata, Tatsuo. On Fourier-Stieltjes transform. Yoko- 

hama Math. J. 2, 73-79 (1954). 

Let F be a bounded non-decreasing absolutely continuous 
function on (— ©, ©), with f°. log F’(x)(1+2*)"dx< @. 
Let K be a function on [0, ©), of bounded variation on 
every finite interval, with K(0)=0, and suppose that K has 
a Fourier transform k in the sense that 


(2) =Li.m. f e~"dK (6), 


where the mean limit is with respect to F-measure. The 
author finds an inverse formula, too complicated to repro- 
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duce here, expressing K at its continuity points in terms 
of k and F. J. L. Doob (Urbana, IIl.). 


Delange, Hubert. Généralisation du théoréme de Ikehara. 

Ann. Sci. Ecole Norm. Sup. (3) 71, 213-242 (1954). 

The theorem of the title reads: If a(#) is a non-negative, 
non-decreasing function in (0S¢< ©) such that the integral 
f(s) =fo* e~*a(t)dt (s=o+it) converges for ¢>a>0, and if 
for some constant A and some function g(r), 


tin $0) - 46-0) ete) 


uniformly in every finite interval (—bS7r3b), then 
lim a(é)e** =A. 
to 


The author generalizes this theorem as follows: Let 8(#) be 
a real function defined for £20, measurable and bounded 
on every finite interval, and suppose that the integral 
Jo” e~*'B(t)dt is convergent for Rs>0O and equal to G(s). 
Suppose, besides, that there exists an integer p, positive 
or null, and a real function y(u), continuous and non- 
decreasing on an interval, [0, /] and positive for 0<us/l 
such that 1) the integral fo! log (1/y(u))du is convergent, 
2) the product #+'8(t) fo! e~™y(u)du tends to 1 when to. 

Let us suppose, furthermore, that there exists a positive 
number A such that the function F(s)=f(s)—AG(s) has 
the following properties: 1) For each real y different from 
zero, F)(s) tends to a finite limit when s tends to a+¢#y in 
the half-plane Rs>a, 2) when s tends to 0 in the half-plane 
Rs>0, we have F® (a+s)=O{y(r)/y(r)} (r=|s|). Here 
v(t) is a real, positive and non-increasing function defined 
for sufficiently small positive ¢ such that foy(é)dt and 
Sow(t) log (1/y(t))dt are convergent. Then when t+, we 
have a(t)~Ae*B(t). 

When we put @(#)=1, p=0 and y(u)=1 (/>0), this 
theorem reduces to the reviewer's theorem. A theorem with 
stronger assumptions on the behavior of F)(s) was previ- 
ously stated [C. R. Acad. Sci. Paris 232, 465-467 (1951); 
MR 12, 405], the detailed proof of which is now given with 
two related theorems applicable to arithmetical problems 
(ibid. 232, 1392-1393 (1951); MR 12, 677]. S. Ikehara. 


Jurkat, W., und Peyerimhoff, A. Uber einen absoluten 
Fatou-Rieszschen Satz fiir Laplaceintegrale. Acad. Serbe 
Sci. Publ. Inst. Math. 7, 61-68 (1954). 

A theorem of M. Riesz [Acta Litt. Sci. Szeged 2, 18-31 
(1924) ] states that if b(t) is Lebesque integrable over every 
finite interval O<tSto, and is such that f(s) = fo” e~*'b(t)dt 
converges for Res>0, and f(s) is regular at s=0, then 
So” b(t)dt< @. It yields Tauberian theorems on Dirichlet 
series. The authors here aim at the conclusion fo” | b(t) |dt< @. 
For this they have to make an additional assumption, one 
form of which is 


J 
for some ¢>0. When applied to Dirichlet series, this yields 
variants on known Tauberian theorems with absolute con- 
vergence replacing ordinary convergence in the conclusions. 
K. Chandrasekharan (Princeton, N J.). 


d z 
Ken f e*'b(t)dt\dx < © 
dx 0 








Sumner, D. B. Convolution transforms related to non- 
harmonic Fourier series. Canad. J. Math. 7, 89-100 
(1955). 

Ce travail est en relation avec des travaux antérieurs de 

Hirschman et Widder [Widder, Trans. Amer. Math. Soc. 
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43, 7-60 (1938); Duke Math. J. 14, 217-249 (1947); 
Hirschman et Widder, ibid. 15, 659-696 (1948); Pacific J. 
Math. 1, 211-225 (1951); Trans. Amer. Math. Soc. 66, 
135-201 (1949); MR 9, 89; 10, 371; 13, 342; 11, 350]. On 
considére les nombres réels 


An=p+n—5+2éan, bn =n—5+266,, 
OSas, BaS1, 058<1/4, 0<p<1—2s. 


On forme la fonction entiére de type exponentiel: 


E(w) = TI (1—w/d,) (1+0/ nn), 
n=1 

dont la croissance a été étudiée par Levinson. Elle croit 
exponentiellement sur les paralléles 4 l’axe imaginaire, 
tandis qu'elle appartient 4 L*, pour 1<g<2 convenable, 
sur l’axe réel. On forme alors la fonction G ayant 1/wE(w) 

pour transformée de Laplace bilatérale: 
e+iR 
G(z) = lim exp (zw)dw/wE(w) 


Ro “~c—iR 


(0 <c<v,), 


qui est une fonction holomorphe de z dans la bande B: 
|S¥(z)| <a. On prend G comme noyau de convolution pour 
définir la transformation f(z) = f72G(z—2) ¢(t)dt. Si ¢ est 
sommable sur tout intervalle fini, et si l’intégrale ci-dessus 
a un sens pour un z de B, elle converge uniformément sur 
tout compact de B et y définit une fonction holomorphe f(z). 
L’inversion de cette transformation s’obtient comme suit, 
en faisant intervenir les valeurs de f dans le plan complexe: 
+r 


$l e(x+0)+ e(x—0)]=lim (2x)? | (y) f’ (x+iy6)dy, 


6-1 —F 


ot & est la transformée de Fourier de E(u) e L?: 


b(y) = (22) (E(u) exp (—iny)du, 
k(y)=0 pour |y|>rz. 


L. Schwartz (Paris). 


Conte, S. D. Gegenbauer transforms. 

Oxford Ser. (2) 6, 48-52 (1955). 

Let p denote a fixed constant, and let K*(x, m) denote the 
kernel (1 —x*)*-"2C,°(x), where C,°(x) (n=0, 1, 2, ---) are 
the Gegenbauer polynomials. Then the integral transforma- 
tion f°, K*(x, n)F(x)dx of functions F(x) on the interval 
(—1, 1) into functions f*(m), the Gegenbauer transform of 
F(x), of index p, gives the operation —n(n+2p,) f¢(m) as the 
image of the operation (1—x*)F’(x)—(2p+1)xF’(x) on 
F(x), under suitable differentiability conditions on F(x). A 
convolution property, giving the image of the product 
f*(m)g*(n) of the transforms of two functions F(x) and G(x) 
as a bilinear integral operation on those functions, is pre- 
sented here. A boundary-value problem in partial differen- 
tial equations is solved to illustrate an application of Gegen- 
bauer transformations and their inverses as found from the 
classical expansion of functions in series of Gegenbauer 
polynomials. R. V. Churchill (Ann Arbor, Mich.). 


Quart. J. Math., 





Polynomials, Polynomial Approximations 


Duncan, W.J. Note on test functions for stability. Quart. 
J. Mech. Appl. Math. 8, 30-37 (1955). 
Here are considered test functions for the stability of 
dynamical systems whose equations of motion are linear 
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with constant coefficients. These are functions of the coeff- 
cients of the characteristic equation of the system. The 
stability criteria of Routh, Hurwitz, Frazer, and Duncan 
are applied. It is shown that there are simple relations be- 
tween the test functions of a given polynomial and those of 
certain related polynomials. These relations can be applied 
usefully in the computation of test functions. It is also 
shown that when the characteristic equation can be factor- 
ized, the critical test function contains an irrelevant factor 
which is the eliminant of a pair of algebraic equations. 
E. Frank (Chicago, Ill.). 


Parodi, Maurice. A propos d’un théoréme de Pellet. C. 
R. Acad. Sci. Paris 240, 1683-1685 (1955). 
According to Pellet’s Theorem, if 


1—|ay|+++++ [ps1] + [aps] +++ +] an] <lap], 


the polynomial f(z) =2*+a,;2""!+ - - -+a,2"-?+ ---+a, has 
n—p zeros in the circle C,: |z| <1 and zeros outside C,, 
By consideration of the matrix of which 


F(z) =2"-+ay2"-? + +++ +0y-12+0n, 
Sp= |@p41| + |@p+2| +--+ +] an| <|ap|, 


is the characteristic polynomial, the author states that the 
p zeros of F(z) which lie outside C, lie inside the ring 
Ri<|z|<R:. where R,?=|/a,|—S, and R,=|a,|+5,. 
Reference is made to a theorem on the location of the 
characteristic values of matrices by A. Brauer [Duke Math. 
J. 13, 387-395 (1946); MR 8, 192] and its generalization by 
M. Parodi [Mémor. Sci. Math. no. 118, (1952), p. 32; 
MR 14, 236]. M. Marden (Milwaukee, Wis.). 


Falgas, Maurice. L’effectivité d’une suite de Cannon a 
plusieurs variables complexes sur un domaine ou une 
région cerclés bornés. C. R. Acad. Sci. Paris 240, 2366- 
2368 (1955). 

The author extends several theorems on basic sets of 
polynomials to polynomials in several variables. 
R. P. Boas, Jr. (Evanston, Iil.). 


Arend, S. Orthogonal polynomials and their application 
in the mathematical representation of experimental phe- 


nomena. Univ. Madrid Fac. Ci. Sem. Astr. Geodes. 
Publ. no. 22, 17 pp. (1953). (Spanish. French sum- 
mary) 


A direct algebraic definition of orthogonal polynomials 
in the integral sense is given and investigated with a view 
to the calculation of these polynomials. A definition and an 
analogous calculation are indicated for the orthogonal 
polynomials in the sense of summation. Several numerical 
examples in the mathematical representation of experi- 
mental phenomena are treated. E. Frank. 


Freud, Géza. On the convergence of the Hermite-Fejér 
interpolation method. Magyar Tud. Akad. Mat. Fiz. 
Oszt. K6zl. 5, 29-47 (1955). (Hungarian) 

Hungarian version of a paper in Acta Math. Acad. Sci. 

Hungar. 5, 109-128 (1954); MR 16, 694. 


Freud, Géza. On the absolute convergence of series of 
orthogonal polynomials. Magyar Tud. Akad. Mat. Fiz. 
Oszt. Kézl. 5, 49-56 (1955). (Hungarian) 

Hungarian version of a paper in Acta Math. Acad. Sci. 

Hungar. 4, 127-135 (1953); MR 15, 620. 
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Harmonic Functions, Potential Theory 


Visser, C. Sur les fonctions harmoniques semi-bornées 
d’un nombre arbitraire de variables. Nederl. Akad. 
Wetensch. Proc. Ser. A. 58=Indag. Math. 17, 50-55 
(1955). 

Le théoréme de la dérivée angulaire de Julia~-Carathéodory 
est étendu comme suit au cas de m dimensions: soit #(s) une 
fonction réelle continue positive non décroissante, avec 
h(s)e L(1, ©), non croissante; soit u harmonique positive 
dans le domaine x,;2A(s), s=(xo?+-+-+,?)/?; dans tout 
céne sS Mx, le vecteur grad u admet une limite 4 |’infini, 
qui est un vecteur nul ou paralléle 4 l’axe Ox, et de méme 
sens. La démonstration utilise des inégalités vérifiées par 
grad u, déduites de la formule de Poisson. J. Deny. 


Boggio, Tommaso. Sulla funzione potenziale di un doppio 
strato in un campo sferico o circolare. Boll. Un. Mat. 
Ital. (3) 9, 229-235 (1954). 

Formules simples vérifiées par les potentiels en question 
lorsque la densité est la restriction 4 la frontiére d’une 

fonction harmonique. J. Deny (Princeton, N. J.). 


Bertolini, Fernando. Sul problema di Cauchy per |’equa- 
zione di Laplace, in tre variabili indipendenti. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 16, 
615-624 (1954). 

Extension a l’espace de résultats d’une note récente 
[mémes Rend. (8) 15, 368-375; 16, 10-17 (1954); MR 16, 
357], mais en supposant que la partie de la frontiére qui ne 
porte pas les données de Cauchy soit plane. J. Deny. 


Brelot, Marcel. Le probléme de Dirichlet avec la frontiére 
de Martin. C. R. Acad. Sci. Paris 240, 142-144 (1955). 
The topological theory of R. S. Martin [Trans. Amer. 

Math. Soc. 49, 137-172 (1941); MR 2, 292] has been de- 

veloped by Choquet and the author [Brelot, Acta Litt. 

Sci. Szeged 9, 133-153 (1939); Brelot and Choquet, Ann. 

Inst. Fourier, Grenoble 3, 199-263 (1952); MR 1, 121; 16, 

34] for domains in Euclidean space of three dimensions and 

for “‘“Greenean space’’. This theory is used in the present 

paper to extend the classical Dirichlet problem for harmonic 
functions, and also a more general formulation involving 
subharmonic and superharmonic functions, to the above 

Greenean space. B. Lepson (Washington, D. C.). 


Ninomiya, Nobuyuki. Sur lintégrale d’énergie dans la 
théorie du potentiel. J. Inst. Polytech. Osaka City 
Univ. Ser. A. 5, 97-100 (1954). 

On désigne par U*(x)=fK(x—t)du(t) le K-potentiel 
engendré dans R™ par la mesure positive u; le noyau K 
satisfait seulement aux conditions suivantes: (i) K(x)>0, 
continu en tout x0, lim,» K(x)=+; (ii) K est som- 
mable sur tout compact; (iii) K(x) dépend de la seule dis- 
tance de x a l’origine 0. Résultat fondamental: Pour que 
K(x) soit de type positif, il faut et il suffit que, pour tout 
couple de mesures positives d’énergie finie ~ et » avec 
U*< U* presque partout pour u, on ait U*< U’ en au moins 
un point du support de ». Conséquence remarquable: Si K 
satisfait au second principe du maximum (principe de H. 
Cartan), il est de type positif. L’auteur donne également une 
condition pour que K soit strictement de type positif. [Je 
signale que la condition (iii) peut étre affaiblie; ce qui précéde 
reste valable si on la remplace par (iii)’: K est symétrique 
(ie. K(x) =K(—x)).] J. Deny (Strasbourg). 
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Barta, J. On the estimation of torsional rigidity. 
Akad. Wetensch. Proc. Ser. B. 58, 80-89 (1955). 
Let f be a simply connected domain in plane, so its bound- 

ary. Assuming that the modulus of shear is 1, the author 


proves the following estimates for the torsional rigidity 
R of f: 


Nederl. 


1MRz [ Udf-Me, imRz [ Udf—ms; 


here U is an arbitrary twice continuously differentiable 
function, m and M the minimum and maximum of —AU 
on f, mo and My the minimum and maximum of U on 5p. 
Similar, slightly more complicated estimates hold for 
multiply connected domains. The author applies these esti- 
mates in various special cases, for instance in the case of 
the finite domain bounded by the parabola y=1—x* and 
the x-axis. By an appropriate choice of U the following 
bounds are obtained: 0.2082 S$ RS0.2152. G. Szegé. 


Payne, L. E., and Weinberger, H. F. New bounds in 
harmonic and biharmonic problems. J. Math. Phys. 33, 
291-307 (1955). 

Gli A. si propongono di determinare valori per eccesso e 
per difetto per grandezze incognite, relative a problemi al 
contorno per l’equazione di Laplace o per quella biarmonica. 

Usando una relazione integrale dovuta a Rellich [Math. 
Z. 46, 635-636 (1940); MR 2, 56] essi determinano per un 
dominio “‘stellato’”’ una diseguaglianza, atta a fornire valori 
per eccesso e per difetto della capacita elettrostatica C di 
un conduttore avente la forma della frontiera del dominio 
considerato. Nel caso di un cubo di spigolo unitario essi 
trovani i valori: 0.6535Cs0.672. La differenza fra il 
valore per eccesso e quello per difetto é la pid piccola finora 
ottenuta [Daboni ottiene 0.654 < C $0.676, cf. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 14, 461-466 
(1953); MR 15, 125]. 

Vengono anche date formole per la determinazione ap- 
prossimata per eccesso e per difetto dell’integrale di Di- 
richlet relativo ai problemi esterni di Dirichlet e di Neu- 
mann nello spazio a tre dimensioni, nonché maggiorazioni 
puntuali per la soluzione, e le derivate prime di essa, dei 
problemi di Dirichlet e Neumann. 

E infine considerato il problema biarmonico e per la 
soluzione di esso sono ottenuti valori per eccesso e difetto, 
approssimando in media sul contorno la funzione incognita 
e la sua derivata normale. I] dominio in cui si considerano i 
problemi é supposto stellato. G. Fichera (Trieste). 


Nicolescu, Miron. Fonctions polyharmoniques presque 
périodiques. Acad. Repub. Pop. Rom4ne. Bul. Sti. Sect. 
Sti. Mat. Fiz. 5, 273-283 (1953). (Romanian. Russian 
and French summaries) 

Il s'agit des fonctions polyharmoniques d’ordre p: u(x, ¥), 
réguliéres dans une bande: a<y<b et p.p. (presque pério- 
dique) par rapport 4 x, uniformément a I’intérieur de la 
bande. Une telle fonction est bornée et uniformément con- 
tinue dans la bande, ses dérivées partielles sont p.p. dans la 
bande; la limite d’une suite uniformément convergente de 
fonctions polyharmoniques p.p. dans une bande posséde les 
mémes propriétés. On en déduit que si les composantes 
harmoniques de u sont bornées, alors elles sont p.p.; d’od 
un développement de Fourier. Application au résultat 
suivant: il existe une fonction biharmonique et une seule a 
composantes harmoniques bornées pour p>0, p.p. dans 
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toute bande: 0<y<h (+ @) et telle que: 


Ou 
lim (yAu)=0, limu=f(x), lim —=g(x) 
y70 y70 y70 0 
od f(x) et g(x) sont deux fonctions p.p. données. 
J. Favard (Paris). 





Differential Equations 


Zubov, V.I. Questions of the theory of Lyapunov’s second 
method, construction of a general solution in the region 
of asymptotic stability. Prikl. Mat. Meh. 19, 179-210 
(1955). (Russian) 

The paper deals with the construction of a Lyapunov 
function for a system 


(1) z=f(x), f(0)=0, 
where x, f are n-vectors, likewise with the region A of 


asymptotic stability of (1) (region from which all solutions 
— 0). The problem is made to depend upon the solution of 


dv 

(2) Lf = ox) (1 +f) (1 +9). 
The requirements on g are: ¢(0)=0, ¢(x)>0 otherwise; 
g(x)>l>0 for x*>8, l=1(6); ¥i(+ 0) <k(xo)<+ for 
xoeA, where ¥(s)=JSo" o(x(s, xo))ds, with s defined by 
s=fi,(i+f*(x(t, xo)))dt. The treatment is first given for 
analytic systems (in detail only for n=2), where g may be 
taken as a definite positive form of order 2m, m21. For the 
general case (presumable when the existence and suitable 
unicity conditions hold wherever one considers the system) 
it is shown that a suitable ¢ can always be obtained. 

Some of the theorems follow (they are stated for n=2): 
I. v is a Lyapunov function (for the whole domain A) 
relative to asymptotic stability. I]. In A: 0<1+931. III. 
As a point approaches the boundary of A from A, (1+7)-0. 
IV. Let G(A) be the component containing the origin of the 
set of points defined by \<1+0(x) $1, \ e (0, 1). For \ near 
enough to unity G(A) is bounded by 1+2(x) =X. Moreover, 
whatever Xe (0,1), G(A)CA and is bounded. Hence the 
curves 1+v=,X constitute a topographical system (in the 
sense of Poincaré). V. The boundary of A consists of curves 
1+v(x)=0 bounding the component of the set 1+0(x)>0 
containing the origin. Hence a sufficient condition for the 
asymptotic stability of dx/ds=f(x)/(1+f*) is 1+0(x)>0 
for all x. A general method is also given for obtaining the 
collection of all differential equations with a given A as 
region of asymptotic stability. S. Lefschetz. 


Zubov, V. I. On the theory of A. M. Lyapunov’s second 
method. Dokl. Akad. Nauk SSSR (N.S.) 100, 857-859 
(1955). (Russian) 

Let f(p, t) be a dynamical system in the complete metric 
space R [Nemyckii and Stepanov, Qualitative theory of 
differential equations, 2nd ed., Gostehizdat, Moscow- 
Leningrad, 1949; for a review of the ist ed. see MR 10, 612]. 
A closed invariant set F is said to be Lyapunov stable 
(=L.s.) if given «>0 there is a 8>0 such that if p(p, F) <é 
then p(f(p, t), F) <« for ¢>0. A fixed 4 is chosen and 4, will 
denote a number <4. Let F be L.s. If p(f(p, #), F)-20 as 
t+ © and for all p(p, F) small enough, then F is said to 
be asymptotically stable (=a.s.). If in addition, given any 
>0, there is a T() such that for t>T then p(f(p, t), F)<9 
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for all p such that p(p, F) <4;, and further more for arbi. 
trary 71<6, and r>O there exists r.>0 such that for 
ri<p(p, F)<é, and OStSr then p(f(p, t), F)>re, then F 
is said to be uniformly asymptotically stable (=u.a.s.). 

The set A of points of R—F such that p(f(p, t), F) 0 as 
t+ is called the region of asymptotic stability of F, 
Clearly A is open and its boundary is an invariant set. 

The author announces without proof a number of 
theorems regarding necessary and sufficient conditions for 
u.a.s. and also for determining the full set A. 

S. Lefschetz (Princeton, N. J.). 


Kolmogorov, A. N. On conservation of conditionally peri- 
odic motions for a small change in Hamilton’s function. 
Dokl. Akad. Nauk SSSR (N.S.) 98, 527-530 (1954). 
(Russian) 

Let g:, --*,@. be coordinates (mod 27) on an s-dimen- 
sional torus T and let S with coordinates :, ---, p, bea 
region containing the origin in Euclidean s-space. Consider 
the equations 
“te? 16, 9,0), P= -— HG, 2,0) 

dt ” Oa q; Pp, ’ dt —, age q; P, 
where the Hamiltonian function H(q, p, 6) is analytic in 

(G1, ***, Qe» Pr ***, Pe, 9) for ge T, peS and —a<6<a, 

Theorem 1. Let 


H(q, P, 0) <m+ Lrebet 42 Pea @) babe tO( (1) 


(a=1, +++, 5), 


with m and i, constants. Let there exist constants c>0 and 
n>0O such that >. A\at%a>c/|n|" for every vector n with 
integer components m.. And let the determinants | d¢ag| 
formed from the mean values 


1 2n ae 
of ®u9(q)dqi- - dg. 
0 


das ox 4 
of the functions ,9(q)=0°H(2,0,0)/dp.0p, be different 
from zero. Then there exist functions F,(Q, P,6) and 
G.(Q, P, 6) analytic for Qe T, Pe S’ and —b<6<b, where 
s’ is a region containing the origin, s’ <s and } is sufficiently 
small, such that the transformation 


Ga=QatOF.(Q, P, 6), Pa=PatGa(Q, P, @) 
bring H into the form 


H=M(6)+DdePatO(|P|?). 


This means that the s-parameter family of conditionally 
periodic motions 

Ja=at tga, pa=0 
which exists for @2=0 is preserved under a small change of 
the parameter 6, the trajectories being displaced into the 
torus P=0 but the frequencies \x,---,A, remaining 
unchanged. 

The proof of theorem 1 is outlined and a special case is 
considered. It is remarked that the requirements of the 
existence of the constants ¢ and 9 and the non-vanishing 
of the determinant |¢.s| can be regarded as to be fulfilled 
‘in general’ where ‘in general’ is suitably interpreted. 

Y. N. Dowker (London). 


Putnam, C. R. On dynamical systems with one degree of 
freedom. Canad. J. Math. 7, 280-283 (1955). 
The dynamical system under consideration is Hamil- 
tonian in the sense that there exists a single-valued function 
H of class C? on the two-dimensional phase manifold such 
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that the differential equations are given locally by 
dp 0H dq dH 


dt dq’ dt ap’ 


and thus the system is conservative. It is shown, by a simple 
argument based on the fact that H(p, g) =c along a motion, 
that any recurrent (Poisson stable) motion is either periodic 
or an equilibrium solution. It follows that, if 2 denotes an 
invariant subset of finite positive measure, then: (1) almost 
all points in Q are periodic or equilibrium points; (2) if open 
sets in 2 have positive measure, then any stable [see Put- 
nam, Proc. Amer. Math. Soc. 5, 352-356 (1954); MR 15, 
958] solution is periodic; (3) if P is an isolated equilibrium 
point and is a stable motion then H has either a local maxi- 
mum or minimum at P. G. A. Hedlund. 


Turrittin, H. L. Convergent solutions of ordinary linear 
homogeneous differential equations in the neighborhood 
of an irregular singular point. Acta Math. 93, 27-66 
(1955). 

In this notable work the author extends the earlier papers 
of J. Horn [Jber. Deutsch. Math. Verein. 24, 309-329 
(1915); Math. Z. 21, 85-95 (1924)], Trjitzinsky [Trans. 
Amer. Math. Soc. 37, 80-146 (1935)] and R. L. Evans 
[Proc. Amer. Math. Soc. 5, 89-92 (1954); MR 15, 527] by 
showing that certain formal solutions (which are possibly 
divergent series) in the neighborhood of an irregular singular 
point can be replaced by convergent generalized factorial 
series. This in the case when the coefficients in the differ- 
ential equation are themselves convergent series. Use is 
made of some of the theorems of N. E. Nérlund [Lecons 
sur les séries d’interpolation, Gauthier-Villars, Paris, 1926, 
ch. vi]. The author points out an oversight in the paper of 
Evans, in view of which fact it cannot be considered as 
established that all formal series solutions can be factorially 
summed. The complete asymptotic theory, applicable even 
if the coefficients in the equation are given only asymp- 
totically, has been presented by Trjitzinsky [Acta Math. 
62, 167-226 (1933) ]; in this kind of theory it is shown that 
actual solutions asymptotic to formal solutions exist in all 
cases; this work succeeded the developments of several 
writers, of whom we mention H. Poincaré and G. D. Birk- 
hoff. The importance of the author’s work is due to the fact 
that a convergent summability process, whenever it is 
applicable, is preferable to the asymptotic method. 

W. J. Trijitsinsky (Urbana, IIl.). 


Moore, Richard A. The behavior of solutions of a linear 
differential equation of second order. Pacific J. Math. 
5, 125-145 (1955). 

The author derives oscillation theorems, asymptotic 
formulae and theorems on boundedness for the solutions of 
the self-adjoint differential equation (1) [7(x)y’]’+p(x)y=0, 
where r(x) and p(x) are continuous and r(x) positive in 
(a, «). The following two theorems extend, as does most 
of the remaining part, results of Leighton [Proc. Nat. 
Acad. Sci. U. S. A. 35, 192-193 (1949); MR 11, 33] and 
Hille [Trans. Amer. Math. Soc. 64, 234-252 (1948); 
MR 10, 376]. Theorem 2. Solutions of (1) are oscilla- 
tory provided conditions (A) or (B) are satisfied: (A) 
JS.* dx/r(x) =+ 0, and, for some n <1, 


[> (x)g*(x)dx= +, 


where g(x) =1+Jf.* d&/r(é). (B) f.* dx/r(x) <+ ©, and, for 
some m>1, f.* p(x)h™(x)dx = + » , where h(x) =f,” dt/r(é). 
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Theorem 5. Solutions of (1) are non-oscillatory if either of 
the following conditions is satisfied: (A) There exists a finite 
number A such that, for x2b2a, 0<A — fy? p(é)g(€)dt <1. 
(B) There exists a finite number B such that, for x2>b2a, 
0<B+ fi p(é)h(E)dE <1. M. Zlémal (Brno). 


Massera, J.L. Sur un théoréme de G. Sansone sur I’équa- 
tion de Liénard. Boll. Un. Mat. Ital. (3) 9, 367-369 
(1954). 

G. Sansone has proved [Univ. e Politec. Torino Rend. 
Sem. Mat. 10, 155-171 (1951); MR 13, 746] that the differ- 
ential equation d*i/di+wf(i)di/dt+w%i=0 possesses one 
and only one periodic solution, provided f(z) satisfies certain 
hypotheses one of which is that | f(z) | <2. The author shows 
that this particular hypothesis may be omitted. 

W. Wasow (Los Angeles, Calif.). 


Graffi, Dario. Sul periodo delle oscillazioni nei sistemi 
non-lineari a due gradi di liberta. Mem. Accad. Sci. 
Ist. Bologna. Cl. Sci. Fis. (10) 9, 17-22 (1952). 

In the differential system 


Lyé1+ Mé2.4+fi(x1)414+ ¢:1(%1, x2) =0, 
M2,+Lod2+ fo(x2)2+ 91(x1, X2) =0, 


the functions ¢;(x:, x2) are supposed to possess bounded 
first derivatives for all x;, x2, and M?<L,L>. It is shown 
that if the system possesses a periodic solution then its 
period T is greater than a number 7» which is independent 
of the function f;(x,;) and can easily be calculated. This 
result is proved by generalizing the arguments of a previous 
paper by the author [Publ. Sci. Tech. Ministére de 1’ Air, 
Paris, no. 281, 189-193 (1953); MR 15, 127], in which the 
functions ¢;(x,, x2) were assumed to be linear. 
W. Wasow (Los Angeles, Calif.). 


Manaresi, Gabriella. Sulle soluzioni sottoarmoniche sem- 
plici, nei sistemi non-lineari a due gradi diliberté. Boll. 
Un. Mat. Ital. (3) 9, 412-417 (1954). 

The results of L. Minozzi [same Boll. (3) 9, 196-198 

(1954); MR 16, 250] are extended to the system 


s £& 
Lat Mi— (6) + =— an (wit+y), 


1 @1 
X2 
Mé,+L2é.+— =0, 
C2 


where ¢(z) is an odd polynomial of degree n. It is shown that 
for certain special values of the coefficients of g(#) the 
system possesses solutions of the form x,=A cos win, 
x2=B cos w,tn—'. Some remarks are added concerning the 
stability of these solutions for small « when ¢(%) = (2). 
W. Wasow (Los Angeles, Calif.). 


*Wasow, Wolfgang R. Singular perturbation methods for 
nonlinear oscillations. Proceedings of the Symposium 
on Nonlinear Circuit Analysis, New York, 1953, pp. 
75-98. Polytechnic Institute of Brooklyn, New York, 
1953. $4.00. 

Expository account, with particular attention to the 
asymptotic theory of relaxation oscillations, governed by 
the equation e#— F(z)+x=0 (small «). An Appendix con- 
tains a fairly simple derivation of the asymptotic formula 
T = (3—2 log 2) +7.014e*+-0(e*) for the period of oscilla- 
tion when F(y)=y—}4y’, which is contained in results of 
J. Haag [Ann. Sci. Ecole Norm. Sup. (3) 60, 35-64, 65-111 
(1943); 61, 73-117 (1944); MR 7, 299], A. A. Dorodnicyn 
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[Prikl]. Mat. Mech. 11, 313-328 (1947); MR 9, 144] and 
M. L. Cartwright [Contributions to the theory of nonlinear 
oscillations, v. II, Princeton, 1952, pp. 3-18; MR 14, 647]. 
The present derivation most closely resembles that of Haag. 
G. E. H. Reuter (Manchester). 


Villari, Gaetano. Sul comportamento asintotico degli in- 
tegrali di una classe di equazioni differenziali non lineari. 
Riv. Mat. Univ. Parma 5, 83-98 (1954). 

The methods employed by the author in a previous paper 

[same Riv. 4, 319-326 (1953); MR 16, 247] are extended 

to differential equations of the form 


x(t) = SAH fx (0). 
t=1 


It is shown that under certain conditions the differential 
equation possesses solutions that behave asymptotically, as 
t—-+ «, like a preassigned polynomial. The main theorem 
is as follows: If (i) the f;(z) are continuous for z22o, 
(ii) | fi(z)| Sher* (i=2,3,---, m), (iii) the A;(é) are con- 
tinuous for t2¢to, (iv) |A*(t)| Sh/t*+?-)+s, where h>0, 
pi>0, A;>0, then for any c,>max (0,2) and any ¢; 
(i=2,3,---,m) there exists a solution of the differential 
equation of the form 





x(t)= - ae mi) 


with lim;.,., u;(#) =c;. For the proof the author sets 
i i-k 
x-9(1)=F ———m(t) (§=1, 2, -- 
k=1 (t—k)! 
and obtains a system of first-order differential equations for 
the u;(t). This system is converted into a system of integral 
equations whose solutions can then be appraised. 

If ¢,=C2=---=C,1=0, the hypotheses of the theorem 
can be weakened. If the f;(z) satisfy certain Lipschitz con- 
ditions, then the solution under consideration is unique. 

W. Wasow (Los Angeles, Calif.). 


+, m) 


Minorsky, N. On asynchronous action. J. Franklin Inst. 
259, 209-219 (1955). 
Asynchronous excitation and quenching of oscillations are 
studied in the system 


(1) €—p(x)é+x=y7 sin (ot), 


where p(x) is either a quadratic or quartic even polynomial. 
p and y are small. The nonlinear problem is solved using 
the author’s stroboscopic method. The interest attaches to 
the case in which w is not near unity, where resonance may 
be expected; in particular, when w is large. 

Suppose p(x) is quartic. Then, for certain values of the 
coefficients, an oscillation will be absent when y=0, but 
will occur when y +0, no matter what the value of w. This 
is asynchronous excitation. Asynchronous quenching may 
occur for p(x) either quadratic or quartic. This means that 
an oscillation becomes unstable and disappears for values 
of the frequency having no particular resonance connota- 
tion. The author observes that his stability criteria call for 
stable oscillations always. Nevertheless physical systems 
described in terms of equation (1) do exhibit this phe- 
nomenon as w—«. He explains this by noting that, as 
wo, the point in the parameter plane which governs sta- 
bility tends nearer and nearer to the unstable region. When 
it is close enough, random disturbances present in a physical 
system, but not accounted for by (1), may carry it across 
into the unstable region. £. Pinney (Berkeley, Calif.). 
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Gillies, A.W. The periodic solutions of a non-linear differ. 
ential equation of the second order with unsymmetrical 
non-linear damping, and a forcing term. Quart. J. 
Mech. Appl. Math. 8, 107-128 (1955). 

The equation considered is 


G—wo(e+e*kv — ev”) b+ wo"v = 2Bw sin wit 


with ¢ small, B and w;—w» also small so that both are O(e), 
Physically it gives a better approximation to the behaviour 
of real oscillators than the van der Pol equation. The peri- 
odic solution of this equation is obtained in such a manner 
that the amplitude 2) and phase ¢ of the fundamental com- 
ponent are determined by the solution of a non-linear 
transcendental equation and the higher harmonics of the 
solution are then expressed as series in powers of b. This 
arrangement allows the convergence of the complete solu- 
tion to be established by direct comparison with a con- 
vergent series of positive constants. The resonance curves 
may be obtained from van der Pol curves by displacing all 
points (x,y) to the left by $k*y, so that they are unsym- 
metrical. They correspond, as the author remarks, more 
closely to those obtained experimentally than is the case 
for the van der Pol resonance curves. Finally, variational 
equations are obtained for the amplitude and phase of the 
non-periodic solutions, and the stability of the periodic 
solutions is deduced from the character of the singular 
points of the variational equations. M. Zlémal (Brno). 


Scott, E. J., and Carver, D. R. On the nonlinear differ- 
ential equation for beam deflection 


EI d*y/dx* = M(x)[1+ (dy/dx)* }”. 


J. Appl. Mech. 22, 245-248 (1955). 
The non-linear differential equation is solved by perturba- 








tion expansion techniques. The authors note that the ques- | 


tions of convergence which arise must be considered sepa- 
rately for each physical problem. It seems to the reviewer 
that a more obvious method of obtaining an approximate 
solution to the equation is to integrate once for dy/dx, thus 
reducing the solution for y(x) to a quadrature which may be 
approximated, if necessary, in several ways. 

Hirsh Cohen (Pittsburgh, Pa.). 


Sternberg, Robert L. Applications of the theory of systems 
of differential equations to vibrating beams. Portugal. 
Math. 13, 111-120 (1954). 

The equation of harmonically vibrating beams of non- 
uniform cross section is transformed into a canonical system 
of linear vector differential equations of the first order. A 
Riccati type matrix differential equation is derived and it 
is shown that if a continuous symmetric matrix solution of 
this equation is known then the general solution of the 
canonical system mentioned above may be determined by 
solving a single linear matrix differential equation of the 
first order. The main result forms two theorems concerning 
the non-existence of points x; and x, along a non-uniform 
beam of either finite or infinite length at which the beam 
may be clamped, in a certain precise sense, without resulting 
in the suppression of the harmonic vibrations at certain 
frequencies. M. Zlémal (Brno). 


Caputo, Michele. Sull’integrazione dell’equazione 
Y+P,,(x)y "+P, (x)y*+ > +> +P,,(x)y"*=0. 
Period. Mat. (4) 33, 45-48 (1955). 
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Elliott, Joanne. Eigenfunction expansions associated with 
singular differential operators. Trans. Amer. Math. Soc. 
78, 406-425 (1955). 

This paper is concerned with expansions associated with 
the eigenfunctions of the pair of adjoint differential operators 


a= +5, yo 4 (x) d or= 4 £. b 
-— *) c(x) an -4= (2) |+ete) 


onan interval — © Sr;,SxS725 + ~, where (x) is assumed 
continuous on the open interval (r;, 72) and c(x) continuous 
on the closed interval [r:, r2]. It is further assumed that 
neither boundary is a natural boundary in the terminology 
of W. Feller [Ann. of Math. (2) 55, 468-519 (1952); MR 
13, 948 ]; that is, it is assumed that either 


z z 
ceo f e“dseL(r,r;) or e®® f eds e L(r, 73), 
r r 


for 7=1, 2, where B(x) = f,7b(s)ds and r1<r <r. Restricting 
the domain of 2 (and 0*) to a suitable subspace of C[r:, 72] 
(respectively L(ri, 72)) by means of appropriate boundary 
conditions, Feller has shown that these operators generate 
strongly continuous semi-groups of operators [7 (t); #20]. 
Treating these same restrictions of Q, the author is able to 
show that the eigenfunctions contain a complete ortho- 
normal set of functions in an L, space with weight factor 
e? on (ri, 72). It is then proved for ¢>0 that 7(#)f can also 
be represented by such an eigenfunction expansion and 
finally, making use of the strong continuity of [7(#)] at 
t=0, the author obtains a summation method for expanding 
arbitrary functions in the base space of the semi-group. 
Employing the results established for Q, similar results are 
obtained for 2*. The material is well presented. There is a 
certain amount of overlap between the above results and 
those to be found in chapters IV and V of E. Hille, J. 
Analyse Math. 3, 81-196 (1954) [MR 16, 45] which ap- 
peared after the present paper was submitted for publica- 
tion. The following typographical errors are noted: in (3.9) 
insert — before B(y); in (4.3) replace r; by x1; on pages 416 
and 417 replace references to (4.9), (4.10), (4.11) by (4.16), 
(4.17), (4.18) respectively. R. S. Phillips. 


Feller, William. On differential operators and boundary 
conditions. Comm. Pure Appl. Math. 8, 203-216 (1955). 
An expository paper, with illustrative examples, concern- 

ing the author’s general diffusion operator [Ann. of Math. 

(2) 60, 417-436 (1954) ; 61, 90-105 (1955); MR 16, 488, 824] 

which generalizes the differential operator A f=af’’ +bf'+cf 

in the classical diffusion equation df/dt=Af. A is (i) of 
local character and (ii) if c=0 and if f has a local minimum 
at xo, then (Af) (xo) 20. The point xo is called a first-order 
point for A if either (Af) (xo) =0 for all f in the domain of 

A or, if for all f, g in the domain of A with (Ag) (xo) #0 we 

have 


(Af) (x0)/(Ag) (xo) 
— (f (xo-+h) —f(x0))/(g(xo-+h) —g(x0)). 


The main theorem reads: If A has properties (i)—(ii) and 
(iii) A-1=0, and if no point of the interval J is a first-order 
point, then there exist in J a strictly increasing continuous 
function « and a strictly increasing function v such that 
Af=D.D.f, where D, denotes differentiation with respect 
to w. One of the advantages of such generalization is that, 
for the generalized A, a new kind of ‘boundary condition” 
at the endpoints of J and even at interior points may be 
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introduced by choosing v appropriately. Another advantage 
is that, if we take u as the independent variable x, the 
generalized A becomes formally self-adjoint in the Hilbert 
space with the norm |||] =(ff(x)*do(x))"*. Hence the 
generalized diffusion equation df/dt=Af may be treated 
similarly as in the case of the classical diffusion equation. 
For example, the Sturm-Liouville expansion of the solution 
of the generalized diffusion equation may be obtained with- 
out difficulty [see the paper reviewed above ]. 
K. Yosida (Tokyo). 


Partial Differential Equations 


Kasuga, Takashi. On the transformations preserving the 
canonical form of the equations of motion. Proc. Japan 
Acad. 29, 495-500 (1953). 

The main theorem is as follows. Let M be a one-to-one 
mapping (qi, pi, t)—>(Q;, Pi, t) of class C? and with non- 
vanishing Jacobian. Then M preserves the canonical form 
of any Hamiltonian system if and only if M is the product 
of a canonical transformation and a transformation of the 
form Q;=bg;, P:=q;i (¢=1, 2, ---, m), where bd is a constant. 
We hereby mean by a canonical transformation one for 
which >> P.dQ;+q.dp; is an exact differential. This result is 
obviously related to certain well known classical results on 
Hamiltonian systems; but the reviewer knows of no previous 
treatment of the same degree of inclusiveness. 

D. C. Lewis (Baltimore, Md.). 


Lions, Jacques Louis. Sur certains problémes mixtes. C. 

R. Acad. Sci. Paris 240, 390-392 (1955). 

The author gives, without proof, a general method of 
integration of the equation of evolution 0/dt+-A(t) =0 where 
A(t), £20, denotes a family of differential operators on an 
orientable C* Riemann space X. A(#) is, in particular, of 
the form 


» @ 
A@u=- > — 


0 ® 0 
«j(x, t)—u J+ a(x, t)—u 
2 —(e se, 0 ) Cele, 


» @ 
— DL —(gio(x, t)u) +goo(t)u, 
im Ox'* 
where 


X (eis, t) +es(, EE; 2zO(b)E | EI" 

i, j=l t=1 

for almost all xe X&R* and OStSb; and the method 

allows one to integrate the various “mixed boundary-value 

problems” connected with the equation du/dt+A(t)u=0. 
K. Yosida (Tokyo). 


Visik, M. I. Boundary problems for elliptic equations de- 
generating on the boundary of a region. Mat. Sb. N.S. 
35(77), 513-568 (1954). (Russian) 

Let D be a domain in the half-space x, >0 of R*, bounded 
by a portion I> of the plane x,=0 and a piecewise smooth 
surface T';. Let a(x) =a,;(x) be continuous functions of 
xe D, such that the form F(x, &) = Clea @ua(x)éés is posi- 
tive definite when xe DUT, (but not necessarily when 
xeI'o). The completion 2 of Cy'(D) with respect to the 
singular Dirichlet integral {u, u} = fSaudu/dx,du/dx, dx 
consists of locally square integrable functions. Sufficient 








conditions on a positive weight function « for (complete) 
continuity of the imbedding of © in L,?, the space of square 
integrable functions with respect to odx, are given. The 
functions u in 2 have vanishing boundary values in the 
mean on I. If x,*§,?SC,;’F (x, §) and a<1, the boundary 
values also vanish on Io, but if a=1 and, in addition, 
CxXn* S Ann (x) S C*x,%, there is only a restriction on the growth 
of u(x) when xT. 
Let & be the closure of C'(D) with respect to 


{u, u}~={u, u} + fywde, 


where y 20, and y>0 only in a precompact set in D. Condi- 
tions on the weight function o; are given, which assure 
the (complete) continuity of the imbedding of @ in L’*,.. 
The existence of boundary values of the functions in Q 
is discussed. 

Using these results and the methods of his study of 
strongly elliptic systems [Mat. Sb. N.S. 29(71), 615-676 
(1951); MR 14, 174], the author poses and studies boundary 
problems for the differential equation 


Lu=>¥0/dx;(an,0u/dx,) +> b,0u/dx;+cu=h. 


When a <1, the Dirichlet problem is to find a solution u e , 
that is, vanishing on the whole boundary. When a21, the 
appropriate form of the Dirichlet boundary conditions de- 
pends on the behaviour of the coefficient b,. Conditions 
involving the coefficients 5; and ¢ are given, which imply 
the existence of solutions for any h e L?,-:, where a is the 
same function as above. Similar results for Neumann's 
problem. The main difficulties are caused by the fact that 
L is not self-adjoint. The results are too complicated to be 
stated here; they contain, in particular, results obtained by 
quite different methods by KeldyS [Dokl. Akad. Nauk 
SSSR (N.S.) 77, 181-183 (1951); MR 13, 41], Oleinik 
[ibid. 87, 885-888 (1952); MR 16, 366] and others. 
L. Gdrding (Lund). 


Vekua,I.N. Ona representation of the solutions of differ- 
ential equations of elliptic type. SoobSt. Akad. Nauk 


Gruzin. SSR. 11, 137-141 (1950). (Russian) 
Consider the equation 
Ou Ou 
(Eo) Au+a(x, y)—+)(x, y)—+c(x, y)u=0 
Ox oy 


on a bounded domain T of the plane with boundary L. 
Suppose that a, b, and ¢ are holomorphic functions of the 
complex variable z in a domain containing TUL, T is 
simply connected, and the normal vector to L forms an 
angle with some fixed direction which is Hélder-continuous 
with respect to the metric induced on L from the plane. In 
his book, “New methods for the solution of elliptic equa- 
tions’”’ [OGIZ, Moscow-Leningrad, 1948; MR 11, 598], the 
author constructed a Riemann’s function G(t,r, 2, ¢) for 
(Eo). Using a number of results from his book, the author 
gives a representation theorem for solutions u of (Ep) 
continuous on TU L in the form 


u(a)= fumes, thds (zeT), 
L 


where u is a continuous function of ¢ on L and the kernel 








M(s, t)=Re|—© [== -f eet 
will(t) t—s 0 t—k 


H,(z) =G(z, 0, 2, 2), H(z, t) = —dG(t, 0, 2, z)/dt. Using this 
representation theorem, the author obtains a necessary and 
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sufficient condition for (Eo) to be solvable in T with arbi. 
trarily prescribed continuous boundary values on L, namely; 
The system of functions u,,(¢) is closed in space of continuous 
functions on L, where 


Ux (z) = Re [X. (z)], . Uox—1(z) =Im [X, (z)], 


and 
X(2) =H(2)2*+ f "H(s, t)thdt. 


If this condition is satisfied, the solution is obtained through 
the unique solution of the integral equation for the density 
u in terms of the boundary function f: 


a(t) — f Mo, t)u(t)ds=f(to), toeL. 
L 
F. E. Browder (Fayetteville, N. C.). 


Lopatinskii, Ya. B. A fundamental system of solutions of 
an elliptic system of differential equations. Ukrain. 
Mat. Z. 3, 3-38 (1951). (Russian) 

Let A be a system of differential operators on a domain 

D of Euclidean n-space, written in the form 


giit- . tiny 





Dp 
Aywu= DL Apu= ws Sur" 4 
berrd 


l<1 Li Ox?! ee -OX," 


The adjoint system A’ is defined as usual by 


Qitt+- tin 





A’,.u= (—1)it---+i 


pt In 


(fuit***iu). 


Ox" eee Ox," 


Recasting the author’s definition in the form now more 
usual in the literature, the matrix @ of functions { ¢j:(x, y)} 
defined on DXD is said to be a fundamental solution of the 
system A’ if 


P 
LX | vs(x, YAp(f) (x)dVe= fe(y) 


j=lY D 


for every y in D and every indefinitely differentiable function 
f vanishing outside a compact subset of D. 

Let sx; be the order of Axi, s,=max; Sy:, and let f(x, a) 
be the determinant of the matrix 


F(x,a)=((—1)* 2) fastt-*#™(x)ary?*+ + - cen?) 


Jit++++in=tp 


for an arbitrary real m-vector a. A is said to be elliptic if 
f(x, a)#0 for a0. Using contour integrals, the author 
constructs a fundamental solution on the whole of E* for 
the single elliptic operator f(xo, 8/8x) with constant coeffi- 
cients, and, following closely the methods of E. E. Levi 
for two independent variables [Rend. Circ. Mat. Palermo 
24, 275-317 (1907) ], he applies a combination of this func- 
tion and its derivatives as a parametrix for the general 
elliptic system with variable coefficients. 

The existence problem for the fundamental solution in 
the general case is reduced to a system of integral equations 
which may be solved by successive approximations in the 
small, i.e. for a sufficiently small subdomain of the domain 
of regularity of the coefficients of the system which are 
implicitly assumed to be indefinitely differentiable. The 
author then states the existence of a fundamental solution 
in the large on an arbitrary domain D and presents an 
argument which seems to the reviewer to be fundamentally 
incomplete. Following the line of reasoning of Levi, it is 
sufficient to show that the image of the C* n-vector func- 
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tions under A’ is dense in the space of m-vector functions 
with square-summable components. The author shows the 
density of the image of the piecewise C* functions and con- 
cludes by saying simply: (reviewer's translation) ‘In the 
Hilbert space of vectors (a(x), ---,a@n(x)) (x e V), the sub- 
manifold of indefinitely differentiable vectors is dense.” It 
seems to the reviewer that this question, which is essentially 
equivalent to the uniqueness of the Cauchy problem in the 
large, i.e. the vanishing of every solution whose Cauchy 
data vanish at the boundary of the domain, cannot be dealt 
with by a trivial remark. It might be noted that for systems 
with analytic coefficients, the proof may be completed by 
use of the proof of Holmgren’s theorem and the Cauchy- 
Kowalewski theorem. F. E. Browder. 


Vol'pert, A. I. Dirichlet’s problem for an elliptic system 
of linear differential equations of 2d order in the plane. 
Ukrain. Mat. Z. 3, 449-464 (1951). (Russian) 

The system considered is of the form 


Age t 2AM Uy +A uy +AMust+A"u,+A%u=0, 


where u=u(x, y) is a vector with » components, and A* 
are p Xp matrices with coefficients of class C*. The Dirichlet 
problem consists in finding a solution u in an m-times 
connected bounded domain T assuming given values on the 
boundary L. It is assumed that the boundary curves are 
Hélder smooth. Set 


A(t, a) =A™(t)a?+2A"(tH)a+A™ (2), 


where ¢ is a point on L. Let [ be a curve in Im a>0 contain- 
ing all roots of det A(t, a) in its interior, and set 


A=det f. A-\(t, a) [dA (t, a) /da da. 


It is shown that the Dirichlet problem can be reduced to a 
system of Fredholm equations if A#0. This condition is 
satisfied if A“=0 on L. 

The method is based on representing the solution by a 
“double layer potential’, using Lopatinskil’s fundamental 
solutions [see the paper reviewed above and Ukrain. Mat. 
Z. 3, 290-316 (1951); MR 16, 256]. L. Bers. 


Walter, Wolfgang. Uber ganze Lisungen der Differential- 
gleichung Au=f(u). Jber. Deutsch. Math. Verein. 57, 
94-102 (1955). 

The principal results of this paper are contained in the 
following two theorems. I. Let f(s)20 be continuous, 
—«o<s<+o., If there exist a constant k and a function 
g(s) such that (when s2&) g(s) is convex, 0<g(s) Sf(s) 
and f*(fi'g(t)dt}-""ds converges, then (for 22) no solu- 
tion (x1, X2, +++, Xn) of Au=f(u) is entire, i.e., no uw has 
continuous second-order partial derivatives throughout the 
entire space, Sn. (The author notes that if there exist con- 
stants k>0O and a>O such that f(s)2s'** then the hy- 
potheses concerning g(s) are valid for g(s) =s'**; in particu- 
lar, f(s) =/* is admissible.) II. Given the equation Au= f(x), 
where f(u) is continuous, positive and (for large u) convex, 
then the divergence of the integral fo*Lfo'f(é)dt]-"ds is a 
necessary and sufficient condition for the existence of entire 
solutions. The author cites the discussion of entire solutions 
for the case in which n=2 by H. Wittich [Math. Z. 49, 
579-582 (1944); MR 6, 228] and n=3 by E. K. Haviland 
[J. London Math. Soc. 26, 210-214 (1951); MR 12, 826]. 
F. W. Perkins (Hanover, N. H.). 
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Kay, Irvin, and Moses, Harry E. The determination of the 
scattering potential from the spectral measure function. 
Div. Electromag. Res., Inst. Math. Sci., New York Univ., 
Res. Rep. No. CX-18, ii+61 pp. (1955). 

“By generalizing the method of Gelfand and Levitan 
[Izv. Akad. Nauk SSSR. Ser. Mat. 15, 309-360 (1951); 
MR 13, 558] it is shown that in many cases the potential 
can be obtained uniquely from the spectral measure func- 
tion, if we specify the asymptotic behavior in some repre- 
sentation of the eigenstates of the total Hamiltonian H 
associated with the measure function. In contrast to earlier 
treatments where one restricts oneself to an unperturbed 
Hamiltonian Ho and a representation such that the Hp is 
a second derivative operator and the potential is diagonal, 
the procedure described is quite general: Hy) may have 
almost any character, and the potential need not be diagonal 
in the representation in which the asymptotic description 
of the eigenfunctions is specified.”’ (Author’s abstract.) 

The procedure used is more abstract than previous ones. 

N. Levinson (Cambridge, Mass.). 


Hersch, Joseph. Equations différentielles et fonctions de 
cellules. C. R. Acad. Sci. Paris 240, 1602-1604 (1955). 
The note gives an outline of a method to compare various 

functions of a domain G (defined usually by a differential 

equation in conjunction with a boundary condition) with 
certain analogous quantities for a lattice domain G, contain- 
ing G. The main idea is to establish inequalities between the 
quantities corresponding to h and $h. This is illustrated by 
the fundamental frequency \ of the membrane G with fixed 
boundary. If 4 is the least eigenvalue of the difference 
equation 

49,—0, —0, —9, —0, —r,0;=0 


(v; is the value assigned to a general square of the lattice, 
v;, R=1, 2, 3, 4, the values assigned to adjacent squares, 
v;=0 outside of G,), the following inequality is established: 


A2S8A* {arc sin (A,/8)"/?}?. 
G. Szegé (Stanford, Calif.). 


Borok, V. M. Solution of Cauchy’s problem for certain 
types of systems of partial differential equations. Mat. 
Sb. N.S. 36(78), 281-298 (1955). (Russian) 

Probléme: on donne le systéme différentiel 


re] 1 @ 
1 — =P ——,t , 2), RY, #20, 
1) Ge (5 )uce ones 


u(x, t) = {u,(x, t), «++, ua(x, )}, P matrice a nm lignes et n 
colonnes dont les éléments sont des polynomes différentiels 
en x, A coefficients dépendant du temps ¢. On cherche u 
solution de (1), avec u(x, 0)=wo(x) donné (Probléme de 
Cauchy). 

L’équation (1) entre dans la classe des équations d’évolu- 
tion (cf. Schwartz, Ann. Inst. Fourier, Grenoble 2, 19-49 
(1951); MR 13, 242 ]; la méthode de résolution du probléme 
consiste (Petrowsky, Garding, Schwartz) a effectuer une 
transformation de Fourier en x. 

L’A. donne au §1 des rappels sur les produits de composi- 
tion et de multiplication (mais sans considération de topo- 
logie) [[cf. Schwartz, Théorie des distributions, T. II, 
Hermann, Paris, 1951; MR 12, 833; Gel’fand et Silov, 
Uspehi Mat. Nauk (N.S.) 8, no. 6(58), 3-54 (1953); MR 
15, 867]. 

Le §2 étudie les systémes (1) hyperboliques: I’A. dit que 
(1) est hyperbolique si les coefficients de la matrice ré- 
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solvante de |’équation différentielle associée 4 (1) (aprés 
transformation de Fourier) sont des fonctions entiéres de 
type exponentiel (condition (12) de I’A.), 4 croissance poly- 
nomiale dans le domaine réel (condition (13) de 1’A.); 
d’aprés le théoréme de Paley-Wiener-Schwartz, il est équiva- 
lent de dire que ce sont des transformées de Fourier de 
distributions 4 support compact; l’A. retrouve les résultats 
de Schwartz [Les équations . . . , loc. cit. ] 

Le §3 donne la condition nécessaire et suffisante d’hyper- 
bolicité pour les systémes a coefficients constants; exemple: 
équations de Maxwell. Dans le §4 I’A. suppose le systéme 
hyperbolique de type normal. Il peut alors obtenir des 
formules explicites de résolution du probléme de Cauchy. 
Exemples: équations de Maxwell et de Dirac. 

J. L. Lions (Nancy). 


Hadamard, J. Extension a |’équation de la chaleur d’un 

théoréme de A. Harnack. Rend. Circ. Mat. Palermo (2) 

3 (1954), 337-346 (1955). 

Let u=u(x,y)>0 be a solution of the heat equation 
(*) tsz2—uy=0 in the domain D. Let (x1, y1), (x2, y2) with 
i> 2 be two points in D so situated that there exists in D 
a path from the first point to the second point along which 
the second coordinate y constantly decreases. Under these 
geometric restrictions the author shows that the ratios 


U (x2, ¥2)/U(X1, 1), Ue(X2, Y2)/U(X1, ¥1), Mee (X2, V2) /M(%1, V1) 


have upper bounds independent of the function uw. A 
theorem analogous to the second theorem of Harnack for 
harmonic functions is said to follow from the above men- 
tioned results. A statement of such a theorem for solutions 
of the heat equation (*) can be found on page 429 of a paper 
by B. Pini [Rend. Sem. Mat. Univ. Padova 23, 422-434 
(1954); MR 16, 485}. F. G. Dressel (Durham, N. C.). 


Ingraham, Richard L. The geometry of the heat equation. 
Compositio Math. 12, 147-156 (1954). 
Let there be given a differential equation (heat equation) 


g"°0,0,¢+d'3,g+0¢/dt=0, 


with g” and d* depending on the coordinates x‘ and on the 
time ¢; and let there be another such equation in another 
space. Then the question arises if perhaps there are a map- 
ping of one space into the other and a change of time variable 
which carry one equation into another. Such a mapping 
obviously carries the covariant derivatives of all orders 
(with respect to the space and time coordinates) of R*,,, (the 
curvature of g”), and of the vector F* = —2n—'(d"+-g?*{J,}) 
into the corresponding expressions. A general theorem on 
integration of partial differential equations states that, con- 
versely, if one has a mapping of one tangent space into 
another which carries these covariant derivatives into each 
other, then the mapping can be extended to neighborhoods 
of the base points of these tangent spaces. The mappings 
thus described can be used to carry solutions of one equation 
over to another one. There is an application to stochastic 
processes. 

It seems useful to remark that the above heat equation 
has only been considered locally, while in applications it is 
usually dealt with globally (boundary-value problem). It 
must also be pointed out that the theorem on integration of 
partial differential equations is valid in general only if all 
functions are real-analytic; which makes global applications 
difficult. A. Nijenhuis (Chicago, IIl.). 
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Kampé de Fériet, Joseph. Intégrales aléatoires de |’ équa- 
tion de la chaleur dans une barre infinie. C. R. Acad, 
Sci. Paris 240, 710-712 (1955). 

Let the expectation E,f(x, w) =fof(x, w)?(dw)<« and 

J*. exp (—ax*)E,f(x,w)?dx<« for an a20 and p21, 

Then there exists A with u4(A) =0 such that, when w non-e A, 


u(x,t, «) = f k(x, ») f(y, w)dy, 


k(x, y) = (4nt)-"? exp (—x*/4t), 


satisfies the heat equation u,=u,, in 0<tS1/4a with the 
initial condition lim, o u(x, t, wo.) =f(x, wo) (for wo non-e A) 
except perhaps for x e E(wo) with fxi,)dx=0. The result is 
extended so as to be interpreted in terms of the semi-group 
of operators. K. Yosida (Tokyo). 


Davies, D. R. On the problem of diffusion from an in- 
stantaneous point source released at ground level into 

a turbulent atmosphere. Quart. J. Mech. Appl. Math. 

7, 462-467 (1954). 

L’auteur reprend l’équation générale de la diffusion a 3 
dimensions avec trois coefficients de diffusion K,, K, et K, 
et un vent moyen U. Les conditions aux limites supposent 
un point source a l’origine. On suppose en outre que les 
coefficients de diffusion sont proportionnels 4 la méme 
puissance du temps. L’auteur introduit une transformation 
des coordonnées appropriées et cherche une solution de la 
forme F(u)G(v)H(w) ou u, v, w sont les nouvelles coordon- 
nées. On retrouve la solution bien connue de O. G. Sutton 
pour un point source instantanné [voir sa Micrometeo- 
rology, McGraw-Hill, New York, 1953]. M. Kiveliovitch. 


Davies, D. R. The problem of diffusion into a turbulent 
boundary layer from a plane area source, bounded by two 
straight perpendicular edges. Quart. J. Mech. Appl. 
Math. 7, 468-471 (1954). 

L’auteur reprend |’équation de la diffusion stationnaire 4 

2 dimensions avec un vent U. En supposant que le vent et 

les deux coefficients de diffusion K, et K, sont fonctions de 

altitude 2: U=az", K,=0, K,=82", K,=yz'-, et en 
introduisant les coordonnées polaires, on raméne |’équation 

a une équation séparable qui admet comme solution les 

fonctions de Bessel et les fonctions de Legendre associées. 

En introduisant les conditions aux limites on trouve une 

solution générale. M. Kiveliovitch (Paris). 


Jaeger, J.C. Conduction of heat in a solid in contact with 
a thin layer of a good conductor. Quart. J. Mech. Appl. 
Math. 8, 101-106 (1955). 

Suppose that a cylindrical wire of radius a, thermal con- 
ductivity K, and diffusivity k, is in contact with a solid of 
conductivity K and diffusivity k. Taking the wire along the 
z axis of cylindrical coordinates and assuming perfect con- 
tact between the wire and the surrounding solid, the 
boundary condition at r=a is 
1 dv 2K 

—+h——-— —=0, h=—, 
dz? or ky ot aK 1 
where v is the temperature in the solid. The problem con- 
sidered in this paper is that of the distribution of tempera- 
ture in a solid bounded by the two planes z= +/ and exterior 
to the wire (r>a). With zero initial temperature in the 
solid, the planes z= +/ are maintained at unit temperature 
for £>0. The solution of this problem is obtained in series 
form by the usual Laplace transform technique. Particular 
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attention is given to the temperature v» at the midpoint of 
the wire r=a, z=0, with a graphical presentation of 
plotted against kt/? for various values of the ratio a/l. 

C. G. Maple (Ames, Iowa). 


Lauwerier, H. A. The transport of heat in an oil layer 
caused by the injection of hot fluid. Appl. Sci. Res. A. 
5, 145-150 (1955). 

Hot water at temperature 7) is pumped at a constant 
rate into an oil-bearing layer through a number of injection 
wells lying in a straight line. Water and oil are produced 
from a number of wells lying in a straight line parallel to 
the injection wells and at a distance / from them. The 
mathematical formulation of the heat transport in the oil 
layer is formulated based on certain simplifying assump- 
tions. In dimensionless form the problem is given by: 


@T: dT: 
(1) ¢——=—, |n|>1, @ constant, 
on? = Or 
@T, OT; OT. 
(2) an ath th PO and 7,=T7: for |n|=1, 
Or O& On 
To if &<0, 
(3) T=Ti=| : ; ‘ for r=0, 
0 if &>0, 


where 7; is the temperature in the oil sand, 7 is the time-like 
variable and £, 7 are the space-like variables in the horizontal 
and vertical directions respectively. The Laplace transforms 
with respect to £ and 7 are taken to reduce the problem to a 
simple ordinary differential equation. The results show that 
both the temperature 7; in the oil sand and the temperature 
T; in the water layer may be expressed in terms of the 
complementary error function. Graphs for the temperature 
of the water layer as a function of the horizontal distance 
from the source line are given. C. G. Maple. 


Hoff, N. J. Boundary-value problems of the thin-walled 
circular cylinder. J. Appl. Mech. 21, 343-350 (1954). 
This paper is concerned with the class of solutions 


(w, u, v) =e?*(A cos n¢, B cos n@, C sin n@) 


of Donnell’s form of the equations for thin circular cylin- 
drical elastic shells. The equations to be solved are: 


V'w+4K*w, 2222 =0, Vu = PW, sez — W, 642) 
Viv = (2+-7)w, xg +©, oo- 
Explicit expressions are given for all quantities of interest 
in terms of A, n, K and ». Appropriate values of p, as de- 
termined from the equation (p?—mn*)*+4K‘p‘=0, are pre- 
sented in the form of graphs. E. Reissner. 





Difference Equations, Special Functional Equations 


Hosszu, Miklés. Eine Bemerkung zur Mitteilung von H. 
Wundt: “Uber eine Funktionalgleichung aus der Warme- 
leitung”. Z. Angew. Math. Phys. 6, 143-144 (1955). 

In connection with a paper of H. Wundt’s [same Z. 5, 
172-175 (1954); MR 15, 713] the present paper shows 
that the only differentiable solution of the functional 
equation 2f(z)=f(x)+f(y), = (x—y)/In (x/y), x, y real, 
is the identically constant solution. As a consequence 
Wundt’s formula is a solution only in the case for which 
it reduces identically to a constant. P. E. Guenther. 
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Stiefel, E. Bemerkung zur obigen Mitteilung von Herrn 
M. Hosszu. Z. Angew. Math. Phys. 6, 144-145 (1955). 
In connection with the paper reviewed above the author 

shows from nomographic considerations alone the impossi- 

bility of constructing an alignment chart with three linear 

scales for the functional relation z= (x—~y)/In (x/y). 

P. E. Guenther (Cleveland, Ohio). 


Erdis, Paul, and Golomb, Michael. Functions which are 
symmetric about several points. Nieuw Arch. Wisk. (3) 
3, 13-19 (1955). 

The authors answer a question raised by the reviewer 
[same Arch. (3) 1, 27-32 (1953); MR 14, 987 ] by construct- 
ing a bounded f(t), not equivalent to a constant, such that 
f(x+t)+f(x—t) —2f(x) =0 identically in ¢ for a nonmeasur- 
able set of x’s which is dense and of cardinal number c. 
They also generalize the functional equation in question 
to Sinn Ymf(2+Cnu) —f(z)=0, Sym=1, CuO, all quan- 
tities complex, and obtain a necessary and sufficient condi- 
tion on the y’s and c’s for this equation to have nontrivial 
essentially bounded solutions. R. P. Boas, Jr. 


Integral Equations 


Feny6, Istvan. Bemerkung zur Theorie einer Integral- 
gleichung der mathematischen Physik. Mat. Lapok 5, 
115-119 (1954). (Hungarian. Russian and German 
summaries) 

In this paper an upper and lower bound is obtained 
for the largest eigenvalue A of the integral operator 
So*K |x—t|y(t)dt with a positive displacement kernel, K 20. 
The estimate is: 2fo*K—2a“ftK S\S2feeK. The upper 
bound is just a bound for the norm of the operator in the 
L, norm; the lower bound comes from the classical maximum 
characterization of the largest eigenvalue, with a constant 
trial function. These estimates are used to show that for an 
infinite interval and fo* K=A finite, the top end of the 
spectrum is at 2A. For K monotonic decreasing, the esti- 
mates of this paper include the ones given by Bellman and 
Latter [Proc. Amer. Math. Soc. 3, 884-891 (1952); MR 
14, 764}. P. D. Lax (New York, N. Y.). 


Franchini, Lucia. Un problema ai limiti per una particolare 
classe di equazioni integro-differenziali. Ann. Univ. 
Ferrara. Sez. VII. (N.S.) 3, 75-91 (1954). 

Let z be a real function on a rectangle R: asx3sb, 
cSysd, and let 2,,=0?*%2/dx*dy* for 0S p+q<n+m, 
0spsn, 0S¢Sm. The author considers the problem 


ton =f{ #5948 eee sae 


= v 
f fete o.m05, ***) Boe +++ | dudv > 


where z and its pure derivatives are preassigned on certain 
horizontal and vertical lines in R. Two theorems are proved 
giving conditions assuring that the problem has at least one 
solution. Among other things, it is assumed that f is bounded 
and continuous and satisfies a Lipschitz condition with 
small coefficient in the variables 2,,, where either p=n or 





q=m. A fixed-point theorem of M. Volpato [same Ann. 2, 
93-109 (1953); MR 15, 709] is employed. R. G. Bartle. 


Gegeliya, T. G. Hilbert’s boundary problem and singular 
integral equations in the case of intersecting contours. 
Soobsé. Akad. Nauk Gruzin. SSR 15, 69-76 (1954). 
(Russian) 

The author studies the Riemann-Hilbert boundary-value 
problem and the related singular integral equation whose 
kernel is of Cauchy type. A good deal of past literature in 
this field is for the case of contours with a finite number of 
suitably smooth curves without common points. The case 
of a finite number of common points has been studied by 
Trjitzinsky [Trans. Amer. Math. Soc. 60, 167-214 (1946); 
Mr 8, 211]; this work has been continued in a number of 
subsequent papers, of which mention should be made of 
D. A. Kveselava [Akad. Nauk Gruzin. SSR. Trudy Tbiliss. 
Mat. Inst. Razmadze 17, 1-27 (1949); MR 13, 135]. The 
author carries out effectively a study of the above problems 
in the case of an infinity of common points and of end points; 
this, incidentally, covers the case of singular integral equa- 
tions with certain types of discontinuities. 

W. J. Triitzinsky (Urbana, IIl.). 


Hvedelidze,B. V. Onaclass of singular integral equations 
with kernels of Cauchy type. SoobSt. Akad. Nauk 
Gruzin. SSR 15, 401-405 (1954). (Russian) 

Let C be a finite collection of closed non-intersecting 
curves, the angle of inclination of the tangent to each being 
of class H (Hélder); L,(C) is the space of functions ¢(), 
having finite norm ||¢|/?= fc|¢(¢)|”|dt|. Considered is the 
equation 


b(to 
OO f at T9= st) 
—™ +0 





(1) Ag=a (to)p (to) +— 
mt vo 
a, b are continuous on C, a?—b? #0 on C, fe L,(C) (p>1) is 
given and ¢ is to be found in L,(C); T is a completely con- 
tinuous operator transforming L,(c) on itself. The usual 
theorems of Noether are established for (1) with the aid 
of some of the results found in B. V. Hvedelidze, same 
SoobSé. 12, 69-76 (1951) [MR 14, 181], S. G. Mihlin, 
Dokl. Akad. Nauk SSSR (N.S.) 59, 435-438 (1948) [MR 
9, 356], and F. V. Atkinson, Mat. Sb. N.S. 28(78), 3-14 
(1951) [MR 13,46]. W. J. Trjitzinsky (Urbana, IIl.). 





Functional Analysis 


Warner, Seth, and Blair, Alexander. 
convex topological vector spaces. 
Soc. 6, 301-304 (1955). 

Soient E un espace localement convexe, = une famille de 
parties bornées de E dont la réunion est E, Ey’ le dual 
topologique de E muni de la topologie de la convergence 
uniforme dans les ensembles de 2. Les auteurs disent que E 
est 2-symétrique si la topologie induite par celle du dual 
fort de Ey’ est la topologie initiale de E. Un tel espace a la 
topologie de Mackey (mais la réciproque est inexacte). 
Lorsque = est la famille des parties finies de E, on retrouve 
les espaces tonnelés, et les espaces 2-symétriques ont des 
propriétés qui généralisent celles des espaces tonnelés. 

J. Dixmier (Paris). 


On symmetry in 
Proc. Amer. Math. 
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Marinescu, Gh. Prolongement des fonctionnelles linéaires 
continues dans les espaces vectoriels topologiques, 
Acad. Repub. Pop. Rom4ne. Bul. Sti. Sect. Sti. Mat. Fiz, 
5, 317-326 (1953). (Romanian. Russian and French 
summaries) 

The author gives a demonstration of the theorem concern. 
ing the extension to the entire space of a continuous linear 
functional defined on a manifold of a locally convex topo- 
logical vector space (analog of Hahn-Banach theorem). His 
proof is based on the following propositions: If A, and A, 
are disjoint sets in a topological vector space E, there 
exist two convex sets E, and E, with the properties; 
Eww E.=E; E,\n E:=¢; A,CKE,, AoCE>. If Ai and Ay are 
two disjoint convex sets and if A, has interior points, there 
exists a hyperplane which separates the interior points of 
A, and A». E. R. Lorch (New York, N. Y.). 


Mazur, S., et Orlicz, W. Sur les espaces métriques 

linéaires. II. Studia Math. 13, 137-179 (1953). 

[Part I appeared in Studia Math. 10, 184-208 (1948); 
MR 10, 611.] The paper is mostly devoted to the derivation 
of a variety of results from the following proposition 2.41, 
Let X be a real vector space, w(x) a real-valued function 
on X with w(x:+x2) Sw(x1)+(x2) and w(tx)=tw(x) for 
#20, x(A) a mapping from a set A to X, c(A) a real-valued 
function on A. For the existence of a real-valued linear 
function (x) on X such that &(x(A))2c(A) for XeA and 
§(x)Sw(x) for xeX it is necessary and sufficient that 
Diket fec(Ae) Sw(D a1 &x(d,)) for any &20 and hy e A. This 
result is next used in proving theorems concerning the fol- 
lowing questions: 1) existence of translation-invariant inte- 
grals; 2) separation of convex sets; 3) extension of positive 
linear functionals; 4) splitting of a linear functional into 
positive components; 5) existence of solutions of linear in- 
equalities F(x)2=y, where x, y run over vector spaces X, FY. 
The vector spaces considered by the authors are either 
normed or locally convex metrizable. As a sample result let 
us quote the following one. If X, Y are Banach spaces, T is 
a closed cone in Y and F: X->Y is a continuous linear 
mapping, the necessary and sufficient condition for the 
existence of solution x e X of F(x)2y for any ye Y is the 
existence of N20 such that 720 implies |7| SN |%(y)|, 
where 7 is a linear continuous functional on Y and @ is the 
adjoint of F acting on the dual spaces. The ordering on Y 
and its dual is, of course, defined by 7. As the authors 
mention, their work appears with delay and overlaps with 
Russian papers by Akhieser, Krein and Rutman. Some of 
the results are valid for locally convex spaces. 

L. Nachbin (Rio de Janeiro). 


Sikorski, R. On a theorem of Mazur and Orlicz. 
Math. 13, 180-182 (1953). 
A simpler proof of proposition 2.41 mentioned in the pre- 
ceding review. L. Nachbin (Rio de Janeiro). 


Studia 


Kurzweil, J. On approximation in real Banach spaces. 

Studia Math. 14 (1954), 214-231 (1955). 

A real Banach space B can always be embedded in a 
complex (B)-space B. Suppose F(x) is a given vector-valued 
function defined on a domain GCB with values in a second 
(B)-space B,. The function F(x) is said to be uniformly 
approximable by analytic functions if for each e>0 there 
exists an analytic function H(z) defined on an open subset 
GCB with values in B, (or B, if B, is real) such that 
|| F(x) —H(x)||<e for all xe G. By means of a highly in- 
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genious argument, the author has been able to show that 
such approximations are always possible for continuous F(x) 
defined on the space L, or /,, where p is an even positive 
integer. This is a direct consequence of the following: Let 
B be a separable real (B)-space and suppose that there 
exists a real-valued polynomial g(x) with g(@)=0 and 
inf [q(x)>0; ||x||=1]. Then each continuous F(x) defined 
on a domain GCB to B,, can be uniformly approximated by 
analytic functions. Actually most of the results obtained 
are of a negative nature. For instance, a real-valued con- 
tinuous function defined in the unit sphere of C0, 1] is not 
in general the uniform limit even of a sequence of differ- 
entiable functions. This is a consequence of the fact that a 
regularly differentiable real-valued function f(x) defined in 
the unit sphere in C[0,1] has the following remarkable 
property: If ¢, r1, and rz are three given positive numbers, 
r<r2<1, then there is always an xe C[0,1] such that 
ry <||x||<re and |f(x)—f(0)| <e. This result can also be 
extended to real-valued functions on L, and /,, where p21 
is not an even integer. In fact a [p ]-times regularly differ- 
entiable function on such a space will have the above 
property; here [p] denotes the least integer 2 p. 
R. S. Phillips (Los Angeles, Calif.). 


Smul’yan, Yu. L. Completely continuous perturbations of 
operators. Dokl. Akad. Nauk SSSR (N.S.) 101, 35-38 
(1955). (Russian) 

This note contains the following results; only outline 
proofs are given. 

Let A(¢) be a regular function in the domain G of the 
complex plane, its values being bounded linear operators in 
a Banach space E. Let Xo be an isolated point of the spec- 
trum of A (fo), the corresponding invariant subspace having 
finite dimension n. Let I be a rectifiable contour separating 
Xo from the rest of the spectrum of A (fo). Then there is a 
positive number 6 such that [ lies in the resolvent set of 
A(f) for |{—fo| <6, the number of points of the spectrum 
of A(¢) within I does not exceed m, and the dimension of 
the invariant subspace of A(¢) defined by these points is 
exactly n. 

If A(¢) is completely continuous for all ¢ e G, \»o#0, and 


_B,, is the set of points ¢ e G for which Xo is an eigenvalue of 


A(f), then either (a) B,,=G or (b) B,, has no limit points 
in G. In case (a) the invariant subspace 7; of A(f) for Xo 
has the same dimension # for all ¢ e G except possibly in an 
isolated set of points F; at these points dim (7;)>. The 
operator induced by A(f) in 7; has the same set of ele- 
mentary divisors throughout G— F. 

If A is a bounded linear operator, G is a component of 
the resolvent set of A, and K is a completely continuous 
operator, then either (a) every point of G is an eigenvalue 
of A—K, or (b) the spectrum of A —K in G is isolated, and 
the invariant subspaces corresponding to its points are 
finite-dimensional. In case (a) the invariant subspaces corre- 
sponding to the points of G have constant dimension, except 
possibly in an isolated set of points, where the dimension 
may be greater. 

The above results are applied to two classes of operators 
in Hilbert space. The first class consists of operators T such 
that J-7*T is completely continuous and 7= UA, where 
U is unitary and A is Hermitian and non-negative definite. 
These include the quasi-unitary operators of LivSic [Mat. 
Sb. N.S. 19(61), 239-262 (1946); MR 8, 588]. The second 
class consists of the operators of the form A=A,+%A32, 
where A; and A; are Hermitian and A: is completely con- 
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tinuous. The results here include some of those obtained 
by LivSic for certain operators of this class [ibid. N.S. 
34(76), 145-199 (1954); MR 16, 48]. F. Smithies. 


Graves, Lawrence M. Remarks on singular points of 
functional equations. Trans. Amer. Math. Soc. 79, 150- 
157 (1955). 

Let ¥ and ¥) be Banach spaces and G: ¥X9)-—-%, with 
G(0, 0) =0. This paper considers the problem of determin- 
ing the number of solutions x=x(y) near (x, y)= (0,0) 
of the equation (*) G(x, y)=0, when the differential 
L(dx) =d,G(0, 0; dx) fails to have an inverse, but L and its 
adjoint L* have closed range and n-dimensional null-spaces. 
Similar discussions have been given by Jane Cronin [same 
Trans. 69, 208-231 (1950); 76, 207-222 (1954); MR 12, 
716; 16, 47], who employed topological degree theory, and 
by the reviewer [ibid. 75, 366-384 (1953); MR 15, 436]. 
The author extends the Newton polygon method, used by 
the reviewer for n= 1, to the general case and, under certain 
hypotheses, determines the exact number of solutions of 
(*). Applications are made to a non-linear elliptic partial 
differential equation in the case m»=2. More detail cannot 
be given here. [Note. On line 4 of p. 156 both Q’s should 
be replaced by ¢’s. ] R. G. Bartle (Urbana, IIl.). 


Harazov, D. F. On a generalization of Kantorovit’s 
method of solution of functional equations. Akad. Nauk 
Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 20, 
279-296 (1954). (Russian) 

The author applies the method of Kantorovit [Dokl. 
Akad. Nauk SSSR (N.S.) 60, 957-960 (1948); MR 10, 717] 
to the solution by approximation methods of functional 
equations of the form x—AH,x=y in a Banach space, where 
the operator H, can be written H, => x0 A*A;, the series 
being convergent in bound for \ lying in some circle || <p. 
The results are similar in general character to those obtained 
by Kantorovit, but the details are too complicated to be 
given here. Applications to integral equations and to infinite 
systems of linear equations are described. F. Smithies. 


Dorleijn, M. Convergent sequences in non-archimedian 
sequence spaces. Nederl. Akad. Wetensch. Proc. Ser. 
A. 58=Indag. Math. 17, 107-119 (1955). 

[For notation and bibliography, see the review of the 
author's thesis, Amsterdam, 1951; MR 13, 658. ] In addition 
to recalling a number of results from his thesis, the author 
introduces the following concepts: A sequence of elements 
x,e@a is said to be (a—f)-convergent (where gC8Ca*) 
if, for each ue 8B, {ux,} is a Cauchy sequence; it is said to 
be (a—)-bounded if, for each uef, |ux,| is bounded; 
finally, if a is a sequence space, a’ is the space of sequences 
u={u;} such that for each uea’and for each x= {x,} ea, 
|u,x;| is bounded. The author determines a’ for a number of 
special spaces; for example, o’ =¢,,; also a’ Da*; and a=a’ 
if and only if a=... He then investigates—for the case that 
the ground field is locally compact—the question when 
every (a—)-bounded sequence has an (a—f)-convergent 
subsequence; a necessary and sufficient condition (gC 8Ca*; 
8 normal) is that 8’ = 8*. The paper concludes with a number 
of applications of the foregoing to special sequence spaces. 

G. K. Kalisch (Princeton, N. J.). 


Fullerton, R. E. An inequality for linear operators between 
L» spaces. Proc. Amer. Math. Soc. 6, 186-190 (1955). 
In an earlier paper [same Proc. 5, 689-696 (1954); MR 

16, 263] the author considered the representation of a 





bounded linear operator from L?(R, ¢) into L(S, y) by the 
equation 7x = (d/de) fe K (e, t)x(t)dg. Here he considers the 
corresponding representation of a bounded linear operator 
from L?(R, ¢) into L*(S, ¥) with g>1, obtaining bounds for 
||7|| in terms of the kernel K(e, t). [N.B. Page 168, line 5 
of text, for ‘‘x(y)’’ read ‘‘x(#)’’; line 17, for ‘““F(R)” read 
“J(S)”.J A. F. Ruston (Sheffield). 


Citlanadze, E. S. The method of orthogonal trajectories 
for nonlinear operators of variational type in the space L,. 
Akad. Nauk Gruzin. SSR. Trudy Tbiliss. Mat. Inst. 
Razmadze 20, 245-278 (1954). (Russian) 

The operators discussed are operators L on the space L, 
to the dual space L, which are generated by the Fréchet 
differential of a functional f on L,, according to the formula 
f(x+h) — f(x) = (Lx, h)+0(||h||). N denotes the operator 
obtained from f(x) =||x||: Nx=||x||!-*x?/¢sgn x. It is as- 
sumed in the theory that f and L satisfy the following 
conditions: f(x)>0 for x~0, f(0)=0, f(x) is even and 
weakly continuous, Lx exists everywhere is zero only at 0 
and satisfies ||Lx,;—Lx-||< M||x:—x,||. It is demonstrated 
that in these circumstances f and L are compact. 

The purpose of the article is to prove existence of eigen- 
values of L, defined by Lx=XNx for some number \, on 
S;, the surface of the sphere ||x||=1. The tools used are (i) 
expansions in series of Haar functions; (ii) the study of 
trajectories defined by dx,/dt=Qx,, where 


Ox = N—-Lx—(N—Lx, Nx)x, 


so that Qx=0 if and only if x is a characteristic vector: it 
is shown that (Lx,x)>0, (Nx, Qx)=0 for xe5S, not a 
characteristic vector, and that a trajectory defined by the 
differential equation above passes through every point of 
S; which is not a characteristic value, that f(x,) increases 
with ¢ along the trajectory, and that the trajectory lies 
wholly on S;; (iii) the Lyusternik-Snirelman category. 
Identification of diametrically opposite points of S, makes 
it into an infinite-dimensional projective space, in which 
there exist sets of all categories. Let P; be the set of all 
compact sets on S, whose category (with respect to S) is 
at least k; and let c denote the maximum taken over all 
sets of P, of the infimum of f(x) on the individual sets. Let 
E be a set of P; on which the infimum is not less than ¢,.—e. 
It is shown that if no characteristic value of L exists in E 
then the part of E on which ¢—e<f(x)Sca.+e can be 
deformed continuously along the trajectories considered 
above into a set on which f(x) =c,+e, and this contradicts 
the fact that c is a homotopic invariant, and so proves that 
a characteristic vector of L lies in each set f(x)=c. By a 
further use of the theory of category, it is shown that if 
c;=c, then the characteristic values of L on f(x)=c form 
a set of category j—k+1. It is proved further that c,-0 
as ko, 
Taking 


f(x) =3f fe. t)x(t)x(s)dsdt, 


with fo'fo'|k(s, t)|"dsdt< ©, we get that the equation 
Lx = fo! k(s, t)x(t)dt=X|x(s)|?/¢sgn x(s) is soluble for a 
countable set of . J. L. B. Cooper (Cardiff). 


Vainberg, M. M. On certain properties of quadratic forms 
in the spaces L* (q=2). Dokl. Akad. Nauk SSSR (N.S.) 
100, 845-848 (1955). (Russian) 


Let L* denote the usual function space over a subset S 
of finite measure in a Euclidean space, and L? the dual 
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function space. Let A be a linear operator which takes any 
bounded set in L¢ into a compact set in L?, and which defines 
a symmetric operator in L?; for example, an integral operator 
with symmetric kernel K(x, y) e L9(SXS). Let {dx}, { i} 
be the characteristic numbers and functions of A in L?, 
Put A,u=>rAc" (ge, 4) ge, for any we L*. Then, if only a 
finite number of the \; are negative, 1) (Au, u) is a weakly 
continuous functional in L*; 2) (A,u, u)—>(Au, u) as n> @ 
uniformly on each bounded set in LZ‘; 3) the Hilbert expan- 
sion theorem Au=)>-\,~'(¢, 4) g is valid in the sense of 
convergence in L” for each u in L*. J. L. B. Cooper. 


Schaffer, J. J. On unitary dilations of contractions. Proc. 

Amer. Math. Soc. 6, 322 (1955). 

The author gives a short and elementary proof of a 
theorem of B. Sz-Nagy [Acta Sci. Math. Szeged 15, 87-92 
(1953); MR 15, 32 6] which asserts that if A is a contraction 
in the Hilbert space H then there is a unitary operator U 
on a larger Hilbert space K such that PU"P=A"*P, where 
P is the projection from K onto H. N. Dunford. 


Kilpi, Yrj6. Lineare normale Transformationen mit einem 
einfachen Spektrum und das komplexe Momenten- 
problem. Ann. Acad. Sci. Fennicae. Ser. A. I. Math.- 
Phys. no. 176, 34 pp. (1954). 

Let N be a hypermaximal normal transformation (in the 
sense of Nakano, normal in the sense of v. Neumann), and 
E(z) the spectral function of N, ze G=the complex plane. 
The author shows that if N has a simple spectrum (and 
satisfies some supplementary conditions), then there exists a 
basis {g,} such that the associated matrix 


A= (Gan = (Nga, &m)) 


has the following properties: (1) the (closed) transformation | 


associated with A by the set {g,} is hypermaximal normal; 
(2) Gmn=O if m>n—1, Ym Gmndmp= dm EnmOpm, In+1, 20; 
(3) there is a one-to-one correspondence between the 
elements dm, and the constants Cag=Jg 2*2°dp(z), where 
p(z) = (E(z)g:, g:1), a, 8=0, 1, ---; (4) the moment problem 
(*) cas= Jeg 2*2du(z) is determined. Conversely, given a 
sequence {Cag}, Coo=1, if the matrix A associated with this 
sequence is of the form (2) and the transformation associated 
with A possesses hypermaximal normal extensions, then the 
moment problem (*) has a solution, and det ||cag|| >0 
(a, 8=0, 1, ---, ), for m=0, 1, ---. M. Cotlar. 


Harazov,D.F. On the theory of operators in Hilbert space 
with polynomial dependence upon a parameter. Akad. 
Nauk Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 
20, 297-315 (1954). (Russian) 

The first part of the paper deals with equations of the 
form 
x—hA\x—-NAw=y 


in Hilbert space, where A; and A, are Hermitian operators 
of finite norm. The author gives the full proofs of the results 
stated in an earlier note [Dokl. Akad. Nauk SSSR (N.S.) 
91, 1023-1026 (1953) ; MR 15, 881 ] for cases when the above 
conditions are satisfied. He also gives analogues for these 
equations of the usual extremal properties of characteristic 
values and characteristic functions. 

In the second part of the paper the author indicates that 
earlier results of his for integral equations [Soob8é. Akad. 
Nauk Gruzin. SSR 6, 663-669 (1945); MR 8, 385] can be 
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extended to equations of the form 
x— > MA w=y, 
k=O 


where each A; is a compact Hermitian operator in Hilbert 
space. F. Smithies (Cambridge, England). 


Urbanik, K. Sur la structure non topologique du corps des 
opérateurs. Studia Math. 14 (1954), 243-246 (1955). 
Soit C l’algébre (pour la convolution) des fonctions con- 

tinues sur (0, ©); soit Q son corps des fractions, introduit 
par Mikusifiski [Studia Math. 11, 41-70 (1950); MR 12, 
189], qui a aussi introduit dans Q deux notions de suites 
convergentes: 1) la suite (x,) converge vers x s'il existe 
ke C tel que tous les kx, et kx soient dans C et que la suite 
(kx,) converge dans C vers kx (la convergence dans C étant 
la convergence uniforme sur tout intervalle fini de (0, ©)). 
2) la suite (x,) converge vers x s’il existe une suite (k,) 
d’éléments de C telle que les k,x, et kx soient dans C et que 
la suite (k,x,) converge vers kx dans C. L’auteur montre 
que ces deux convergences (distinctes) sont non topo- 
logiques, c.a.d. qu’il existe un ensemble X CQ dont I’ad- 
hérence X (ensemble des limites de suites convergentes 
d’éléments de X) n'est pas fermée: X¥#X. L. Schwarts. 


Ryll-Nardzewski, C. Sur le corps des opérateurs de 
Mikusifiski. Studia Math. 14 (1954), 247-248 (1955). 
C étant l’algébre (pour la convolution) des fonctions con- 

tinues sur (0, + ©), Q son corps des fractions [introduit par 
Mikusifiski, Studia Math. 11, 41-70 (1950); MR 12, 189], 
l'article prouve que Q n'est pas algébriquement clos. Pour 
cela on introduit un homomorphisme T de Q dans lui-méme, 
tel que 7x soit réel pour x réel, et on prouve |’existence 
d'une fonction f réelle, f e C, telle que 7 f= —k*f, Rk réel. Si 
alors il existait x e Q tel que x*=f, x devrait étre ou réel ou 
purement imaginaire, et vérifier 7x=-+ikx, ce qui serait 
absurde. L. Schwartz (Paris). 


Kénig, Heinz. Multiplikation von Distributionen. I. Math. 

Ann. 128, 420-452 (1955). 

On sait qu'il est impossible de définir un produit multi- 
plicatif de deux distributions arbitraires, associatif et 
vérifiant la régle de dérivation du produit [Schwartz, C. R. 
Acad. Sci. Paris 239, 847-848 (1954); MR 16, 265 ]. L’auteur 
définit ici un espace vectoriel { dont l’espace des distribu- 
tions § est un sous-espace (en fait il s’agit ici des ‘‘distri- 
butions généralisées”, définies par l’auteur par voie pure- 
ment algébrique [Math. Nachr. 9, 129-148 (1953); MR 14, 
1072]), une “multiplication’”’ bilinéaire de § XP dans F, 
coincidant sur §§ Xj} avec le produit usuel quand celui-ci 
existe, et une dérivation linéaire de $ dans $ coincidant sur 
§ avec la dérivation habituelle et vérifiant la régle de dériva- 
tion du produit. De plus le principe de localisation est 
valable pour $, et localement tout élément de $ est somme 
finie de produits de distributions 7,(72(73(---(Ts)--+))) 
de §. Il n’y a naturellement aucune espéce d’associativité. 
Le probléme étant purement local, on se raméne au cas d’un 
intervalle ouvert U. On construit alors l’algébre tensorielle 
Lr-1 ®" fu de l’espace fy des distributions d’ordre fini sur 
U, et on en construit le quotient py par un idéal a gauche ty 
ayant les propriétés suivantes: si S et T sont deux distribu- 
tions ayant un produit usuel ST, alors S@ T7—ST est dans 
ty; t est stable par la dérivation des distributions, prolongée 
comme dérivation a l’algébre tensorielle; si V est un sous- 
intervalle ouvert de U, la restriction A V, fu—fv, applique 
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ty dans ty. Pour que f soit un sous-espace de 9, il est essentiel 
que t7\f=0. La méthode consiste 4 prendre pour rt le plus 
petit idéal 4 gauche de Il’algébre tensorielle de f ayant les 
propriétés voulues, et A montrer qu'il vérifie bien rn f=0. 
Cette démonstration est assez délicate, elle constitue l’essen- 
tiel de l'article, en méme temps que la démonstration d’une 
remarquable propriété: si le produit de deux distributions 
S-T (Se, Te §) est dans §, le produit usuel de ces deux 
distributions existe et les deux produits coincident. 

Une question reste ouverte. r est ici le plus petit idéal 
possible, donc p le plus grand quotient possible; y en a-t-il 
d’autres ?en particulier peut-on avoir p=f, donc $=? 

Les notations sont assez compliquées; un index des nota- 
tions aurait été utile; le lecteur aura avantage a le dresser 
lui-méme au cours de la lecture. L. Schwartz (Paris). 


Blair, Alexander. Continuity of multiplication in operator 
algebras. Proc. Amer. Math. Soc. 6, 209-210 (1955). 
Soient X un espace localement convexe séparé, A une 

algébre d’endomorphismes continus de X contenant les 

endomorphismes de rang fini. Si la multiplication dans A 

est continue pour la topologie de la convergence bornée, 

X est normable. J. Dixmier (Paris). 


Heider, L. J. A note on a theorem of K. G. Wolfson. 

Proc. Amer. Math. Soc. 6, 305-308 (1955). 

Wolfson [same Proc. 5, 10-14 (1954); MR 15, 633] gave 
necessary and sufficient conditions for a commutative B*- 
algebra B with identity e, ||e|]=1, to be isomorphic in a 
norm and adjoint-preserving manner to an algebra B(X) 
of all bounded complex-valued functions on an essentially 
unique set X. The author gives two sets of necessary and 
sufficient conditions, one in terms of the space of maximal 
ideals of K and the other in terms of projections in K. 

B. Yood (Eugene, Ore.). 
Keown, E. R. Reflexive Banach algebras. Proc. Amer. 

Math. Soc. 6, 252-259 (1955). 

Structure theory is obtained for commutative semi-simple 
Banach algebras B which are reflexive in the sense that 
(a) the underlying Banach space is reflexive, (b) B’ is a 
commutative semi-simple Banach algebra, (c) the annihi- 
lator in B’ of an ideal in B is an ideal in B’; if two ideals of 
B have direct sum B, then equality of norms of correspond- 
ing summands implies equality of norms of sums, and (d) 
B is related to B’ in the same manner that B’ is related to B. 
Assuming separability such an algebra is essentially an L, 
space with coordinatewise multiplication. J. G. Wendel. 


Feldman, Jacob, and Kadison, Richard V. The closure of 
the regular operators in a ring of operators. Proc. Amer. 
Math. Soc. 5, 909-916 (1954). 

Let R be a ring of operators (a weakly closed, self-adjoint 
operator algebra with identity) on a Hilbert space H. Let 
G be the set of regular elements in R (those with two-sided 
inverse in R).. The authors characterize those operators in 
R which are in the uniform closure of G. The characteriza- 
tion is given a simpler form for a separable H. In that case, 
for example, an operator A on H is not a uniform limit of 
regular operators if and only if A is the product of a regular 
operator and a partially isometric operator between sub- 
spaces of unequal co-dimension. The results are applied to 
the case of factors. Examples are given to illustrate the 
greater difficulties which would arise in an analogous study 
for C*-algebras. B. Yood (Eugene, Ore.). 
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Nakamura, Masahiro, and Turumaru, Takasi. Expecta- 
tions in an operator algebra. TOhoku Math. J. (2) 6, 
182-188 (1954). 

Soient A une C*-algébre 4 élément unité. Les auteurs 
appellent expectation dans A une application linéaire posi- 
tive x—x* de A dans A telle que (x*y)*=x*y*= (xy*)*, 1*°=1. 
Ils étudient notamment les questions suivantes: 1) la sous-*- 
algébre des élements invariants; 2) la transposée de |’ex- 
pectation; 3) le cas ot A est une W*-algébre et od l’expecta- 
tion est normale. J. Dixmier (Paris). 


Umegaki, Hisaharu. Conditional expectation in an oper- 
ator algebra. T6hoku Math. J. (2) 6, 177-181 (1954). 
Soient A une W*-algébre, u une trace normale fidéle sur A 

telle que u(1)=1, A, une sous-W*-algébre de A. L’auteur 

prouve l’existence d’une application linéaire positive idem- 
potente x—>x«* de L'(A) sur L'(A;) (il s’agit des espaces L' au 
sens de la théorie non commutative de Il’intégration de 

Segal), avec diverses propriétés de continuité, telle que 

(x*y)*= (xy*)*=x*y* pour xeL'(A), yeA, et telle que 

(xy)*= (yx)* pour xe L'(A), ye Ai’NA. Certaines de ces 

propriétés suffisent a caractériser l’application x—x*. 

J. Dixmier (Paris). 


Bonsall, F. F. Sublinear functionals and ideals in partially 
ordered vector spaces. Proc. London Math. Soc. (3) 4, 
402-418 (1954). 

As the author observes, many of his results are quite close 
to previous work of others; however, even for these his 
proofs are new and in several cases are obtained under re- 
duced hypotheses. Two of the principal results may be 
combined as follows: Suppose V is a non-trivial partially 
ordered (real) vector space (p.o.v.s.), T is an endomorphism 
of V, and there is no proper ideal J in V for which T7CI. 
Then if either T is the identity map or V has an order unit, 
V must be isomorphic with the real number system R. The 
first of these characterizations of R was obtained, in some- 
what weaker form, by Kadison [Mem. Amer. Math. Soc. 
no. 7 (1951); MR 13, 360] and Fan [Ann. of Math. (2) 51, 
409-427 (1950); MR 11, 525 ]. The second leads to strength- 
ening of a theorem of M. Krein [C. R. (Dokl.) Acad. Sci. 
URSS (N.S.) 23, 749-752 (1939); MR 1, 337] on commuta- 
tive families of positive linear operators, and thence to a 
proof of the Gelfand-Mazur theorem for real commutative 
Banach algebras. Also discussed are bounded endomor- 
phisms of a p.o.v.s., and maximal and regular ideals in a 
p.o.v.s. without order unit. 

A sublinear functional p on the real vector space X is a 
real-valued subadditive positively homogeneous function 
on X. The author shows that if K, is the convex set of all 
linear functionals f on X for which fp, then for each x in 
X there is an extreme point g of K, for which g(x) = p(x). 
Because of the close relationship between sublinear func- 
tionals on X and regularly convex subsets of the dual X*, 
this is a generalization of the Krein-Milman theorem. Also 
discussed is a connection between sublinear functionals 
and p.o.v.s.’s with unit, leading to a proof of the Hahn- 
Banach theorem and other theorems on extension of linear 
functionals. V. L. Klee, Jr. (Los Angeles, Calif.). 


Bonsall, F. F. Endomorphisms of partially ordered vec- 
tor spaces. J. London Math. Soc. 30, 133-144 (1955). 
Bonsall, F. F. Endomorphisms of a partially ordered 
vector space without order unit. J. London Math. Soc. 

30, 144-153 (1955). 
In these two papers the author improves some results of 
Krein and Rutman [Uspehi Mat. Nauk (N.S.) 3, no. 1(23), 
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3-95 (1948) =Amer. Math. Soc. Translation no. 26 (1950); 
MR 10, 256; 12, 341 ] by using results from his earlier paper 
reviewed above. Let V be a partially ordered linear space 
with positive cone V*; an element e of V is called an order 
unit of V if for each x e V there is a real number yu such that 
pe=x; then set p,.(x) =inf of uw such that we2=x. Theorem 1 
of the first paper asserts that if A is an endomorphism of V 
(that is, a linear function carrying V* into itself), then there 
is a characteristic vector g of A* such that ¢ is non-negative 
on V* and the characteristic number p corresponding to ¢ is 
a generalization of spectral radius, p=lim, (p.(A*e))"*. 

In the second paper the order unit is given up and replaced 
by the requirement that V is also a normed space. V* is a 
normal cone if there exists a positive number 7 such that 
for x,ye V+ ||x+~y!/| > n//x\|; the spectral radius p of A is 
lim, ||A*||"". The first theorem asserts that if V**+ is normal 
in V*, then the spectral radius of A is a point of the spec- 
trum of A. The second theorem requires less of e than that 
it be an order unit, but by redefining p, appropriately one 
gets the same conclusion as Theorem 1 of the first paper. 

M. M. Day (Urbana, IIl.). 





Calculus of Variations 


*Strickler, Paul. Uber den Existenzbereich der Extremal- 
enfelder. Dissertation, Universitat Ziirich, 1953. Ver- 
lag P. G. Keller, Winterthur, 1954. 47 pp. 


For a non-parametric plane variational integral 


[ore y, y’)dx 


the author is concerned with the estimation of the extent 
of a field of extremals. The first portion of the paper is 
devoted to various existence theorems for systems of ordi- 
nary differential equations and implicit functions; in par- 
ticular, the existence theorem for differential equations is 
used in the proof of the implicit function theorem for an 
equation h(x, ---, X,, y) =0, together with an estimate of a 
region throughout which this equation defines a single- 
valued function y=y(x;, ---,x,). It is not clear to the 
reviewer why the author felt it necessary or desirable to 
include proofs of certain of the results in this portion, as 
each of the results is either classical or obtainable from such 
a result by simple means. For a considered one-parameter 
family of solutions y=y(x,v), g=q(x,v) of the canonical 
equations the reasoning presented for the proof of Theorem 
12 on the non-vanishing of the partial derivative y, (x, 2) is 
in error, due to a false conclusion on the validity of formula 
(85) involving y,(x,v) and a second solution of the Jacobi 
differential equation; a similar error occurs in the proof 
of Theorem 20. That the stated conclusions of Theorems 12 
and 20 are indeed false is illustrated by the problem of the 
simple harmonic oscillator with F(x, y, y’)=4[(y’)*—y*]. In 
view of this error the results of the author are limited to an 
estimate of the interval of existence of certain extremal 
families, and do not provide an appraisal of the size of the 
region that is simply covered by the family. Corresponding 
statements on the existence of an associated solution of 
the Hamilton-Jacobi partial differential equation are in need 
of modification. W. T. Reid (Evanston, Iil.). 
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! 
'#Héider, Ernst. Das Eigenwertkriterium der Variations- 
rechnung zweifacher Extremalintegrale. Bericht iiber 
die Mathematiker-Tagung in Berlin, Januar, 1953, pp. 
291-302. Deutscher Verlag der Wissenschaften, Berlin, 

1953. DM 27.80. 

The preliminary sections of this paper are devoted to 
remarks on the history of the use of boundary-value prob- 
lems in criteria for the non-negativeness of the second 
variation for various problems of the calculus of variations. 
For a variational problem involving the multiple integral 


f- R ft. x', pat)dt!+ + «di» 


the author presents the “Jacobi equation” as a system of 
equations in differential forms. In the case of a particular 
type of variational problem involving two independent 
variables a transformation of Carleman [Ark. Mat. Astr. 
Fys. 26B, no. 17 (1939); MR 1, 55] is employed, and with 
the aid of an appropriate Green’s tensor there is obtained 
a completely continuous self-adjoint differential form 
operator to which the Schmidt theory is applicable. The 
resulting expansion theorems provide the result that for the 
given variational problem the second variation is non- 
negative if and only if the smallest positive proper value up 
of an associated boundary-value problem satisfies 4 21, 
while u™ > 1 is a sufficient condition for the second variation 
to be positive definite and for the attainment of a weak 
relative minimum in the original variational problem. 
W. T. Reid (Evanston, IIl.). 


Fréchet, Maurice. Existence de la différentielle d’une 
intégrale du calcul des variations. C. R. Acad. Sci. 
Paris 240, 2036-2038 (1955). 

When the function space of functions y(x) is properly 
specified with ||y|| = max | y(x) | +max |’ (x)|, and when the 
integrand f(x,y,#) is continuously differentiable with 
respect to y and #, then the calculus of variations integral 
Sf (x, »(x), y’(x))dx is differentiable in the sense of Fréchet. 
The note includes a historical remark on the derivative 
of Volterra. L. M. Graves (Chicago, IIl.). 


Klein, Bertram. Direct use of extremal principles in solv- 
ing certain optimizing problems involving inequalities. 
J. Operations Res. Soc. Amer. 3, 168-175 (1955). 

The author solves a number of variational problems in- 
volving inequalities by using a device due to Valentine. 
This consists of replacing a variable x by a new variable «? 
and so automatically taking account of a constraint of the 





form x20. R. Bellman (Santa Monica, Calif.). 
Theory of Probability 
Los, J. On the axiomatic treatment of probability. Colloq. 


Math. 3, 125-137 (1955). 

In accordance with its title, this paper is devoted to the 
mathematical foundations of probability rather than to the 
problem of interpreting, or explicating, the probability con- 
cept. Its avowed purpose is to give an exposition of the 
present state of the subject, with special reference to the 
work of Polish mathematicians. The Kolmogoroff axiomati- 
zation is accepted as fundamentally correct. The main 
emphasis is on the advantages of replacing algebras and 
o-algebras of sets by abstract algebras and o-algebras. An 
interesting reference in this connection, not mentioned by 





the paper, is one by I. Segal [Amer. J. Math. 76, 721-732 
(1954); MR 16, 149]. The possibility of formulating prob- 
ability in terms of sentences is also discussed. 

L. J. Savage (Chicago, Ill.). 


Loeffel, Hans. Intégration d’un ensemble de fonctions 
caractéristiques par rapport 4 un paramétre. C. R. Acad. 
Sci. Paris 240, 1964-1966 (1955). 

The author uses the fact that the characteristic function 
of a convex combination of probability measures is the 
convex combination of the corresponding characteristic 
functions to prove various known results. Note: the condi- 
tion in line 26 on page 1965 is not correct and should be 
replaced by fo! t-*( F(t) — F(0+))dt<+o. 

H. P. McKean, Jr. (Princeton, N. J.). 


Watanabe, Yoshikatsu. Bimodal distributions. J. Ga- 
kugei. Tokushima Univ. Math. 5, 29-38 (1954). 
The author discusses three cases of a bimodal probability 
density function y= f(x) which has a relative minimum at 
x=0 and satisfies the differential equation 


(1/y)dy/dx = (ayx+-a9x*+a5x")/ (bo +-bix+-b2x"). 


He also treats the problem of estimating the parameters of 
a mixture of two distributions. He is aware of K. Pearson’s 
work on this problem but has not found the relevant paper 
[Philos. Trans. Roy. Soc. London. Ser. A. 185, 71-110 
(1894) ]. The same problem has also been studied by Burrau 
[Skand. Aktuarietidskr. 17, 1-6 (1934)] and Strémgren 
[ibid. 17, 7-54 (1934)], who give further references, and 
by C. R. Rao [J. Roy. Statist. Soc. Ser. B. 10, 159-203 
(1948); MR 11, 191]. D. M. Sandelius (Géteborg). 


Darmois,G. Sur diverses propriétés caractéristiques de la 
loi de probabilité de Laplace-Gauss. Bull. Inst. Internat. 
Statist. 23, part II, 79-82 (1951). 

The author considers two independent random variables 

x and y and shows that the random variables X =ax+by 

and Y=cx+dy are independent if, and only if, x and y are 

both normally distributed. This result was already obtained 

by B. V. Gnedenko [Izv. Akad. Nauk SSSR. Ser. Mat. 12, 

97-100 (1948); MR 9, 450]. Generalizations of this result 

were published independently and almost simultaneously 

by the author [Rev. Inst. Internat. Statist. 21, 2-8 (1953); 

MR 15, 808] and by V. P. Skitovich [Dokl. Akad. Nauk 

SSSR (N.S.) 89, 217-219 (1953); Izv. Akad. Nauk. SSSR. 

Ser. Mat. 18, 185-200 (1954); MR 14, 1098; 16, 52]. 

E. Lukacs (Washington, D. C.). 


Basu, D. On the independence of linear functions of 
independent chance variables. Bull. Inst. Internat. 
Statist. 23, part II, 83-96 (1951). 

The author proves the following theorems: (I) Let 


%1, ***,%», be independent random variables with finite 
second moments and assume that the random variables 
y¥i= > Farasyx; (¢=1,+++,m) are also stochastically inde- 


pendent; then the x;, ---, x, are normally distributed. Here 
the coefficients a;; are subject to certain restrictions intro- 
duced to avoid trivial exceptions. (II) Let x, ---,x, be 
independently and identically distributed random variables 
and assume that their moments of all orders exist. Let 9; 
and y2 be two linear forms in the x, ---,x, such that at 
least one of the x’s occurs in both forms. The independence 
of y; and yz implies then the normality of the x), ---, Xn. 


For generalizations of these results see the references given 
E. Lukacs. 


at the end of the preceding review. 
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Takacs, Lajos. On secondary processes generated by a 
Poisson process and their applications in physics. Acta 
Math. Acad. Sci. Hungar. 5, 203-236 (1954). (Russian 
summary) 

This is an English version of the author’s earlier paper 

[Magyar Tud. Akad. Mat. Fiz. Oszt. Kézl. 4, 473-504 

(1954); MR 16, 723]. £. Lukacs (Washington, D. C.). 


Walsh, John E. The Poisson distribution as a limit for 
dependent binomial events with unequal probabilities. 
J. Operations Res. Soc. Amer. 3, 198-209 (1955). 

The author considers a sequence of alternatives and 
assumes that the probabilities of success vary from trial 
to trial and that there exists an integer m such that the 
outcome of every trial depends on the result of at most m 
of the previous trials. Sufficient conditions are given which 
assure that the limiting distribution of the total number of 
successes is a Poisson distribution. The primary purpose of 
the paper is the justification of the use of the Poisson ap- 
proximation in certain situations encountered in operations 
research. An outline of the derivation of the conditions is 
given in the last section of the paper; the author’s result is 
a generalization of a theorem by B. O. Koopman [Proc. 
Amer. Math. Soc. 1, 813-823 (1950); MR 12, 424]. 

E. Lukacs (Washington, D. C.). 


Séigolev, B. On differential equations of the 1st order with 
a random term. Moskov. Gos. Univ. Trudy Gos. Astr. 
Inst. 24, 93-108 (1954). (Russian) 

The author considers differential equations of the stated 
type, and makes elementary computations of solution means 
and variances induced by the random term. 

J. L. Doob (Urbana, IIl.). 


Cox, D. R. A use of complex probabilities in the theory of 
stochastic processes. Proc. Cambridge Philos. Soc. 51, 
313-319 (1955). 

The exponential distribution is very important in the 
theory of stochastic processes with discrete states in con- 
tinuous time. A. K. Erlang suggested a method of extending 
to other distributions methods that apply in the first in- 
stance only to exponential distributions. His idea is general- 
ized to cover all distributions with rational Laplace trans- 
forms; this involves the formal use of complex transition 
probabilities. Properties of the method are considered. 
(Author’s summary.) J. Wolfowitz (Ithaca, N. Y.). 


Spitzer, Frank. On a class of random variables. 

Amer. Math. Soc. 6, 494-505 (1955). 

Let s=2, 3, --- and let H be the class of harmonic poly- 
nomials in ¢,, ---, ¢,, that is, polynomials u(t)=au(t;, ---, t,) 
such that Au=0. The random vector x= (x, ---, X,) is said 
to be regular if 


(1) E(||x||")<+ 
and if 
(2) E(u(x)) =u(E(x:), ---, E(x.)) (we H). 


This notion is never trivial; indeed, by the standard mean- 
value theorem for harmonic functions, a random vector x, 
satisfying (1), whose distribution is invariant under rota- 
tions about some point t, is regular. The components 
%1, °*+, x, of the regular random vector x are uncorrelated 
(but not necessarily independent) and var (x,;)=var (x;) 
(0 <1, jSs). 


Proc. 


(n>0) 
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Given a positive increasing function f, summable on (0, 1), 


(3) (= f i tsf(ede( f ail txf(e)de) 


is a characteristic function, and, choosing independent x, 
and x2 such that E(e**!) = ¢(t) = E(e**), the random vector 
x= (x1, X2) is regular. This shows that the class of regular 
random variables with independent components is well 
populated when s=2. When s> 2, the only such are Gaussian 
distributed. 

Take s=2 and suppose x= (x;, x2) has expectation 0 and 
satisfies (1). Then necessary and sufficient that x be regular 
is that 


(4) E((x:+ix:)")=0 (n22). 


Suppose, in addition, that x, and x2 are independent. Then 
(4) becomes 


(5) E(x:?"*") = E(x,?"*) 
{2n 
= > (- 1»( YEG EG) =0 (n>0). 
OSiSn 2j 

Suppose, finally, that x; and x2 are independent copies of the 
same random variable and set E(e**!) = (t) = E(e**). Then 
log ¢(t) has a MacLaurin expansion }°,>0d,f", and (5) 
becomes 


(6) a,=0 (mn odd or a multiple of 4). 


Two minor mistakes were noticed: the summation in line 

7 on page 498 should run from 0 to m (not to 2m), and the 

equation in line 29 on the same page seems to be incorrect. 
H. P. McKean, Jr. (Princeton, N. J.). 


Dokl. 
(Rus- 


Gelfand, I. M. Generalized random processes. 
Akad. Nauk SSSR (N.S.) 100, 853-856 (1955). 
sian) 

A generalized random process is a family of random 
variables {F(¢),¢eK}, where K is the class of infinitely 
differentiable functions ¢ on (— ©, ©) which vanish near 
+, and where F is a linear functional on K. (The au- 
thor has in mind a generalization of the special case 
F(¢) =S2. o(t)x(t)dt, where {x(t), — 0 <t<©@} is an ordi- 
nary process.) For each positive integer , it is supposed that 
the n-dimensional joint distribution of F(¢1), ---, F(@x) is 
a continuous function of the arguments, in terms of the 
usual K topology and of the weak topology of distributions 
on m-space. The derivative process is defined by replacing 
F(¢) by —F(¢’). The correlation function is defined by 
c(@) =ML| F(¢)|?]. It is a continuous quadratic positive 
definite functional, and any such functional is the correla- 
tion function of a generalized process whose random vari- 
ables are Gaussian. Stationary processes and their spectral 
functions are defined. Processes with stationary increments 
of nth order are then processes whose mth derived processes 
are stationary [see also Ito, Mem. Coll. Sci. Univ. Kyoto. 
Ser. A. Math. 28, 209-223 (1954); MR 16, 378]. The charac- 
teristic functional is defined, following Kolmogorov [C. R. 
Acad. Sci. Paris 200, 1717-1718 (1935) ] and characterized. 
Processes with point-by-point independent random vari- 
ables are defined as those for which F(¢:) and F(¢:2) are 
independent if ¢:¢2=0, and ways of generating such proc- 
esses are indicated. The general form of the correlation 
function of such a process is 


c(¢) = Qa (t)oodt, 
0 
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where Qu is continuous, and only finitely many Qa’s are 
not zero on any finite interval. Proofs for these and other 
results are omitted. J. L. Doob (Urbana, IIl.). 


Lévy, Paul. Le mouvement brownien 4 »=2p+1 para- 
métres. III. C. R. Acad. Sci. Paris 240, 1043-1044 
(1955). 

The author continues the work of his previous papers 
[same C. R. 239, 1181-1183, 1584-1585 (1954); MR 16, 
495 ]. He finds (see the listed reviews for the notation) that, 
when p= ©, M(t) is completely determined on (0, ~) if its 
values, and those of all its derivatives, are specified at a 
single point. Going back to the original random variable 
X(A), with p=, if X(A)=f(A) is specified on a closed 
surface S, and if, for all p, X(A)—f(A) =0(6*), where 4 is 
the distance from A to S, then X (A) is uniquely determined 
in the interior of S. J. L. Doob (Urbana, IIl.). 


Lévy, Paul. Sur une classe de fonctions aléatoires 
gaussiennes. C. R. Acad. Sci. Paris 240, 1308-1309 
(1955). 

Let {X(#), 0St< ©} be a Brownian motion process, and 
define @(¢) = fot F(t, u)dX(u). This integral is said to be 
a canonical representation if, when ¢<?’, the conditional 
expectation of #(¢’) for @(s) given on [0,¢] is the same 
as that of &(¢’) for X(s) given on [0,¢]. Suppose that 
F(t, u) =X fa(t)oe(u), where each f;, satisfies a homogene- 
ous linear differential equation of order +1, the same for 
all h. This order is to be minimal in a specified sense. Finally, 
suppose that 53 fi, (#)¢,(#) =0, if RS pP—1. Then #(¢) has 
p derivatives, which, together with @(¢), determine a 
(p+1)-dimensional Markov process. The @(¢) process is 
then in canonical form. This form is unique. Proofs are 
J. L. Doob (Urbana, IIl.). 


ave 
*Bartlett, M.S. An introduction to stochastic processes, 


with special reference to metheds and applications. 

Cambridge, at the University Press, 1955. xiv+312 pp. 

$6.50. 

This book gives an introduction to stochastic processes 
for statisticians and applied mathematicians. “It would 
... be a pity if applied mathematicians or statisticians 
were put off from using some of the mathematical and 
statistical techniques available because they did not feel 
able to absorb all the more pure mathematical theory.” 
(From the author’s preface.) Therefore proofs are some- 
times nonrigorous or omitted, and the precise conditions 
under which theorems hold are not always stated. 

Chapter 1, General introduction (14 pages), summarizes 
facts about distributions and characteristic functions and 
introduces the idea of a stochastic process, and of character- 
istic functionals. 

Chapter 2, Random sequences (29 pages), discusses 
processes with a discrete time parameter including random 
walks, renewal processes, Markov chains, and multiplicative 
or branching processes. The treatment of random walks 
touches briefly on integral-equation methods, but concen- 
trates on the use of Wald’s ‘fundamental identity,” which 
is good from the point of view of wide applicability. At this 
stage some mention of the fair-game idea, and perhaps 
martingales, would have been helpful. Matrix methods are 
used to treat Markov chains with a finite number of states, 
and multiplicative processes are treated via iteration of 
generating functions. 

Chapter 3, Processes in continuous time (44 pages), 
treats additive processes, differential equations for Markov 





chain probabilities, recurrence and first-passage times, 
multiplicative chains and allied topics, and general equa- 
tions (differential, integro-differential) for Markov proc- 
esses. Parts of this chapter suffer from highly condensed 
exposition, although the treatment of multiplicative chains 
is here and in other parts of the book quite full. A good fea- 
ture of the derivation of the functional equations for 
Markov processes is that the method employed manages to 
obtain the forward equations as easily as the backward 
equations. 

Chapter 4, Miscellaneous statistical applications (46 
pages), treats examples in insurance risk, queues, population 
growth, and various other applications. This is an interesting 
and readable chapter, although the treatment of the differ- 
ence between empirical and true distributions (Kolmogorov 
statistic) seems needlessly complicated. 

Chapter 5, Limiting stochastic operations (24 pages), 
treats various modes of stochastic convergence, differentia- 
tion and integration of random functions, and stochastic 
functional equations. The mathematics in this part is 
quite formal, but intuition will probably be an adequate 
guide in most places. 

Chapter 6, Stationary processes (39 pages), gives an 
introduction to the spectral representation of second-order 
stationary processes, and considers other representations 
such as moving averages. An interesting feature is the inclu- 
sion of Smoluchowski’s treatment of recurrence for strictly 
stationary processes. 

Chapter 7, Prediction and communication theory (23 
pages), discusses the Wiener prediction theory and com- 
munication (information) theory. The treatment of predic- 
tion is, the reviewer feels, too condensed, and contains 
what appears to be an error. At least it is not made clear 
that even when a stationary process X (¢) can be represented 
as X(t)=f£. g(t—u)dY(u), where Y is a random function 
with stationary orthogonal increments, it is not always 
possible to determine Y(¢) in terms of X(s), sS#, and hence 
the prediction error for X, in terms of its own past, may be 
larger than indicated by formula (2), p. 198. (The upper 
limit of the integral on the bottom line is misprinted: 
1 should be r.) 

Chapter 8, The statistical analysis of stochastic processes 
(31 pages), uses principally maximum-likelihood methods 
for statistical inference in connection with Markov and 
related chains. The theory is not yet in very definitive shape, 
but the chapter is a welcome contribution to a field about 
which almost nothing has appeared in book form. 

Chapter 9, Correlation analysis of stationary time series 
(42 pages), treats sampling theory of sample correlation 
coefficients, sampling theory for autoregressive schemes, and 
periodogram analysis. Some of the more recent work on 
estimation of spectra and spectral densities is included; this 
is rather a new subject and here again it is hardly possible 
to give a definitive treatment at the moment. 

This book covers a great amount of territory in a moder- 
ate number of pages. The resulting condensation detracts 
from the readability in places, and there are places where 
lack of precision in stating results makes the author's 
meaning hard to follow. Nevertheless, the reviewer feels 
that this is a valuable book containing a very worthwhile 
compilation of material. It should be helpful to persons 
interested primarily in applications, and interesting to 
mathematicians who want to know the kinds of applications 
that have been made of the theory of stochastic processes 
in recent years: T. E. Harris (Santa Monica, Calif.). 
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Shipman, J. S. On Middleton’s paper “Some general 
results in the theory of noise through non-linear devices”’. 
Quart. Appl. Math. 13, 200-201 (1955). 

See same Quart. 5, 445-498 (1948); MR 9, 362. 


Mathematical Statistics 


Bauer, Rainald K. Die Lexissche Dispersionstheorie in 
ihren Beziehungen zur modernen statistischen Methoden- 
lehre insbesondere zur Streuungsanalyse (analysis of 
variance). Mitteilungsbl. Math. Statist. 7, 25-45 (1955). 


Lorenz, Paul. Drei mathematisch-statistische Arbeiten. 
Wiss. Z. Humboldt-Univ. Berlin. Math.-Nat. Reihe 3, 
349-359 (1954). 

The three papers which seem to indicate a considerable 
unawareness of the present day status of mathematical 
statistics are entitled: On so-called expected values. What 
does Student’s t-test mean? Inference from a part to a whole 
on the basis of a sample. G. E. Noether. 


Krysicki, W. On the combined problem of Bayes and 
Bernoulli. Zastos. Mat. 2, 172-178 (1955). (Polish. 
Russian and English summaries) 


Bose, P. K. Remarks on computing the incomplete prob- 
ability integral in multivariate distribution functions. 
Bull. Inst. Internat. Statist. 23, part II, 55-64 (1951). 
This is a general description of a reduction process for 

incomplete probability integrals which has been effective 

in various cases: (1) classical D*-statistic [P. K. Bose, 

Sankhya 8, 235-248 (1947); MR 9, 620]; (2) studentised 

D*-statistic [P. K. Bose, Calcutta Statist. Assoc. Bull. 2, 

131-137 (1949); MR 11, 527]; (3) p-statistics [S. N. Roy, 

Sankhyd 7, 133-158 (1945); MR 7, 317]. John Todd. 


Prasad, Ayodhya. Bi-modal distributions derived from the 
normal distribution. Sankhya 14, 369-374 (1955). 


Laha, R. G. On a characterisation of the multivariate 

normal distribution. Sankhyad 14, 367-368 (1955). 

The author considers a p-variate population with a (popu- 
lation) dispersion matrix = = ((¢as)) (a, 8=1, 2, «++, p) and 
a sample of m independent observations. He proves the fol- 
lowing theorem: If the conditional expectation of any un- 
biased quadratic estimate of 2, given the fixed sample 
means, is equal to the unconditional expectation of 2 then 
the population distribution is a p-variate normal distribu- 
tion. The proof for the converse statement is not given in 
the paper. It follows however easily from a lemma of the 
reviewer [C. R. Acad. Sci. Paris 239, 1114-1116 (1954); 
MR 16, 377]. The author’s theorem is a multivariate 
analogue of his earlier result for the univariate case [Bio- 
metrika 40, 228-229 (1953); MR 15,725]. £. Lukacs. 


Anis, A.A. The variance of the maximum of partial sums 
of a finite number of independent normal variates. 
Biometrika 42, 96-101 (1955). 

Let S,,r=1, 2, ---,m, be the partial sums of n independent 
standard normal variates. Let U,=max, {S,}. Anis and 
Lloyd found the expected value of U, to be (2x) 747" r 
[Biometrika 40, 35-42 (1953); MR 14, 1102]. In this paper 
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the author finds the second moment of U, to be 


n—2 ¢ 


Hoth) +— E Els(—s+1)}4. 


r=—1 em] 


J. L. Snell (Hanover, N. H.). 


David, F. N. The transformation of discrete variables. 

Ann. Human Genetics 19, 174-182 (1955). 

The author discusses the application of the probability 
integral transformation to frequency functions of discon- 
tinuous variables in order that tests of significance based on 
assumptions of continuity of the variable may be applied. 
The idea of obtaining exact confidence intervals for the 
unknown parameter in the case of discrete distributions by 
adding a continuous random variable distributed rectangu- 
larly [0, 1] to each discrete observation is carried out for the 
Poisson, binomial and negative binomial cases. Estimation 
and the testing of certain hypotheses is also investigated 
for these cases. R. P. Peterson (San Francisco, Calif.). 


Blom, Gunnar. Transformations of the binomial, negative 
binomial, Poisson and x’ distributions. Biometrika 41, 
302-316 (1954). 

Transformations of the binomial, Poisson, x? and negative 
binomial distributions are derived as solutions to certain 
differential equations which have the property that the term 
of order n—/? (‘skewness correction’) of the Cornish-Fisher 
expansion of the transformed variable [Rev. Inst. Internat. 
Statist. 5, 307-320 (1937) ] is minimized. These turn out to 
be the inverse sine, square root, cube root and logarithmic 
transformations, respectively. These are shown to afford a 
solution to the problem of (a) determination of the area of 
a tail of the distribution in each of the aforementioned cases 
and (b) determination of confidence limits for the unknown 
parameter in each case except that of the x? distribution. 

R. P. Peterson (San Francisco, Calif.). 


Ahmavaara, Yrj6. The mathematical theory of factorial 
invariance under selection. Psychometrika 19, 27-38 
(1954). 

The author proves that the selection formulas given by 
A. C. Aitken [Proc. Edinburgh Math. Soc. (2) 4, 106-110 
(1935) ] are equivalent to a linear transformation in the 
space spanned by the “selection test vectors” [cf. L. L. 
Thurstone, Multiple-factor analysis, Univ. of Chicago 
Press, 1947; MR 9, 47] and applies this result to derive 
theorems on invariance under selection of the number of 
factors, the matrix of factor loadings, and simple structure. 

D. M. Sandelius (Goteborg). 


Das, A. C. On two-phase sampling and sampling with 
varying probabilities. Bull. Inst. Internat. Statist. 23, 
part II, 105-112 (1951). 

The author discusses the estimation of a population total, 
and its variance, for a finite universe when the estimation 
is based on 1) a particular type of two-phase sampling, 
2) sampling with varying probabilities. M. Muller. 


Broadbent, S. R. Quantum hypotheses. 

45-57 (1955). 

The term ‘‘quantum hypothesis” is applied to every sys- 
tem of assumptions implying that the probability density 
of an observable random variable is a weighted average of 
several unimodal densities with equidistant modes. The 
problems treated include the following. (i) For r=1, 2, ---,5, 


Biometrika 42, 
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denote by g,(x) a normal density function with known ex- 
pectation a+r and unknown variance o’. It is assumed 
that the observable variable X has a density }°,g,(x) with 
unknown weights p,20, }-p,=1. The problem consists in 
estimating o”. For any real number x let r(x) be an integer 
defined by the condition |x—a—r(x)|=inf, |x—a—£r|. 
Then the author defines Z=X—a—r(X). The adopted 
estimate of o?, based on m independent observations on Z, 
is a specified function of s*?= >> Z?/n. (ii) The same statistic 
sis also used as a criterion to test the hypothesis that the 
density of the observable random variable X is represented 
by a weighted mean >> p,h(x—a—fr) with known a and 8 
and with unspecified basic density h(x). The approach to 
this latter problem is unconventional. J. Neyman. 


Rajski, C. On the verification of hypotheses concerning 
two populations consisting of items marked by attributes. 
Zastos. Mat. 2, 179-189 (1955). (Polish. Russian and 
English summaries) 


van Dantzig, D., and Hemelrijk, J. Statistical methods 
based on few assumptions. Bull. Inst. Internat. Statist. 
24, 2éme livraison, 239-267 (1954). 
Unified discussion of nonparametric methods with main 
emphasis on methods based on Kendall’s rank correlation 
statistic or variations thereof. G. E. Noether. 


Tsao, Chia Kuei. Rank sum tests of fit. Ann. Math. 

Statist. 26, 94-104 (1955). 

This paper presents a new test of goodness of fit which 
depends on a linear function of the observed frequencies in 
the cells. Suppose that (i) fo(x) and f(x) are two continuous 
pdf's over a space R and (ii) for every real number c the 
probability of the set {x; fi(x)/fo(x)=c} is zero when the 
distribution is fo(x). In order to form the individual cells 
for the test, R is divided into k disjoint sets S; such that 


Sj= (x; Cy-1>filx)/fo(x) 265}, 


where © =¢y>c¢,>--->c,=0 and the c; are determined so 
that the probability of an observation falling into S; is 1/k 
when the null hypothesis f(x) holds. 

When the two cdf’s are both completely specified, the 
author derives the best test criterion by means of the 
Neyman-Pearson lemma. When the null hypothesis is com- 
pletely specified but the alternative is not, he points out 
that the admissible alternatives may still give rise to the 
same sets S;. For this case he proposes the rank sum test 
criterion s= 5.1 jm;, where m; is the observed frequency in 
cell j. The exact frequency distribution of s is obtained and 
it is shown to be consistent as a test. Its asymptotic effi- 
ciency is shown to be high in the particular case where the 
f’s are both normal with different means. A special family 
of alternatives is discovered against which the test is uni- 
formly most powerful for any sample size. 

W. G. Cochran (Baltimore, Md.). 


Hodges, J. L., Jr. Galton’s rank-order test. Biometrika 

42, 261-262 (1955). 

It is shown that one can find significance levels for a two- 
sample rank-order test used heuristically by Galton to test 
whether one distribution is stochastically larger than an- 
other distribution. This is done by showing that the required 
distribution under the null hypothesis occurs in recent work 
on fluctuations in coin-tossing by K. L. Chung and W. 
Feller [Proc. Nat. Acad. Sci. U. S. A. 35, 605-608 (1949); 








MR 11, 444]. An enumerative proof is given for the result 
proved by Chung and Feller by means of double generating 
functions. B. Epstein (Stanford, Calif.). 


Schmetterer, L. Sur l’approximation stochastique. Bull. 
Inst. Internat. Statist. 24, 2éme livraison, 203—206 (1954). 
The author studies the iterative scheme for locating the 

point 6 at which a monotonic regression function takes on 

a specified value, due to (A) Robbins and Monro [Ann. 

Math. Statist. 22,400-407 (1951); MR 13, 144]. Undercertain 

assumptions which are satisfied if, among other things, the 

regression function lies within an angle, the author proves 
that, when a, (notation of (A))=7/n, where y>1/2K, and 

K;, is the smaller of the slopes of the two lines which form 

the angle, the second moment about 4 of the mth approxi- 

mation to 6 is O(1/n). This result, under somewhat different 

conditions, was proved by Chung [ibid. 25, 463-483 (1954); 

MR 16, 272]. J. Wolfowitz (Ithaca, N. Y.). 


Dugué, D. Eléments limites stochastiques. Bull. Inst. 

Internat. Statist. 24, 2éme livraison, 60-71 (1954). 

The author discusses different forms of stochastic con- 
vergence, including complete convergence. Applications are 
given to the distribution of the extrema of a sample, to the 
Glivenko-Cantelli theorem, and to the maximum-likelihood 
estimator. A typical result is that under certain conditions 
the maximum-likelihood estimator converges completely 
towards the parameter being estimated. J. Wolfowitz. 


Kiveliovitch, M., et Vialar, J. Etude statistique des séries 
chronologiques. J. Sci. Météorol. 5, 21-46, 75-87, 89- 
101, 129-143 (1953); 6, 1-16 (1954). (English and 
Spanish summaries) 

Given a parent population and a sequence of N inde- 
pendent drawings from it. The authors work out asymptotic 
means, variances, and confidence limits for the number of 
maxima and minima and the number of runs up and dowa 
of lengths 1, 2, and 23. In addition they give results on 
pairs of consecutive runs and on the probability that two 
consecutive maxima (or minima) will be separated by n 
observations. In the study of applications, chiefly to meteor- 
ology, the recommended procedure is to examine first the 
number of maxima and minima—this being a quick test— 
and then the relative numbers of runs of lengths 1, 2, and 
>3. The authors work out results for four types of parent 
population : continuous generally, normal, discrete generally, 
and discrete equi-probable. On applying these tests to a 
number of meteorological series the authors find feeble 
year-to-year effects, moderate month-to-month, and strong 
day-to-day. They plot a number of loci of equal values of 
their statistics for Europe. The departures of the tempera- 
ture from random behavior are stronger in the continental 
than in the maritime areas. The authors suggest that in the 
application of the method of analogies in meteorology, their 
four statistics would provide an index by which to judge of 
the similarity of two situations. It would seem that simi- 
larities in other respects too would be quite pertinent; also, 
if the indices are computed for observations at intervals of 
6 hours, as proposed, the diurnal variation would tend to 
cover up the effects being sought. In the application to daily 
observations of the wind, the authors find it to be more 
organized in its strength than in its direction. The authors 
note that smoothing a time series tends to increase its 
organization in the sense of their statistics, while differencing 
tends to decrease the organization. In the application to 
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annual temperatures in western Europe from 1205 to 1916, 
the early unreliable data show a type of organization oppo- 
site to the usual, i.e. they show too few runs of length 23. 
This is a type of departure that could arise through im- 
perfections in record-keeping. Beveridge’s annual wheat- 
price index is found to be strongly organized in the usual 
sense. Generally, the inefficiencies involved in the use of 
order statistics and asymptotic distributions are quite toler- 
able in fields affording such a wealth of data as meteorology. 
Less satisfactory is the extent to which the interval more or 
less arbitrarily chosen to record or summarize the data (the 
year, month, or day in the above examples) enters the 
analysis and disturbs the results—what it is in large degree 
precluded from doing in some other methods, such as the 
Fourier. A. Blake (Baltimore, Md.). 


Kivéliovitch, M., et Vialar, J. Quelques nouveaux tests 
pour l’étude des séries chronologiques. J. Sci. Météorol. 
6, 73-83 (1954). (English and Spanish summaries) 
Extending the results of the previous paper, the authors 
work out the asymptotic distribution of the number of 
occurrences of a sequence of three consecutive runs of 
lengths 7, j, and k for a continuous parent population, and 
the same for two consecutive runs of lengths i and j for a 
discrete parent population. A. Blake. 


Patterson, H. D. The errors of lattice sampling. J. Roy. 

Statist. Soc. Ser. B. 16, 140-149 (1954). 

If a population consists of p*? units, arranged in a pXp 
square array by means of two axes of classification, a lattice 
sample is one in which each main class of each classification 
is represented by the same number of units. If this number 
is one, for instance, the sample will consist of p units, 
which could be defined by any one of the letters in a pXp 
latin square. Four methods of selecting a lattice sample of 
size sp (s21) are proposed. Expressions are given for the 
true variances of the unbiased estimates of the population 
mean that can be made from these samples, and methods 
for obtaining sample estimates of these variances are out- 
lined. With a population of p* units arranged in a pXpXp 
array, cubic lattice samples of size sp and sp? can be drawn. 
Exact and sample estimates of variance are given, with 
discussion of some of the pros and cons of the different types 
of sample. The extensions to a p" array and to a rectangular 
array are considered briefly. W. G. Cochran. 


Bross, Irwin. Misclassification in 2 <2 tables. 

10, 478-486 (1954). 

The individuals in a population fall into two classes, e.g. 
“problems” and “‘non-problems’’. The true proportion of 
“problems’’ in the population is ». Owing to errors of classi- 
fication, there is a probability @ that a “problem” is mis- 
classified and a probability g that a “non-problem”’ is 
misclassified. If p is estimated from a random sample, the 
bias in the estimate owing to misclassification is gg—pé. 
The effect of misclassification on the variance of the estmate 
and on the mean square error is discussed. 

In a test of significance of the difference between the 
estimates of » in two populations that are subject to the 
same rates of misclassification, the test remains valid (i.e. 
the proportion of errors of the first kind remains at the 
assigned significance level) but the power of the test is 
reduced. A table exhibits the reduction in power (in terms of 
equivalent sample sizes needed to obtain the same power) 
for a range of values of @ and ¢. W. G. Cochran. 


Biometrics 
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Abelson, Robert M., and Bradley, Ralph Allan. A 2x2 
factorial with paired comparisons. Bicmetrics 10, 487- 
502 (1954). 

In the method of paired comparisons, any pair of treat- 
ments i, j is compared m times. In any comparison, treat- 
ment i is given a rank 1 if it is judged superior and a rank 2 
if it is judged inferior. In previous papers by the second 
author, data of this kind were analysed by a mathematical 
model in which 2;/(x;+2;) is the probability that treatment 
4 will be judged superior to 7, where 2; has the same value 
in all comparisons involving treatment 7. 

For the analysis of factorial data, this model is extended 
by assuming that any level of any factor has a fixed true 
rating, and that the w value for any specific treatment 
combination is the product of the ratings for the factor levels 
represented in the combination. The likelihood function \ 
for this model is given, but maximum likelihood estimates 
of the ratings appear difficult. 

A detailed solution is given for the 2X2 factorial, with 
factors A and B. Tests of significance follow from the general 
result that —2 In \ is approximately distributed as x?, and 
are presented for the following situations: (I) an overall 
test for treatment effects assuming no interaction; (II) an 
overall test admitting interaction; (III) a test of the inter- 
action; (IV) tests on one factor assuming non-existence of 
the other; (V) tests on one factor admitting possible 
existence of the other. In an illustrative example it is shown 
that the series of x? tests can be displayed in a table similar 
to an analysis of variance. W. G. Cochran. 


Das, M. N. Analysis of covariance in two-way classifica- 
tion with disproportionate cell frequencies. J. Indian 
Soc. Agric. Statist. 5, 161-178 (1953). 

In Wilks’ general solution to the analysis of covariance 
problem with & factors at levels pi, ---, px, s fixed (con- 
comitant) variates, and disproportionate cell frequencies 
the sums of squares are expressed in terms of determinants 
of orders up to S421 pi: +k+s+2 [Mathematical statistics, 
Princeton, 1944, pp. 192-199; MR 5, 41]. In this paper the 
formal solution for k=2, s=1 or 2, is simplified. Thus the 
adjustment factor is obtained from a set of equations with 
p-—1 unknownss_A numerical illustration is given for 
pi=3, pnt, ~~ D. M,. Sandelius (Goteborg). 

whe Pp = mer p. Pr . 

Binder, Arnold. The choice of an error term in analysis 
of variance designs. Psychometrika 20, 29-50 (1955). 
The aim of the paper is to show the possible assumptions 

which may be made in regard to analysis-of-variance data, 
some of the hypotheses which may be tested, and how these 
and other factors influence the choice of the error term. The 
discussion is non-mathematical, directed at the worker in 
psychological statistics. For simplicity, the arguments are 
restricted to a two-factor (double classification) arrange- 
ment with m replications per cell. 

The first model considered is the linear hypothesis model, 
in which all effects are fixed. It is pointed out that the 
likelihood ratio test of the hypothesis that there are no row 
(or column) effects depends on the a priori assumption about 
interaction effects. If interaction effects are included in the 
model, the test is the ratio of the mean square for rows to 
the within-cells mean square. If interaction effects are not 
included in the model, the test is the ratio of the mean 
square for rows to the combined interaction plus within- 
cells mean square. If there is uncertainty about the presence 
of interaction effects, one may carry out a preliminary test, 
the ratio of the interaction mean square to the within-cells 
mean square. Depending on the outcome of the preliminary 
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test, one then carries out one of the tests described above. 
It is advised that a preliminary test be used only when there 
are strong a priori reasons for believing that the interaction 
effect is zero (or very close to zero). Based on the work of 
R. E. Bechhofer [unpublished doctor’s dissertation, Colum- 
bia Univ., 1951] a procedure is described for choosing the 
critical value for the preliminary F test in terms of the 
significance level of the final F test. 

The next model considered is the components-of-variance 
model, in which all effects are random. If interaction effects 
are included in the model, then the appropriate test is the 
ratio of the mean square for rows to the interaction mean 
square. If not included, then the test is the ratio of the mean 
square for rows to the combined interaction plus within-cells 
mean square. Again, if there is doubt about the presence 
of interaction, one may use a preliminary test. The sug- 
gested procedure is based on the work of A. E. Paull [Ann. 
Math. Statist. 21, 539-556 (1950); MR 12, 429]. 

Finally, the paper briefly discusses the mixed model, in 
which some effects are random and others are fixed. 

W. S. Connor (New Brunswick, N. J.). 


Wilk, M. B. The randomization analysis of a generalized 
randomized block design. Biometrika 42, 70-79 (1955). 
In this design each treatment is applied to p units in 

each block. Additivity is not assumed to hold. Kemp- 

thorne studied the case when p= 1 [The design and analysis 

of experiments, Wiley, New York, 1952; MR 13, 572]. 

(The last term of the 2nd row of Table 2 should read 

rp(t—1) 7d: t?.) D. M. Sandelius (Goteborg). 





Theory of Games, Mathematical Economics 


Zieba, A. Elementary theory of pursuit. Zastos. Mat. 1, 
273-298 (1954). (Polish. Russian and English sum- 
maries) 

In this pursuit game, there are two pursuers and one 
evader, all three being mobile points in the plane. Their 
speeds are bounded by three constants, the motion being 
otherwise unconstrained. The evader’s top speed is assumed 
not to be less than that of either pursuer. Capture means 
the coincidence of either pursuer with the evader. The 
payoff is time until capture. 

The set of points which a definite one of the pursuers can- 
not reach before the evader is a disk bounded by an Apol- 
lonius circle. The optimal strategy of the evader dictates 
that he aim at the point of the intersection of the two disks 
which is farthest from his current position. Should the two 
circles intersect at this point, both pursuers should likewise 
head there; if not, only the pursuer whose germane circle 
contains the point need act so, his partner being now 
ineffective. 

If the three points are initially collinear no optional 
strategy exists, a phenomenon which is commonplace in 
games of this genre when capture demands pointwise 
coincidence. R. Isaacs (Santa Monica, Calif.). 


Cherubino, Salvatore. Sui modelli lineari di equilibrio 
economico. Bull. Inst. Internat. Statist. 24, 2éme livrai- 
son, 227-238 (1954). 

The total production of each sector of the »+1 considered 
in Leontief’s closed model derives from a great number of 
single producers or firms which can be arbitrarily grouped 
in as many groups as sectors. If g=(g,.) is the matrix of 
groups’ productions, and X,= >, is the whole production 
of sector r, the matrix x=(x,,) of inputs-outputs shall 
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satisfy (reviewer's note: by hypothesis) both relations 
Xre=AyX, and x=bg. These two kinds of relations are 
equivalent only if the matrix 6 is nonsingular. If } is singular 
the labor theory of value, satisfied in the first case, fails or 
is imperfectly satisfied. (Author’s summary.) 

The matrix b is supposed to be constant, which makes the 
basic assumption quite restrictive and economically un- 
motivated. Another feature is the introduction of a matrix 
of prices, on the assumption that a sector may charge differ- 
ent prices in its sales to different sectors. R. Solow. 


¥Guilbaud, G. Sur une difficulté de la théorie du risque. 

Econométrie, pp. 19-25; discussion, pp. 25-28. Col- 

loques Internationaux du Centre National de la Recherche 

Scientifique, no. 40, Paris, 1952. Centre de la Recherche 

Scientifique, Paris, 1953. 2200 francs. 

Let A, B, C be three non-randomised decisions. A point 
P with barycentric co-ordinates p, g, r represents a ran- 
domised decision, to select A, B, C with probabilities 9, gq, r. 
The classical (Bernouillian) theory of rational behaviour 
implies that a subject chooses consistently between a pair 
P, Q of randomised decisions (when he is given such a 
choice), unless P and Q are on an “indifference line’, and 
that these indifference lines are straight and parallel. It is 
suggested that it is closer to reality to say that a subject has 
some probability of preferring P to Q, though the probability 
may often be 0 or 1. [This suggestion is similar to one made 
by the reviewer in a Symposium on Ranking Methods, J. 
Roy. Statist. Soc. Ser. B. 12, 188 (1950).] The discussion 
(Marschak, Rouquet la Garrigue, Ullmo, de Finetti) 
centres mainly round the possibility and difficulties of de- 
fining “integral curves’’ analogous to the indifference 
lines of the classical theory, by somehow weighting the 
barycentric co-ordinates with the new probabilities and 
integrating. I. J. Good (Cheltenham). 


*Savage, L. S. Une axiomatisation de comportement 
raisonnable face a l’incertitude. Econométrie, pp. 29— 
33; discussion, pp. 34-40. Colloques Internationaux du 
Centre National de la Recherche Scientifique, no. 40, 
Paris, 1952. Centre de la Recherche Scientifique, Paris, 
1953. 2200 francs. 

A brief exposition of some principles of behaviour which 
the author thinks no one would deliberately transgress: in 
short, principles of rational behaviour including subjec- 
tivistic theories of probability and utility. These principles 
are the basis of the author’s book [The foundations of 
statistics, Wiley, New York, 1954; MR 16, 147]. Since the 
symposium concerned econometrics, the discussion (by 
Arrow, Fréchet, Allais, Marschak, Eyraud, Guilbaud) em- 
phasised that people are not completely rational. Marschak 
said that F. P. Ramsey's exposition, which also introduces 
probabilities and utilities simultaneously, was easier to 
present to economists. The author’s theory is more rigorous 
than Ramsey’s [The foundations of mathematics, Paul, 
Trench, Trubner, London, 1931; Ch. 7,8]. J. J. Good. 


*Arrow, Kenneth J. Le role des valeurs boursiéres pour 
la répartition la meilleure des risques. Econométrie, 
pp. 41-47; discussion, pp. 47-48. Colloques Interna- 
tionaux du Centre National de la Recherche Scientifique, 
no. 40, Paris, 1952. Centre de la Recherche Scientifique, 
Paris, 1953. 2200 francs. 

A generalisation of the theory of optimal allocation of 
resources to the case when the future is uncertain. Only a 
pure exchange economy is considered, but it is claimed that 
production could be included without difficulty. 

An optimal distribution of goods or risks is one which 





cannot be simultaneously improved for all individuals. The 
risks are assumed to depend on subjective but precise esti- 
mates of the probabilities and utilities. It is proved, on 
certain assumptions, that an optimal distribution of risks 
will be attained by means of contracts (in goods or money) 
entered into under conditions of perfect competition. (Pre- 
sumably ‘perfect competition’ does not imply perfect avail- 
ability of information to all individuals.) It is argued that 
it is only if the individuals dislike risks that the competitive 
distribution of risks is stable. This is questioned in the dis- 
cussion by Allais, who also questions the necessity of an 
assumption of convexity of the indifference surfaces towards 
the origin. I. J. Good (Cheltenham). 


¥Friedmann, Milton. La théorie de l’incertitude et la 
distribution des revenus suivant leur grandeur. Econo- 
métrie, pp. 65-78; discussion, p. 79. Colloques Inter- 
nationaux du Centre National de la Recherche Scien- 
tifique, no. 40, Paris, 1952. Centre de la Recherche 

Scientifique, Paris, 1953. 2200 francs. 

It is argued that a large part of the inequality of incomes 
can be explained in terms of people’s utility curves, as func- 
tions of physical income, even on the assumption that all 
the people are rational and have identical probability and 
utility judgments, without allowing for differences of natural 
endowment or inherited wealth. First a Robinson Crusoe 
economy is considered ; second, a set of independent Robin- 
son Crusoes, all having the same probability distribution of 
future propsects; third, entrepreneurs are introduced, who 
organise insurance and lotteries, but with no cost of re- 
distribution of money; fourth, allowance is made for the 
cost of redistribution, as when a man whose house is insured 
against fire takes less trouble to prevent fire. Even in the 
second model inequalities of income occur. For the third 
model the effect is considered of different convexity prop- 
erties of the utility curve. Complications arising out of the 
theory of games are ignored. JI. J. Good (Cheltenham). 


*Allais, M. Généralisation des théories de |’équilibre 
économique général et du rendement social au cas du 
risque. Econométrie, pp. 81-109; discussion, pp. 110—- 
120. Colloques Internationaux du Centre National de la 
Recherche Scientifique, no. 40, Paris, 1952. Centre de 
la Recherche Scientifique, Paris, 1953. 2200 francs. 

An earlier version of the author’s paper in Econometrica 
21, 269-290 (1953) [MR 15, 49]. The discussants (Mar- 
schak, Arrow, Friedman, J. Weyl, Jaffé) attempted to argue 
with the author, but he was entirely in agreement with 
them all. I. J. Good (Cheltenham). 


*Wold, Herman. Etude en économétrie du risque et des 
situations ou le hasard joue un réle. Econométrie, pp. 
121-122; discussion, 123-126. Colloques Internationaux 
du Centre National de la Recherche Scientifique, no. 40, 
Paris, 1952. Centre de la Recherche Scientifique, Paris, 
1953. 2200 francs. 

A few succinct expository notes on the subject of the title. 
Some of the notes are elaborated in a previous paper of the 
author [Econometrica 17 (Supplement), 1-22 (1949); MR 
13, 481 }. Discussion by Shackle, Samuelson and Marschak, 
mainly concerning Shackle’s theory of potential surprise. 
[See G. L. S. Shackle, Expectation in economics, Cambridge 
University Press, 1949. Also Uncertainty and business 
decisions, edited by C. F. Carter, G. P. Meredith and G. L. 
S. Shackle, Liverpool University Press, 1954. ] 

I. J. Good (Cheltenham). 
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*Allais, M. Fondements d’une théorie positive des choix 
comportant un risque. Econométrie, pp. 127-140. Col- 
loques Internationaux du Centre National de la Recherche 
Scientifique, no. 40, Paris, 1952. Centre de la Recherche 
Scientifique, Paris, 1953. 2200 francs. 

Essentially included in’a more extensive paper by the 
same author [Econometrica 21, 503-546 (1953); MR 15, 
455]. The discussion of the present paper was combined 
with that of Samuelson’s [see the following review ]. 


I. J. Good (Cheltenham). 


*Samuelson, Paul A. Utilité, préférence et probabilité, 
Econométrie, pp. 141-150; discussion, pp. 150-164 
Colloques Internationaux du Centre National de la 
Recherche Scientifique, no. 40, Paris, 1952. Centre de 
la Recherche Scientifique, Paris, 1953. 2200 francs. 
Mathematically similar to another paper by the same 

author [Econometrica 20, 670-678 (1952); MR 14, 393}. 

The principle of maximising expected utility appeared 

rational to the author, at the time of writing, only if it made 

allowance for the quite natural liking that men have for 
gambling, and the principle might then be complicated 
to apply. 

The discussion (by Massé, Allais, Guilbaud, Morlat, de 
Finetti, Wold, Malinvaud) was concerned also with the 
paper by Allais (see the preceding review). As a specimen 
of the discussion we mention that Morlat produced an 
example where the principle of maximising expected utility 
does not appear to be rational at first. The example has, 
however, been adequately dealt with by Savage [The 
foundations of statistics, Wiley, New York, 1954, pp. 101- 
103; MR 16, 147]. I. J. Good (Cheltenham). 


*Massé, P., et Morlat,G. Sur le classement économique 
des perspectives aléatoires. Econométrie, pp. 165-193; 
discussion, pp. 194-199. Colloques Internationaux du 
Centre National de la Recherche Scientifique, no. 40, 
Paris, 1952. Centre de la Recherche Scientifique, Paris, 
1953. 2200 francs. 

A method of analysing, with an example from the field 
of insurance, of the axiomatic basis of utility theory, starting 
from the formulation of von Neumann and Morgenstern 
[Theory of games and economic behaviour, 2nd ed., Prince- 
ton, 1947; MR 9, 50], and with special reference to the work 
of J. Dubourdieu [Théorie mathématique des assurances, 
fasc. I, Gauthier-Villars, Paris, 1952; MR 13, 477]. Discus- 
sion by Allais, de Finetti, Friedmann, Marschak. 

I. J. Good (Cheltenham). 


*Marschak, J. Equipes et organisations en régime d’in- 
certitude. Econométrie, pp. 201-211; discussion, pp. 
211-214. Colloques Internationaux du Centre National 
de la Recherche Scientifique, no. 40, Paris, 1952. Centre 
de la Recherche Scientifique, Paris, 1953. 2200 francs. 
An ‘organisation’ is defined as a group of people, each 

with individual aims, but whose actions are limited by a set 

of rules conceived to serve an aim called ‘the aim of the 
organisation’. A ‘gang’ is an organisation whose aim com- 
pletely determines the individual aims of the members. An 
organisation is ‘centralised’ if the behaviour of each member 
is completely determined by the information available to 
him. These definitions are formalised, with simplification 
when it is assumed that each person has a utility function 
whose independent variable is the physical outcome of any 
actions. This physical outcome is a random variable even 
when the courses of action are specified together with the 
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information that is available to the various members. For a 
gang, the utility functions are the same for all the members. 
Simple examples are considered in which allowance is made 
for the cost of communication. Discussion by Guilbaud, 
Divisia, Allais, Friedmann and Malinvaud. 


I. J. Good (Cheltenham). 


*Frisch, Ragnar. The occurence test. Econométrie, pp. 
215-221; discussion, p. 222. Colloques Internationaux 
du Centre National de la Recherche Scientifique, no. 40, 
Paris, 1952. Centre de la Recherche Scientifique, Paris, 
1953. 2200 francs. 

Expository paper with little explicit mathematical con- 
tent, but which may stimulate mathematical developments. 
A vague definition is given of the degree of ‘autonomy’ of 
an econometric equation, i.e. the degree to which it is un- 
affected by general changes in economic conditions. In the 
discussion Wold suggests that the term ‘permanence’ would 
be preferable, attributing it to Allais. 

The ‘occurrence test’ is based on the number of empty 
cells in a multinomial distribution. It may be used when 
the expected cell entries are too small for the chi-squared 
test to be reliable. The author mentions his earlier tables 
for the application of the test, but without explicit reference. 
The basic mathematical theorem is presumably Proposition 
XXII of W. A. Whitworth’s “Choice and chance” [Deigh- 
ton-Bell, Cambridge, 1901]. J. J. Good (Cheltenham). 


*Boiteux, M. Couts et tarifs en face d’une demande 
aléatoire. Econométrie, pp. 223-227; discussion, 227- 
230. Colloques Internationaux du Centre National de la 
Recherche Scientifique, no. 40, Paris, 1952. Centre de la 
Recherche Scientifique, Paris, 1953. 2200 francs. 

A brief treatment, with examples, of the following prob- 
lem. An entrepreneur with inelastic production of non- 
stockable goods must cater for more than the mean demand, 
if the demand has random fluctuations. He can vary his 
ptices in an attempt to decrease the fluctuations, and he 
can enter into various types of contracts with the customers. 
Discussion by “Marschak, Allais, Kreweras, Wold, and de 
Finetti. I. J. Good (Cheltenham). 


*Ville, J. Considérations sur la théorie du risque et du 
crédit. Econométrie, pp. 231-233; discussion, 233-234. 
Colloques Internationaux du Centre National de la 
Recherche Scientifique, no. 40, Paris, 1952. Centre de la 
Recherche Scientifique, Paris, 1953. 2200 francs. 

A few general comments about the theories of risk and 
credit. For example, the future increase in capital of an 
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enterprise is in general greater the greater the initial de- 
crease, even to negative values. Hence enterprises will desire 
credit and the lending establishments will need to evaluate 
their risks, so that the theories of risk and of credit are 
closely connected. The discussion, by Eyraud, Friedmann, 
Allais, Létinier, Samuelson, and Rouquet la Garrigue, deal 
largely with the taxation of interest and imply that this 
had been dealt with by the author, but there is no trace of 
it in his printed paper. I. J. Good (Cheltenham). 


¥*Van Dantzig, D. Utilité d’une distribution de probabilités 
ou distribution des probabilités des utilités. Econo- 
métrie, pp. 235-241 ; discussion, pp. 242-244. Colloques 

Internationaux du Centre National de la Recherche 

Scientifique, no. 40, Paris, 1952. Centre de la Recherche 

Scientifique Paris, 1953. 2200 francs. 

General comments concerning probabilities and utilities 
from which we select one example. An econometrician may 
operate as an observer or else as an adviser. If he is an 
observer, he may be interested in the expected utility 
associated with a probability distribution of x, where x 
represents the amount of goods to be acquired by a com- 
munity. But if he is an adviser then he may affect the value 
of x and he should try to estimate the ‘true utilities’ of 
different values of x, or at least the probability distribution 
of the true utilities. Discussion by Friedmann and Marschak. 

I. J. Good (Cheltenham). 


*¥Allais, M. Observations générales. Econométrie, pp. 
245-247. Colloques Internationaux du Centre National 
de la Recherche Scientifique, no. 40, Paris, 1952. Centre 
de la Recherche Scientifique Paris, 1953. 2200 francs. 
A criticism, based on an example, of what the reviewer 

would call the ‘principle of rational behaviour’, the recom- 

mendation to maximise expected utility. Essentially covered 
by a later paper by the same author (see the next review). 
I. J. Good (Cheltenham). 


*¥Allais, M. Fondements d’une théorie positive des choix 
comportant un risque et critique des postulats et axiomes 
de l’école américaine. Econométrie, pp. 257-332. Col- 
loques Internationaux du Centre National de la Recherche 
Scientifique, no. 40, Paris, 1952. Centre de la Recherche 
Scientifique, Paris, 1953. 2200 francs. 

Essentially the same as another paper by the author 

[Econometrica 21, 503-546 (1953); MR 15, 455]. 

I. J. Good (Cheltenham). 


TOPOLOGY 


*MacLane,Saunders. Cursodetopologiageral. [Course 
of general topology.] Notas de Matematica No. 11. 
Translated by J. C. Valadares. Instituto de Mate- 
matica Pura e Aplicada do Conselho Nacional de Pes- 
quisas, Rio de Janeiro, 1954. 102 pp. (mimeographed). 
This is a translation of a set of notes by the author which 

were circulated privately and not intended for publication. 
They are very lucidly written. The topics treated here in- 
clude topological spaces (bases, cartesian products, sub- 
spaces, quotient spaces, and coverings), special types of 
spaces (connected spaces, locally connected spaces, separa- 
tion axioms, Tietze’s extension theorem, and the embedding 
theorems of Urysohn), and compact spaces. H. Tong. 








Ward, L. E., Jr. Binary relations in topological spaces. 

An. Acad. Brasil. Ci. 26, 357-373 (1954). 

This is a modification (and extension) of general topology 
which considers topological spaces with a quasi-ordering 
relation. Separation axioms are suitably modified so as to 
involve both structures. [See L. Nachbin, Summa Brasil. 
Math. 2, 135-150 (1951) [MR 14, 288], whose results are 
supposed to be extended and simplified here. _] Generaliza- 
tions of Urysohn’s lemma, Tietze’s theorem, etc., are proved. 
The definition of ‘‘monotone regularity” should convey the 
spirit of this study, and will be given now. Let F be a closed 
set containing all its successors (i.e., elements z2ye F), 
and let x non-e F. Then there are disjoint open sets U,' V 
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where xe U, FC V where U contains all its predecessors 
and V, all its successors. R. Arens. 


Iséki, Kiyoshi. Some properties of hypernormal spaces. 

Proc. Japan Acad. 30, 937-939 (1954). 

A topological space is called hypernormal if every pair 
of separated sets are contained in open sets with disjoint 
closures. Several characterizations of hypernormal spaces 
are obtained, among which are that a space is hypernormal 
if and only if every pair of separated sets can be completely 
separated. They follow in a straightforward manner from 
a theorem of Katétov [Casopis Pést. Mat. Fys. 75, 69-78 
(1950); MR 12, 195]. Finally, some analogues of theorems 
on absolute retracts proved by Hanner [Ark. Mat. 1, 375- 
382 (1951); MR 13, 266] for normal spaces are given. 

M. Henriksen (Lafayette, Ind.). 


Iséki, Kiyoshi. A note on the general metrization problem. 

Proc. Japan Acad. 30, 855-856 (1954). 

Another proof of the metrization theorem of J. Nagata 
[J. Inst. Polytech. Osaka City Univ. Ser. A. Math. 1, 93- 
100 (1950); MR 13, 264] and Yu. Smirnov [Dokl. Akad. 
Nauk SSSR (N.S.) 77, 197-200 (1951); MR 12, 845]. 

E. A. Michael (Seattle, Wash.). 


Borsuk, K. On some metrizations of the hyperspace of 

compact sets. Fund. Math. 41, 168-202 (1955). 

Let M be a finite-dimensional compact metric space. A 
sequence {A,} of subsets of M is called equally locally 
contractible if to every «>0 corresponds a 6>0 such that, 
for every n, every subset of A, of diameter <4 is contractible 
over a subset of A, of diameter Se. The main object of the 
paper is to construct a metric on the space 29” of non- 
empty closed ANR subsets of M, with the property that a 
sequence {A,}C2o™ converges in this metric to a set 
Aoe2o™ if and only if {A,} is equally locally contractible 
and converges to A» in the ordinary Hausdorff metric; the 
resulting metric space is shown to be complete and separable. 
The proofs are quite complicated, and part of the paper is 
devoted to auxiliary results on real-valued concave functions 
on the line. E. Michael (Seattle, Wash.). 


Borsuk, K. Sur la notion de diviseur et de multiple des 
transformations. Bull. Acad. Polon. Sci. Cl. III. 3, 81-85 
(1955). 

A mapping f of a compact space Xo into a compact 
absolute neighborhood retract Yo» divides another such 
mapping g if g can be extended to a superspace X of Xo 
whenever f can be so extended. Divisibility is transitive, 
and the concept of division of one mapping class (g) by 
another (f) is induced in the obvious way. The main theorem 
states that f divides g (written f/g) if and only if there is a 
mapping y of Yo into itself such that g~y/f, i.e. f is a right 
homotopy divisor of g. Among various observations based 
on this result the following is notable: If dim XoSm and Yo 
is an n-sphere, f/g if and only if (g) is an integral multiple 
of (f) in the (additive) Hopf group. A consequence is that 
every mapping of an at most n-dimensional polyhedron Xo 
into an m-sphere Yo, that is not homotopic to a constant, 
has only a finite number of divisors. Two maps are called 
conjugate if each divides the other, a map is called primitive 
if its only divisors are its conjugates. A map that divides 
every map is called unitary. The number of different classes 
divisible by a class (f) is called the order of (f). Several 
problems about these concepts are stated, and some partial 
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answers are given. Finally, the whole theory can be made “‘n. 
dimensional” by the blanket requirement dim (X —Xo) <m, 
R. H. Fox (Princeton, N. J.). 


VituSkin, A. Remarks on the solution to a problem of 
Uryson given by K. Sitnikov. Dokl. Akad. Nauk SSSR 
(N.S.) 100, 5-8 (1955). (Russian) 

Sitnikov [same Dokl. (N.S.) 94, 1007-1010 (1954); MR 
15, 978 ] has constructed an example of a 2-dimensional set 
A in 3-space R® such that if U is any spherical region in Rt 
then any two points of U—A can be joined by a continuum 
in U—A. However, Sitnikov has also proved [ibid. 83, 
31-34 (1952); MR 13, 860] that for any such A there exists 
a U and a 0-cycle of U—A which does not bound on U—A, 
in an appropriate sense of homology. This gives rise to a 
homological characterization of 2-dimensional subspaces in 
R*. In this paper, the author shows that there exists a 0- 
dimensional set A in R*, a region U, and two points of U-A 
which cannot be joined by a simple arc in U—A. Thus, a 
similar set-theoretic characterization of 2-dimensional sub- 
spaces of R*® seems unattainable. E. E. Floyd. 


Nagami, Keié. On the dimension of paracompact Haus- 

dorff spaces. Nagoya Math. J. 8, 69-70 (1955). 

It is shown that a paracompact space has (Lebesgue) 
dimension <x if and only if every point has a closed neigh- 
borhood of dimension Sn. Some consequences are obtained, 
including the result that if X is a hereditarily paracompact 
space of dimension <n, then every subset of X has dimen- 
sion <n. [Reviewer's note: The latter result remains true 
for all totally normal spaces in the sense of Dowker [Quart. 
J. Math. Oxford Ser. (2) 4, 267-281 (1953); MR 16, 157]. 
The author’s question whether every hereditarily para- 
compact space is perfectly normal is answered negatively by 
an example of Dowker [ibid.] consisting of the one-point 
compactification of an uncountable discrete space. ] 

E. Michael (Seattle, Wash.). 


Franz, Wolfgang. Mindestzahlen von Koinzidenzpunkten. 
Wiss. Z. Humboldt-Univ. Berlin. Math.-Nat. Reihe 3, 
439-443 (1954). 

This is a brief expository account of the topological and 
algebraic theory of coincidences including the theory of 
coincidence classes and class indices in the sense of Nielsen 
[Acta Math. 50, 189-358 (1927)]. P. A. Smith. 


Montgomery, Deane, and Samelson, Hans. A theorem on 
fixed points of involutions in S*. Canad. J. Math. 7, 
208-220 (1955). 

Let T be an orientation-preserving homeomorphism of 
period 2 of a 3-sphere S; onto itself. It is assumed throughout 
that T is semi-linear, that is that T is spherically affine on 
the cells of some simplicial decomposition of S;. The authors 
study the position in S; of the fixed-point set F, assumed to 
be non-empty and known therefore to be a simple closed 
curve. Assume first that F is the boundary of a polyhedral 
Mobius strip M imbedded in S; with middle curve C. The 
main theorem asserts that the fundamental group of the 
complement of the simple closed curve C is cyclic infinite 
and that the linking number of F and C is +1. Corollary: 
Suppose F is a torus knot (p, 2) i.e. a close polygonal ap- 
proximation of the stereographic image of a standard torus 
knot (p, 2) in Z3; then p=1 and F is not knotted. It is also 
shown that if F is the boundary of a polyhedral 2-cell in Es, 
then T is equivalent to a rotation of S;. (It is stated. that 








=o oot ® © HO 


Fe 


—_ —e =. lUrrelCi Mh Url re ehlUC UC 


de “ny. 
) Sm, 
J.). 


2m of 
SSSR 


; MR 
al set 
in Ri 
nuum 
1. 83, 
exists 
J—A, 
> toa 
ces in 
sa 0- 
U-A 
hus, a 
1 sub- 
ryd. 


Haus- 


sgue) 
1eigh- 
ained, 
npact 
imen- 
s true 
Juart. 
157}. 
para- 
ly by 
point 


h.). 


ikten. 
he 3, 


1 and 
ry of 
ielsen 
ith. 


torus 
; also 
n Es, 











MATHEMATICAL REVIEWS 


E. E. Moise has also proved this.) The longest part of the 
proof of the main theorem consists in showing that M can be 
modified in such a way that MN T(M)=FvUC. 

P. A. Smith (New York, N. Y.). 


Schwartz, J. de Rham’s theorem for arbitrary spaces. 

Amer. J. Math. 77, 29-44 (1955). 

For several years the question as to whether or not the 
de Rham theorem could be proved from the Eilenberg- 
Steenrod axioms [Foundations of algebraic topology, Prince- 
ton, 1952; MR 14, 398] has been open. In this paper the 
author shows that indeed the de Rham theorem can be 
derived from the Eilenberg-Steenrod axioms if differential 
forms are defined on a sufficiently general class of spaces. He 
defines differential forms on compact pairs imbedded in a 
C* manifold, and cohomology groups based on these forms. 
These cohomology groups are shown to verify the axioms, 
and consequently give the ordinary cohomology on tri- 
angulable pairs. Further it is shown that for any compact 
pair for which differential forms are defined, the cohomology 
obtained from the differential forms is isomorphic with the 
Cech cohomology of the pair. The author concludes with 
an extension of this theory to countably compact open 
manifolds. J. C. Moore (Princeton, N. J.). 


Cobbe, Anne P. On the cohomology groups of a finite 
group. Quart. J. Math., Oxford Ser. (2) 6, 34-47 (1955). 
Let Q be a finite group, G an abelian group, Ar the group 

ring of Q over some field F. After observing that the coho- 

mology modules H*(Q, G) and H*(A,r, G) are isomorphic in 

case G happens to be an F-module, the author shows that if G 

has no elements of finite order Z*(Ar, RO@G)=ROZ"*(Q, G), 

where R is the rational field and Z*(---) denotes the group 

of n-cocycles. Furthermore the paper is concerned with some 
consequences of the known theorem that gH*(Q, G)=0, 

q order of Q and G any abelian group [cf. Eckmann, Com- 

ment. Math. Helv. 18, 232-282 (1946), p. 263; Ann. of 

Math. (2) 58, 481-493 (1953), p. 491; MR 8, 166; 15, 397]. 

W. T. van Est (Utrecht). 


Hu, Sze-tsen. Singular homology theory of associative 
algebras with unity elements. Ann. Acad. Sinica, Taipei 

1, 485-506 (1954). 

If W is an algebra over the reals and has an identity 
element, the author defines a complete semi-simplicial com- 
plex S(W), called the singular complex of W. The main 
theorem is that if X is a compact Hausdorff space, A is a 
closed subspace of X, S(X) and S(A) are the singular com- 
plexes of X and A respectively, W is the algebra of continu- 
ous functions on X, and J is the ideal in W consisting of 
those functions which vanish on A, then (S(X), S(A)) is 
isomorphic with (S(W), S(J)). J. C. Moore. 


Yoneda, Nobuo. On the homology theory of modules. 
J. Fac. Sci. Univ. Tokyo. Sect. I. 7, 193-227 (1954). 
L’auteur a eu connaissance de quelques résultats du livre 

de H. Cartan et S. Ejilenberg [Homological algebra, a 

paraitre }. Il en donne des démonstrations completes, et 

prouve aussi des résultats originaux qui ne figurent pas dans 
le livre cité. 

Soit A un anneau avec élément unité; tous les A-modules 
sont supposés unitaires. Aprés quelques notions générales 
sur les diagrammes (dont certaines sont nouvelles et 
semblent devoir étre techniquement utiles), l’auteur donne 
une définition compléte des foncteurs Tor,“ (A,B) et 
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Ext," (A, B) de Cartan-Eilenberg, ainsi qu'une liste de 
propriétés qui les caractérisent axiomatiquement. Rappelons 
seulement que, pour tout entier »20, Tor, (A, B) est un 
groupe abélien attaché 4 un A-module a droite A et un 
A-module 4 gauche B; Ext," (A, B) est un groupe abélien 
attaché 4 deux A-modules 4 gauche A et B; pour n=0, 
Toro’ (A, B) se réduit au produit tensoriel A@,B, et 
Ext,’ (A, B)=Hom,y (A, B). L’auteur utilise, comme dans 
le livre cité, les notions de “résolution projective” et de 
“résolution injective’ d’un module; il donne une démonstra- 
tion originale du théoréme: tout A-module peut étre plongé 
dans un A-module injectif, et prouve méme, d’une facon 
précise, que tout A-module peut étre plongé dans un produit 
de modules tous isomorphes 4 Homz (A, 7), Z désignant 
l’anneau des entiers, et ZT le groupe additif des réels 
modulo 1. 

Soient A et B deux A-modules a gauche; pour m entier 21, 
une “extension m-uple’”’ de B par A est une suite exacte de 
A-modules et de A-homomorphismes 


(E) 0—-B-E,_1—>: - -— Ey A-0. 


Appelons “application stricte’”’ de (E) dans (E’) un dia- 
gramme commutatif 
(E) 0—B-E,_1 —:--—-E, ~A-0 

le | | |e 
(E’) 0—B-E’,,.1-- +--+ Ey’ A-0 
ot a et 8 désignent l’application identique. Considérons la 
relation suivante entre deux extensions m-uples (E) et (E’): 
il existe une application stricte de (E) dans (E’) ou une 
application stricte de (E’) dans (E). Cette relation symé- 
trique et réflexive engendre une relation d’équivalence. Soit 
E, (A, B) l'ensemble des classes d’équivalence d’extensions 
n-uples. L’auteur établit une correspondance biunivoque 
entre E,(A, B) et Ext," (A, B); ceci est un résultat nouveau 
pour 22. 

Cette correspondance sert 4 interpréter une loi de compo- 

sition (nouvelle, elle aussi): 

(1) Ext,? (A, B)@z Exta* (B, C)—>Ext,y?*¢ (A, C) 

qui, pour p=q=0, se réduit a l’application f@g—g of de 
Hom (A, B)®Hom (B, C) dans Hom (A, C). Le cas général 
se raméne A celui-lA en prenant une résolution projective 
de A et une résolution injective de C. L’application (1) est 
associative; elle définit sur Ext, (A,A) une structure 
d’algébre graduée. Supposons notamment que A=R(II), 
algébre d’un groupe II a coefficients dans un anneau commu- 
tatif R (II pourrait @tre, plus généralement, un systéme 
associatif avec élément neutre); et supposons que A=R, 
considéré comme R(II)-module en faisant opérer II triviale- 
ment dans R. Alors on sait que Ext," (A, A) ~H*(Il, R), 
groupe de cohomologie de II a coefficients dans R; l’auteur 
montre que cet isomorphisme respecte les structures multi- 
plicatives, lorsque celle de H* (II, R) est définie par l’applica- 
tion diagonale I-III X II. 

Signalons enfin un résultat intéressant: on sait que 
toute suite exacte (2) 0-B-—-E-—A- 0 définit des homo- 
morphismes 
(3) Ext* (B, C)Ext"*' (A, C), 
(3’) Ext* (C’, A) Ext"* (C’, B). 
Soit a e Ext! (A, B) l’élément associé a |’extension définie 
par (2); alors (3) est identique 4 la multiplication 4 gauche 
par a, et (3’) a la multiplication a droite par a, pour la loi 
de composition (1). 

Note du rapporteur: en réalité, ces derniers résultats ne 
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sont valables qu’au facteur +1 prés, I’élément associé a (2) 
n’étant lui-méme défini qu’au signe prés. L’auteur n’a pas 
vu cette difficulté, car il croit avoir démontré, p. 220, 
l’égalité x.=x,'; en réalité, x, = (—1)***»/*x,’. Cette erreur 
provient du fait suivant: soit X une résolution projective 
de A, et Y une résolution injective de B; les isomorphismes 
naturels 
H* (Hom (X, B))—H* (Hom (X, Y))—H*(Hom (A, Y)) 

définissent un isomorphisme 


H*(Hom (X, B)) ~H*(Hom (A, Y)) 


qui n’est pas celui considéré dans le théoréme 3.4, mais en 
différe par le facteur (—1)**»/?, Signalons aussi que la 
propriété (v), p. 205, semble dépourvue de sens lorsque 
l’anneau A n'est pas commutatif. H. Cartan (Paris). 


Aoki, Kiyoshi. On torus cohomotopy groups. 

Acad. 30, 694-697 (1954). 

If (X,A) is a compact pair, with dim (X —A)<2n—1, 
the homotopy classes of maps of (X, A) into (S*"S", ¢Xq), 
where g e S", form an abelian group, with a law of composi- 
tion like the one introduced by Borsuk [C. R. Acad. Sci. 
Paris 202, 1400-1403 (1936) ]. The term “‘torus’’ of the title 
refers to S" XS". R. H. Fox (Princeton, N. J.). 


Proc. Japan 


Strother, Wayman L. Multi-homotopy. Duke Math. J. 

22, 281-285 (1955). 

A considerable portion of the basic notions of homotopy 
theory is extended to multi-valued (continuous) maps in an 
obvious way, while the main purpose of the paper is to 
reduce these extended notions in a space Y back to the usual 
notions about the single-valued maps in the space S(Y) of 
all closed subsets of Y (see Theorems 2, 3 and 6). 

As in the classical case, if X is a compact Hausdorff space 
and if the identity map i on X is multi-homotopic to zero 
(i.e. if 7 is multi-homotopic to a constant multi-valued map), 
then every multi-valued map of X into a Hausdorff space 
Y is multi-homotopic to zero (see Th. 1). A consequence of 
this theorem is that every multi-valued map of the unit 
circle S' into a Hausdorff space Y is multi-homotopic to 
zero (see Cor. 1.1). [The reviewer notes that the proof of 
this corollary holds good for higher spheres S*, n>1. This 
implies that all the multi-homotopy groups (introduced in 
this paper) of a multi-pathwise connected Hausdorff space 
Y are trivial. ] S. T. Hu (Athens, Ga.). 


Inoue, Yoshiro. On abhomotopy group in relative case. 

Proc. Japan Acad. 30, 841-845 (1954). 

The notion of abhomotopy groups, introduced by the 
reviewer [Ann. of Math. (2) 48, 718-734 (1947); MR 9, 
197 ], is relativized in the present paper as follows: Let Y be 
a topological space, Yo a subspace of Y, and yo a reference 
point in Yo; then the (m, m)-th relative abhomotopy group 
kn™(Y, Yo, yo) is defined to be the mth homotopy group of 
the space of all maps (£*, S*-")->(Y, Yo) with the constant 
map ko(E") =o as the basic point. Analogous to the abso- 
lute case, the author proves that the algebraic structure 
of «,.”(Y, Yo, yo) is completely determined by the groups 
®min( Y, Yo, yo) and am(Yo, Yo). S. T. Hu. 


James, I. M., and Whitehead, J. H. C. The homotopy 
theory of sphere bundles over spheres. 
London Math. Soc. (3) 5, 148-166 (1955). 
In a previous paper [same Proc. (3) 4, 196-218 (1954); 

MR 15, 892] the authors considered the problem of classi- 


II. Proc. 


MATHEMATICAL REVIEWS 








fying according to homotopy type the total spaces of fibre 
bundles whose base space and fibre are both spheres under 
the assumption that there exists a cross section. In the 
present paper they complete their discussion of this problem 
by considering the case where there does not exist a cross 
section (in view of this, they can assume that the dimension 
of the fibre is less than the dimension of the base space), 

By the use of the homotopy exact sequences of a sphere 
bundle and its associated principal bundle they define a 
certain homotopy invariant for sphere bundles. The defini- 
tion of this invariant is too complicated to be given here. 
The main theorem asserts that this invariant completely 
characterizes the homotopy type of the total space in case 
the dimension of the base space exceeds the dimension of 
the fibre by two or more. In the case where the dimension 
of the base space exceeds the dimension of the fibre by only 
one, the results obtained lead only to a partial solution of 
the problem. 

The paper ends with a detailed consideration of the 
homotopy type of sphere bundles over an n-sphere for all 
cases where <6. The only case left unsettled is that of 
3-sphere bundles over a 4-sphere. W. S. Massey. 


James, I. M. On the homotopy groups of certain pairs and 
triads. Quart. J. Math., Oxford Ser. (2) 5, 260-270 
(1954). 

L’auteur se propose d’abord d’étudier les groupes d’homo- 
topie relatifs z,(K*, K*-'), od K* désigne le -squelette 
d’un complexe K. Il prouve notamment (th. 1.4): si n23, 
et si K est m-connexe (m21), alors, pour 


r<inf (2m-+-n, 2n—2), 
les homomorphismes 
v: 2,(K*, K*") @2,(V*, S*)—2,(K*, K*") 
Q: mrengi(K*") @a,(K*, K*)—2,(K", K*") 
sont des isomorphismes sur des sous-groupes dont 
a,(K*, K*) 


est somme directe; V” désigne une n-cellule de bord S*", 
y¥ est l’application évidente, et Q est défini par le produit de 
Whitehead relatif. A titre d’application, l’auteur calcule les 
groupes de Massey X,,,(K) [cf. Ann. of Math. (2) 56, 
363-396 (1952); MR 14, 672] pour 0Sq<inf (p—3, 2m). 

On se propose ensuite d’étudier les groupes d’homotopie 
relatifs 7,(Y*, Y), od Y est un CW-complexe et Y* est 
obtenu en attachant a Y une n-cellule par une application 
a: S*'-—  Y. Voici l’un des résultats (th. 2.1): soit n2=3; si Y 
est m-connexe (m21), et n+2Srsinf (3n—4, 2m-+n), on 
a une suite exacte 


Ha Q 
n(¥*, Y)—o9-(S*) $a -n(Y)0a(¥*, Y)--- 
ou x est évident; H, est l’application composée 


a zE- ae 
8 (S*)— a(S") > ty—-n(S*) 4-0 (Y) 


(H désignant l'homomorphisme de Hopf généralisé df a 
G. W. Whitehead, et E la suspension de Freudenthal) ; Q est 
défini par le produit de Whitehead relatif avec le générateur 
de x,(Y*, Y). 

Tous les résultats précédents, et d’autres, sont déduits 
d’une suite exacte (coroll. 1.3) concernant les groupes 
d’homotopie des triades (X; A, B) et faisant intervenir le 
produit de Whitehead: r,»4:(B, C)@2,(A, C)—>2,(X;A,B), 
ot C=ANB. H. Cartan (Paris). 
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GEOMETRY 


Scorza Dragoni, Giuseppe. Su alcuni paradossi mate- 
matici. Rend. Sem. Mat. Fis. Milano 24 (1952-53), 
78-87 (1954). 

A rapid review of some geometric facts of ordinary space. 
Author's summary. 


Popov, B. S. The elements of a triangle as the sums of 
the series. Bull. Soc. Math. Phys. Macédoine 5 (1954), 
19-21 (1955). (Macedonian. English summary) 


Thébault, Victor. On the isosceles tetrahedron. Amer. 
Math. Monthly 62, 356-358 (1955). 


Marmion, Alphonse. Sur une double famille de tétraédres. 
C. R. Acad. Sci. Paris 240, 2288-2290 (1955). 


Bottema, O. On geometrical constructions with the ruler. 

Nieuw Arch. Wisk. (3) 3, 1-5 (1955). 

Clarifying an unproved and ambiguous statement by H. 
J. S. Smith [Collected Math. Papers, v. 2, Oxford, 1894, 
p. 2], the author proves that all Euclidean quadratic con- 
structions can be performed with the straight-edge if a 
conic and one focus and the center (or two diameters) are 
given. In the case of a central conic, he considers the possi- 
bility of using, instead of the center and one focus, the two 
foci. Observing that the center is then one of the two invari- 
ant points of a given involution (namely the interior or 
exterior point according as the conic is an ellipse or a hyper- 
bola), he concludes that all Euclidean quadratic construc- 
tions can be performed with the straight-edge if an ellipse 
(or a hyperbola) and its two foci are given. 

H. S. M. Coxeter (Toronto, Ont.). 


Bydiovsk¥, Bohumil. Uber zwei neue ebene Konfigura- 
tionen (12,, 16;). Czechoslovak Math. J. 4(79), 193-218 
(1954). (Russian summary) 

Five possible incidence-tables for a configuration (12,, 163) 
were enumerated by Zacharias [Math. Nachr. 1, 332-336 
(1948), p. 332; 8, 1-6 (1952), p. 5; MR 10, 563; 14, 308]. 
The fifth one has a geometrical realization in the real pro- 
jective plane, where it contains the three points of inflection 
and the nine sextactic points of an elliptic cubic curve. The 
author finds that these twelve points lie by threes on 19 
lines, 16 of which belong to a special kind of Hessian con- 
figuration [Feld, Amer. Math. Monthly 43, 549-555 (1936), 
p. 554]. The new configuration is obtained by making a 
different choice of the 3 to omit. He finds that the same 
incidence-table has, in the complex projective plane, a 
second realization in which the twelve points do not lie on 
a cubic curve. He gives coordinates for all of them. Finally, 
he exhibits, with a good drawing, a new real configuration 
whose twelve points likewise fail to lie on a cubic curve 
(although their coordinates involve a cubic irrationality). 

H. S. M. Coxeter (Toronto, Ont.). 


BydZovsk¥, B. On two new configurations (12,, 16;). 
Casopis Pést. Mat. 79, 219-228 (1954). (Czech) 
This is a summary of the author's paper reviewed above. 
H. S. M. Coxeter (Toronto, Ont.). 


Gyarmathi, Lézl6. Die Anwendung der projektierenden 
Raumelemente bei der Maurinschen Abbildung des 
vierdimensionalen linearen Raumes. Mat. Lapok 5, 
253-259 (1954). (Hungarian. Russian and German 
summaries) 

J. Maurin [C. R. Acad. Sci. Paris 225, 560-562 (1947); 

Géométrie descriptive & quatre dimensions, lier livre, 








Gauthiers-Villars, Paris, 1948; MR 9, 198, 458] studied the 
descriptive geometry of four-dimensional Euclidean space. 
The author uses Maurin’s mapping and simplifies some of 
the basic constructions by using projecting planes con- 
sistently. A related procedure which however leads to a 
different mapping was suggested by E. Miiller and studied 
extensively by L. Hofmann [Akad. Wiss. Wien, S.B. Ila. 
130, 169-188 (1921)]. £. Lukacs (Washington, D. C.). 


Maéek, Vladimir. Study of a conoid of 5th degree formed 
by the summits of hyperbolic paraboloids passing through 
two perpendicular skew lines. Casopis P&st. Mat. 79, 
229-248 (1954). (Czech) 

Verfasser behandelt in diesem Aufsatz die ebenen Schnitte 
eines Konoids fiinfter Ordnung, das von allen «? Scheiteln 
hyperbolischer Paraboloide gebildet wird, die in einer von 
zwei orthogonalen Windschiefen bestimmten linearen Kon- 
gruenz enthalten sind. Mit gewissen speziellen Lagen der 
Schnittebene kommt man zu gewissen Spezialeigenschaften 
der entsprechenden Schnittkurven. Fiir diese Falle gewinnt 
Verfasser sowohl die zugehérigen Konstruktionsprinzipien 
wie auch die entsprechenden Gleichungen fiir die analytische 
Darstellung. Eine besondere Rolle spielt in diesen Betracht- 
ungen die Zissoide des Diokles. M. Pinl (K6ln). 


Jackson, Stanley B., and Greenspan, Donald. Hyperbolic 
analytic geometry. Math. Mag. 28, 251-269 (1955). 


Godeaux, Lucien. Sur une propriété de certains complexes 
linéaires en involution. Acad. Roy. Belg. Bull. Cl. Sci. 
(5) 41, 78-82 (1955). 


Palman, Dominik. Uber eine raiumliche kubische Inver- 
sion und einige ihrer Erzeugnisse. Bull. Internat. Acad. 
Yougoslave. Cl. Sci. Math. Phys. Tech. (N.S.) 12, 103- 
107 (1954). 


Palman, Dominik. Ona spatial cubic inversion and certain 
of its uses. Rad Jugoslav. Akad. Znan. Umijet. Odjel 
Mat. Fiz. Tehn. Nauke 296, 199-214 (1953). (Serbo- 
Croatian) 

Serbo-Croatian version of the preceding paper. 


Pinl, M., und Schuff, K. Zur Theorie der Hermiteschen 

Kreise. Monatsh. Math. 59, 22-26 (1955). 

The authors define a “Hermitian circle’ z2%+yf=r7, 
where z, y and r belong to either of two special systems of 
hypercomplex numbers [Pinl, Comment. Math. Helv. 26, 
233-327 (1952); MR 14, 611], different from qua*=rnions 
but retaining the property @Z=24 (which is misprinted 
as @x=xa). They show that the “singular” Hermitian 
circle x+y =0 includes infinitely many “isotropic lines” 
ax+By=0, ax+y8=0, etc., where the only restriction on 
the coefficients is a&+ 8 =0. H. S. M. Coxeter. 


Coxeter, H. S. M. The affine plane. Scripta Math. 21, 
5-14 (1955). 
Expository paper. 


Rios de Souza, Jayme. Plane projective transformations. 
Conics. Central ellipse of a system of parallel forces. 
Centro Estudos Mat. Fac. Ci. Porto. Publ. no. 29, 106 pp. 
(1952). (Portuguese) 

Elementary exposition of the plane projective transforma- 
tions and of the projective theory of conics with application 
to systems of parallel forces. C. Longo. 





ysl 
Rios de Souza, Jayme. , On collineations in the plane. An. 

Fac. Ci. Porto 37, #6-2; (1953) =Centro Estudos 

Mat. Fac. Ci. Porto. Publ. no. 33, 13 pp. (1953). (Portu- 

guese) 

Elementary analytic exposition of plane collineations. 

C. Longo (Rome). 
Lombardo-Radice, Lucio. I piani di rifrazione. Rend. 

Mat. e Appl. (5) 14, 130-139 (1954). 

Following an example of F. R. Moulton [Trans. Amer. 
Math. Soc. 3, 192-195 (1902)] a particular kind of non- 
Desarguesian plane is discussed. If the real Euclidean plane 
x is altered so that lines with negative slope are replaced, 
below the y-axis, with lines whose slope is multiplied by 
some positive constant k~1, the resulting plane is non- 
Desarguesian and is called a refraction-plane because of 
the change of slope of these lines upon crossing the x-axis. 
The author observes that it is possible to generalize this 
construction, where, when m and x are both negative, 
instead of replacing mx by kmx, we replace mx by f(m)x 
where f(m) is a strictly monotonic function mapping — © 
to 0 onto — © to 0. Using this rule to define a new multi- 
plication the resulting ring satisfies certain weak alge- 
braic laws. Marshall Hall, Jr. (Columbus, Ohio). 


Klingenberg, Wilhelm. Beweis des Desarguesschen Satzes 
aus der Reidemeisterfigur und verwandte Satze. Abh. 
Math. Sem. Univ. Hamburg 19, 158-175 (1955). 

Let (D),, (A), and (R), denote, respectively, the pro- 
jective axiom of Desargues, the projective axiom expressing 
the associativity of multiplication in the sense of Hilbert 
and the projective axiom expressing the associativity of 
multiplication in the sense of Reidemeister or M. Hall. The 
author derives affine axioms from these by either (I) fixing 
the join of two specified points or (II) fixing the meet of 
two specified lines and gets, in all, 18 affine axioms of rank 9. 
He sketches the proof that the 18 axioms are equivalent to 
each other and to (D),. One especially interesting new 
result, for which a detailed geometric proof is given, is 
that, in an affine plane, the big Reidemeister configuration 
(R°) implies the Desargues configuration (D). In algebraic 
terms, this says that if the multiplicative loop of every 
ternary ring of an affine plane is associative, then the affine 
plane can be coordinatized by a skew-field. The paper con- 
tinues and completes an earlier paper of the author [Abh. 
Math. Sem. Univ. Hamburg 18, 120-143 (1952); MR 
14, 786 }. R. H. Bruck (Madison, Wis.). 


Klingenberg, W. 4-Gewebe und Kérper. Rev. Fac. Sci. 
Univ. Istanbul. Ser. A. 19, 86-97 (1955). (Turkish 
summary) 

The author considers an affine plane with points (x, y) 
with coordinates from a ring R whose addition and multi- 
plication are both loops. The lines x = constant, y=constant, 
y =c+<x, x=dy form the four web which is investigated here. 
He characterizes the incidence configurations which are 
equivalent to the assertion that R is a division ring or a field. 
The configurations involved are the Reidemeister-figure, 
the Thomsen triangle and some complicated configurations 
corresponding to the distributive laws. 


Marshall Hall, Jr. (Columbus, Ohio). 
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Convex Domains, Extremal Problems, 
Integral Geometry 


Dekker, David. Convex regions in projective N-space, 

Amer. Math. Monthly 62, 430-431 (1955). 

Let K be an open set in real projective n-space, such that, 
if P, Q are any two points of K, then at least one of the 
two line segments PQ is contained in K. The author proves 
that, under these circumstances, the following two condi- 
tions are equivalent: (1) If P, Q are any two points of K, 
then at most one of the line segments PQ is contained in K; 
(2) there exists an (m—1)-dimensional hyperplane of the 
projective n-space which does not meet the set K. 

A. J. Hoffman (Washington, D. C.), 
Klee, V. L. A note on extreme points. Amer. Math. 

Monthly 62, 30-32 (1955). 

The author establishes three theorems on convex sets, 
I. Let S be a subset of a linear space, C=conv S (the convex 
hull of S) and peC. Then the following assertions are 
equivalent: i) p is an extreme point of C; ii) if FCC and 
peconv F, then pe F; iii) if GCS and peconvG, then 
peG. Il. Let M be a metric space, and let T be a natural 
map of M. [For a metric space, let f, denote the continuous 
function y—xy, the distance between x and y; a function T 
with domain M is a natural map of M provided that either 
i) M is bounded and T(x) =f, for each x e M; or ii) there is 
a point p e M such that T(x) =f,—f, for each x e M.] Then 
T is an isometric transformation of M into CM (set of all 
bounded continuous functions on M), TM is relatively 
closed in conv 7M and TM is the set of all extreme points 
of conv TM. III. If M is compact and metric and E£ is an 
infinite-dimensional Banach space, there is a compact con- 
vex subset of E whose set of extreme points is homeo- 


morphic with M. E. R. Lorch (New York, N. Y.). 


Hammer, P. C. Constant breadth curves in the plane. 
Proc. Amer. Math. Soc. 6, 333-334 (1955). 
Toutes les courbes orbiformes peuvent étre représentées 
par: 
X (0) =h’ (0)U’ (0) +4(2)U (6) 
ov X(@) est un vecteur, U(6) le vecteur unitaire (cos @, sin 6) 
avec: 


. 
h@=c— f p(ode (= —P), 
0 
of (@) satisfait A une condition de Lipschitz et 4: 
p(6+~)+p (0) =8, et od: c2supe [Dp (6) + So’ p(6)d0], Dp(?) 
désignant tout nombre dérivé de p(@). J. Favard. 


Biernacki, Mieczysiaw. Sur quelques propriétés des 


ovales. Ann. Univ. Mariae Curie-Sklodowska. Sect. A. 
7 (1953), 103-112 (1954). (Polish and Russian sum- 
maries) 


The paper treats, in an elementary way, various problems 
such as the maximum, in s and 0, of the length of an arc s 
of unit diameter on the boundary of an oval 0 of the same 
diameter. One result is fallacious and is wrongly stated to 
be a particular case of a theorem of Kakeya. 

L. C. Young (Madison, Wis.). 


Medek, Vaclav. On the contour of convex surfaces. 
Mat.-Fyz. Casopis. Slovensk. Akad. Vied 4, 38-42 (1954). 
(Slovak. Russian summary) 

Let F be an n-dimensional convex set in the space E,, 
® the frontier of F, P the cone with vertex S generated by 
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the lines ST, T e F, II the frontier of P. The author defines 
the real contour of @ as the intersection of @ and II, and 
the apparent contour of @ as the intersection of II with a 
plane +, and proves several obvious properties of the con- 
tours, for the case n=3. F. A. Behrend (Melbourne). 


Pélya,G. More isoperimetric inequalities proved and con- 
jectured. Comment. Math. Helv. 29, 112-119 (1955). 
Théoréme i: Pour un domaine plan convexe on a |’in- 

égalité P[A~*S1/27 entre la rigidité de torsion, le moment 

central d’inertie et l’aire; cette inégalité était conjecturée 
récemment par l’auteur et montrée seulement dans le 
cas d’un triangle, ainsi que l’inégalité en sens inverse 

PIA~2=1/45 [C. R. Acad. Sci. Paris 235, 1079-1081 (1952); 

MR 14, 626]. Théoréme 2: Parmi les polygones convexes 

an cétés, le polygone régulier est celui pour lequel JA~* est 

minimum; remarques sur des inégalités isopérimétriques de 

ce dernier type. J. Deny (Princeton, N. J.). 


Algebraic Geometry 


Casteels, L. Fondements et premiers développements 
d’une théorie des points d’intersection des courbes algé- 
briques. Verh. Vlaamsche Acad. Wetensch., Lett. 
Schone Kunst. Belgié 15, no. 41, 200 pp. (1953). (Dutch. 
French summary) 

Without using more algebra than systems of linear equa- 
tions and the theorem of Bézout in its classical form, the 
author in a detailed but sometimes rather cumbersome way 
gives a large number of definitions and propositions, many 
of them being well-known facts in a sharpened form. 

Typical for this paper are the two propositions mentioned 
below. Let 1, «++, pa be periods in the complex projective 
plane and F(x) a ternary form of degree m with letter coeffi- 
cients ¢, ---, ¢y. The equations 


F(p1) = F(p2) = +--+ = F(p.) =0 
form a linear homogeneous system for ¢), ---, ¢y. The rank 
of this system is called the n-rank of pi, «++, Pa. Let An, By 
and C, be curves of degree n, p and q respectively, with p<n, 
q<n, n<p+dq. Let 
r=pq—3(p+q—n—1)(p+q—n—2). 
Proposition (p. 82): If the intersection of B, and C, consists 
of pg distinct points, its m-rank is r. Proposition (p. 157): 
Let for fixed B, and C, the intersection consist of a finite 
number of points with m-rank m. Then m=r if and only if 
every A, which passes through this intersection is of the 
form A,=\UB,+,VC, with A, » complex numbers and 
U, V curves of degree n—p, n—g respectively. 
F. J. Terpstra (Pretoria). 


Godeaux, Lucien. Sur les courbes tracées sur une surface 
multiple. I. Acad. Roy. Belg. Bull. Cl. Sci. (5) 41, 
419-425 (1955). 


Godeaux, Lucien. Sur les courbes tracées sur une surface 
multiple. II. Acad. Roy. Belg. Bull. Cl. Sci. (5) 41, 
531-539 (1955). 


Segre, Beniamino. Intorno ad alcune generalizzazioni di 
un teorema di Noether. Rend. Mat. e Appl. (5) 14, 
75-84 (1954). 

The theorem of Noether referred to in the title [Math. 

Ann. 3, 161-227 (1871)] asserts the birationality of every 





surface containing a linear pencil of birational curves. The 
vital point in the proof is the finding of a unisecant curve 
of a system of conics, a technique which has wide applica- 
tions. Generalising results on unisecants obtained, inter 
alia, by Tagg [J. London Math. Soc. 14, 216-228 (1939); 
MR 1, 26], Commessati [Boll. Un. Mat. Ital. (2) 2, 97-104 
(1940); MR 2, 136] and Baldassarri [Rend. Sem. Mat. 
Univ. Padova 19, 1-43 (1950); Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 12, 390-397 (1952); MR 
13, 578; 14, 790] this paper contains the following Teorema 
I: Sia = un sistema algebrico irriducibile © di varieta alge- 
briche V—definito sopra un qualunque corpo K di costanti 
—e si supponga che la generica V giaccia in un S, (fisso o 
variabile) e possa ivi ottenersi come interferenza di un certo 
numero k21 di forme, di dati ordini m, m2, ---, m (22). 
Allora, se 
re=n,*+nt+---+m%, 


in un’opportuna estensione algebrica K’ di K il sistema = 
ammette un’unisecante; esiste cioé una varieta algebrica 
W’, legata a = da una trasformazione (definita su K’) 
razionale nel passaggio da = a W’, tale che la generica V di 
> contenga il corrispondente punto di W’. 

This is applied to give a number of further results of 
which we quote only Theorem III. In this a number of 
conditions are satisfied which are not imposed in Theorem I. 
The orders , m2, «++, are all taken equal to two, and 
the condition (14) referred to in the theorem asserts further 
that the generic V of 2 is nonsingular, of order 2* and dimen- 
sion r—k and that r22¢k+k*—1. With these assumptions 
we have Teorema III: Nell’ipotesi che valga la (14), ogni 
varieta algebrica W—di dimensione d+r—k—contenente 
un sistema = puro 4 e d’indice 1 di V;—z, la generica delle 
quali sia non singolare ed intersezione di k quadriche di S,, 
pud venir trasformata birazionalmente in una varieta luogo 
di spazi lineari, imagini delle V7, suddette. La varieta W 
risulta birazionale, se tale é il sistema 2. 

The above theorem generalises two theorems of Conforto 
[Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. Nat. (7) 2, 
268-281 (1941); MR 8, 223] and the theorem of Noether 
referred to above and gives rise to Enriques’ result [Atti 
Accad. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (5) 7, 2° 
semestre, 281-286, 344-347 (1848); Math. Ann. 52, 449-456 
(1899) ] that a surface containing an irrational pencil of 
rational curves is birationally equivalent to a ruled surface. 
The remaining theorems deal with more special results. 

D. B. Scott (London). 


Segre, Beniamino. Questioni di realté collegate con la 
teoria delle algebre. Matematiche, Catania 9, 92-94 
(1954). 

Summary of results treated in Rend. Mat. e Appl. (5) 13, 

157-188 (1954) and Comment. Math. Helv. 28, 288-300 

(1954); MR 16, 7, 851. 


Formes de seconde 
C. R. Acad. Sci. 


Hodge, William, et Atiyah, Michael. 
espéce sur une variété algébrique. 
Paris 239, 1333-1335 (1954). 

Soit V une variété algébrique sans singularités, de dimen- 
sion m, définie sur le corps des complexes. Soient W une 
sous-variété algébrique de V de dimension m—1 et Q*(#W) 
le faisceau des germes de g-formes différentielles méro- 
morphes sur V A singularités sur W. Désignons par Q*% la 
réunion des 2*(*W) quand W parcourt l’ensemble des sous- 
variétés algébriques de V, de dimension m—1. Soient d 
l’opérateur de différentiation, ®% le sous-faisceau des 






952 


germes de formes fermées de 2% et R'* le conoyau de 
l"homomorphisme d’ injection d2%—"s ; on a la suite exacte: 
06% 0% +d2%—0, od le second homomorphisme est 
l’injection. D’ov les suites exactes de cohomologie: 


(1) —H?(V, 0%)—+H?(V, d2%)— 
H?(V, &%)—>H?(V, 2%)— 
et 


(2) —+H?(V, 6'*)—H(V, R'*)+H"(V, d0%)— 
HV, 6's) 2+H"'(V, R's). 


Dans la suite (1), on a (3) H®(V,Q%)=0 pour p21, 
d’aprés Kodaira [Proc. Nat. Acad. Sci. U. S. A. 39, 1268- 
1273 (1953); MR 16, 618]. On appelle 2-forme de seconde 
espéce sur V un élément de H°(V, dQ's) dont l'image dans 
Fi'(V, @'*) (suite (1)) appartient au noyau de x (suite (2)). 
On montre que H°(V, R'*) est isomorphe 4 l’espace vec- 
toriel D des diviseurs de V a coefficients complexes, de plus, 
H'(V, dQ*)~H?(V,C) d’aprés (1) et (3), d’od la suite 
exacte (4) -~H°(V, &'*)-D>H"(V, C)—-H'(V, $'*)—, od 
l"homomorphisme a associe, 4 chaque diviseur, la classe de 
cohomologie complexe duale de sa classe d’homologie. 
Théoréme. La dimension de l’espace vectoriel des classes de 
2-formes de seconde espéce, modulo les différentielles de 
1-formes méromorphés sur V, est dim H?( V, C) —dim [a(D) J. 
Les auteurs signalent: 1) que leur définition des 2-formes de 
seconde espéce est équivalente a la définition classique, de 
sorte que le théoréme ci-dessus est dfi a Picard-Lefschetz; 
2) que des méthodes analogues sont applicables aux inté- 
grales p-uples (p>2) de seconde espéce, en admettant une 
conjecture sur la résolution des singularités des variétés 
algébriques. Enfin, l’exactitude de (4) entraine: pour qu’un 
diviseur soit homologue 4 zéro, il faut et il suffit qu’il soit 
le diviseur logarithmique d’une 1-forme méromorphe fermée. 
P. Dolbeault (Paris). 


Kodaira, K. On Kahler varieties of restricted type. Proc. 
Nat. Acad. Sci. U. S. A. 40, 313-316 (1954). 
Exposé des principaux résultats de l’article analysé ci- 
dessous avec esquisses de démonstrations. P. Dolbeault. 


Kodaira, K. On Kahler varieties of restricted type (an 
intrinsic characterization of algebraic varieties). Ann. of 
Math. (2) 60, 28-48 (1954). 

Une variété kahlérienne compacte V (de dimension com- 
plexe m) est dite de type restreint, ou variété de Hodge, si 
elle porte une métrique ds? =2>  g.sd2.dZ, telle que la forme 
extérieure associée w =i) g.3d2, A dz, appartienne a la classe 
de cohomologie d’un 2-cocycle entier sur V. On sait que 
toute variété algébrique projective sans singularité (en 
abrégé v.a.p.) est une variété de Hodge. L’auteur démontre 
une réciproque de ce résultat. Théoréme fondamental: Si V 
est une variété kahlérienne de type restreint, il existe une 
application analytique biunivoque et biréguliére de V sur 
une v.a.p. [Cela résoud un probléme posé par W.V.D. 
Hodge, Proc. Internat. Congress Math., Cambridge, Mass., 
1950, v. 1, Amer. Math. Soc., Providence, R. I., 1952, pp. 
182-192, §8; MR 13, 679.] Démonstration. Appelons fibré 
complexe sur V, tout espace fibré F de base V, a fibre vec- 
torielle complexe de dimension un, dans laquelle opére le 
groupe multiplicatif des complexes, et désignons par 
I'(F) l’espace vectoriel des sections holomorphes de F. Si 
dim I'(F) 22, on associe 4 F une application méromorphe ¢p 
de V dans un espace projectif ©, de dimension 


d=dim I'(F)—1, 
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de la facon suivante: soient { go, g1, --*, gr, ***, ga} une 
base de ['(F), {U;} un recouvrement fini de V et g;(z) la 
coordonnée fibre de g(z) pour ze U;; l’application ¢y: 
VG, est définie par 2—>(go;(2), g1;(2), ---, gaj(2)) au- 
dessus de chaque U;. L’auteur détermine un fibré F tel que 
l’application ¢r soit: 1) localement biréguliére; 2) biuni- 
voque et réguliére. Le moyen technique utilisé est la trans- 
formation quadratique Q, [ou processus o de H. Hopf; voir 
Hirzebruch, Math. Ann. 126, 1-22 (1953); MR 16, 26] de 
centre un point pe V. Alors, S=Q,(p) est un espace pro- 
jectif complexe de dimension n—1. Soit {S} le fibré com- 
plexe défini par le diviseur S; {.S}, la restriction de {S} a 
S et {e} le fibré complexe déterminé, sur S, par l’hyperplan 
e;on a: {S}s=—{e} (Hirzebruch). La classe caractéristique 
cr(F) du fibré complexe F est une classe de cohomologie 
réelle, image canonique d’une classe entiére, de type (1, 1); 
F est dit positif si cg(F) contient une (1, 1)-forme y>0, au 
sens de Kodaira [Proc. Nat. Acad. Sci. U. S. A. 39, 1268- 
1273 (1953); MR 16, 618]. 

Soit F =Q,F le fibré complexe induit par F sur 7=Q,(V). 
Lemme 1: II existe une (1, 1)-forme yo sur V telle que, si 
cr(F) contient une (1, 1)-forme y>vo, le fibré Q,F—{S} 
sur Q,(V) soit positif pour tout pe V. Lemme 2: Etant 
donnés deux points p~qe V, désignons par Q,Q, la com- 
posée de Q, et de la transformation quadratique de centre 
Q,(p). Si ¢r(F) contient une (1, 1)-forme réelle fermée 
y>2vo, le fibré Q,0,F — {QpQe(b)} — {QrQe(g)} sur Q,0,(V) 
est positif pour tout couple de points p,g e V(pq). Alors: 
1) Soit 4, un entier positif, x une (1, 1)-forme réelle fermée 
appartenant a la classe caractéristique de l’espace fibré 
canonique sur V et soit r= ("+/)hyw+x«, od / est un entier 
=2, alors l’application ¢¢ de V dans G, est localement 
biréguliére si cg(F) contient une (1, 1)-forme y>r. Pour le 
montrer, on utilise le fait que, pour tout point pe V, les 
espaces vectoriels I'(F) et T'(F) sont isomorphes et que, si 
En =F —m{S}, on a H"'(V,2(En41))=0 pour 1—nSmSl, 
d’aprés le théoréme 3 de la note citée de Kodaira. On a alors 
la suite exacte 0-T'(Z,4:)-T (EZ,,)-I's(me)—0 qui, pour 
m=Q, 1, montre qu'il y a suffisamment de sections de F 
pour définir une application ¢¢ holomorphe a déterminant 
fonctionnel ~0 en tout point p; 2) Si & est un entier positif 
tel que kw> 2+» et si G est un fibré complexe sur V tel que 
cr(G) contienne y>nkw+«, alors, ¢¢ est une application 
réguliére biunivoque de V dans un espace projectif. La 
démonstration de 2), analogue a celle de 1), utilise le lemme 
2. Soit k un entier tel que hw>r et hw>nkw+«; on sait 
[Kodaira et Spencer, ibid. 39, 868-872 (1953); MR 16, 75] 
que hw appartient a la classe caractéristique d’un fibré 
complexe F, d’aprés la propriété de w; les résultats 1) et 2) 
et le théoréme de Chow entrainent le théoréme fondamental, 
l’application analytique de V dans un projectif étant définie 
par ¢r. Applications: 1) Caractérisation (classique) des 
tores complexes qui sont des v.a.p.; 2) Si une variété 
analytique complexe V porte une métrique hermitienne telle 
que la courbure de Ricci associée soit définie négative [ou 
positive ] partout sur V, alors V est une v.a.p.; 3) Soit @ 
un domaine borné dans C* et A un groupe discontinu 
d’automorphismes analytiques sans points fixes de @ tel 
que @/A soit compact; alors @/A est une v.a.p.; 4) Tout 
revétement fini non ramifié d’une v.a.p. est aussi une v.a.p.; 
5) Tout espace fibré de base v.a.p., de fibre un espace pro- 
jectif complexe et de groupe structural le groupe des trans- 
formations projectives, est une v.a.p. Appendice: Soient 
une variété de Hodge de dimension 22; S une sous- 
variété principale de V analytiquement homéomorphe a un 
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espace projectif complexe, et e un hyper-plan de S; alors, 

si S satisfait 4 c({S}s)=—c({e}) sur S, il existe une v.a.p. 

V telle que Q,(V) = V et Q,(p) =S, od p est un point de V. 
P. Dolbeault (Paris). 


Baily, W. L. On the quotient of an analytic manifold by a 
group of analytic homeomorphisms. Proc. Nat. Acad. 
Sci. U. S. A. 40, 804-808 (1954). 

Soient D une variété analytique complexe, de dimension 
n; G un groupe proprement discontinu d’>homéomorphismes 
analytiques de D sur elle-méme. Considérons un espace fibré 
F sur D a fibre vectorielle complexe de dimension un, dans 
laquelle opére le groupe multiplicatif des complexes (fibré 
complexe). Désignons par x la projection canonique F-D 
et par G* le groupe des homéomorphismes fibrés analytiques 
de F sur lui-méme. Soit 4 un homomorphisme de G dans G* 
tel que xh(g)=g, pour g e G et que, si le point r(b) est fixe 
pour be F et geG, le point b soit fixe pour h(g); (F, h) est 
appelé un G-fibré complexe. On fait correspondre, a l’espace 
fibré principal associé 4 (F, h), un G-fibré réel principal, en 
remplacant les fonctions coordonnées de F et la fonction 
qui définit h(g) au voisinage de chaque point de D par les 
carrés de leurs modules; un tel espace posséde une section 
C*§ invariante par le groupe |h|*(G). Le fibré (F, h) est dit 
positif si y= 700 log § est définie positive. Théoréme: si 1) 
D/G est compact et si 2) il existe un G-fibré complexe positif 
sur D, alors D/G est une variété algébrique plongée dans 
un espace projectif. De fagon précise: il existe une applica- 
tion réguliére @ de D dans un projectif de dimension assez 
grande telle que: a) ® puisse étre factorisée en D—-D/G et 
v: D/G-—-4(D) od VY est un homéomorphisme; b) @ est 
localement biréguliére en dehors de l'ensemble des points 
fixes des éléments de G différents de l’identité; c) (D) est 
une variété algébrique projective localement irréductible; 
d) la dimension de l'ensemble des points singuliers de #(D) 
est Sn—2. Ce résultat généralise partiellement celui de 
l’'application 3) de Kodaira [voir l'analyse ci-dessus ] dans 
laquelle on supposait les éléments de G sans point fixe. 
Quand D est un domaine borné de I’espace euclidien, I’hy- 
pothése 2) est toujours satisfaite et le théoréme redonne un 
résultat de H. Cartan [Séminaire de l’Ecole Normale 
Supérieure, 1953-54, exposé XV]. Le schéma de la démon- 
stration est essentiellement le méme que dans l'article cité 
de Kodaira, mais D/G ayant, en général, des singularités, 
la théorie des intégrales harmoniques a dfi étre adaptée A 
ce cas. P. Dolbeault (Paris). 


Pyateckii-Sapiro, I. I. Analogue of a theorem of Lefschetz. 
Dokl. Akad. Nauk SSSR (N.S.) 96, 917-920 (1954). 
(Russian) 

Let D be a bounded domain in the space of m complex 
variables, let T be a discontinuous group of analytical auto- 
morphisms of D and let it be assumed that the quotient 
space D/T is compact. Then it is known that the auto- 
morphic functions in D, relative to I, form a field of alge- 
braic functions of m independent variables. The author 
shows that this field possesses a non-singular projective 
model and that there exists in fact a non-singular model 
which is related to D/T by an analytical homeomorphism. 
(In the special case in which D/T is an abelian variety, this 
theorem is due to Lefschetz.) The author shows, namely, 
that the algebraic (homogeneous) parametrization of D/T 
by means of a linear basis of automorphic functions of a 
given weight m is an analytical homeomorphism provided 
m is sufficiently large. [Note: The above result is contained 
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in more general results obtained recently by H. Cartan 
[Séminaire de |’Ecole Normale Supérieure, 1953-54, exposé 
XV], K. Kodaira [see the papers reviewed second and 
third above] and W, L. Baily [see the paper reviewed 
above ]. O. Zariski (Cambridge, Mass.). 


Serre, Jean-Pierre. Faisceaux algébriques cohérents. Ann. 

of Math. (2) 61, 197-278 (1955). 

This paper contains the basic material for the application 
of cohomology theory to algebraic geometry; the specific 
applications themselves are to appear in a forthcoming 
paper. 

Chapter I is concerned with the general theory of sheaves. 
A sheaf on a space X is a space F with a mapping p (the 
projection) of F into X which is a local homeomorphism. 
A continuous mapping s of an open set U of X into F such 
that p(s(x)) =x for x e U is called a section of F above U. 
In all algebraic applications, the sets F,= p~'(x) have alge- 
braic structures whose laws of composition are assumed to 
“vary continuously” with x, in a sense easily made precise; 
the most interesting case is that of a sheaf of modules, where 
each F, is a module over a ring Az, the A,’s forming them- 
selves a sheaf of rings. The notions introduced in sheaf 
theory are either of an algebraic nature (induced sheaf on 
a subset of X, prolongation of a sheaf on a subspace, sub- 
sheaves, sheaf homomorphisms, factor sheaves, exact se- 
quences of sheaves, tensor product of sheaves) or of a topo- 
logical nature (cohomology of a space X in a sheaf F of 
additive groups on X). In defining this last notion, attention 
must be paid to the fact that X may fail to be a Hausdorff 
space (this will always happen in algebraic geometry). 
This fact entails certain difficulties; in particular, the exact- 
ness of the cohomology sequence associated to an exact 
sequence cannot be established in general. This fundamental 
theorem holds nevertheless for the cohomology of an alge- 
braic variety V, provided only ‘algebraic coherent” sheaves 
are considered. Let F be a sheaf of modules over a sheaf A 
of rings. Then F is said to be of finite type if, for every x e X, 
there exist a finite number of sections s; (11) of F over 
a suitable neighbourhood U of x such that, for all ye U, 
F, is generated as a module by the elements s;(y). Let 
Si, ***, Sp be sections of F over an open set U. For each 
ye U, let R, be the set of elements (a;, ---,a@,) in Ay? such 
that 5-7.; a;s;(y) =0. Then the sets R, form a sheaf R over 
U. If F is of finite type and R of finite type (for all choices 
of si,-++,S», U), then F is called coherent. Coherent 
sheaves are discussed in relation to the general algebraic 
operations on sheaves. 

Chapter II contains an alternative definition of the notion 
of an (abstract) variety, due to A. Weil. An algebraically 
closed field K is given; each affine K-space K* is endowed 
with the Zariski topology on this space. For any xe K’, 
let O, be the local ring of x (the set of rational functions on 
K’ which are defined at x); the rings O, form a sheaf of rings 
on K’. A variety V is defined to be a space V together with 
a subsheaf Oy of the sheaf of germs of K-valued functions 
on V, with two axioms of which the first says that X has an 
open finite covering (U;) such that each U; (with its induced 
sheaf) is isomorphic to a locally closed set in some K", with 
its sheaf of local rings, while the second expresses the condi- 
tion of biregularity of the birational transformations be- 
tween the U;’s which are defined by the fact that, if 
xe Uist U;, its local ring on U; is the same as its local ring 
on U; (both being the ring (Oy).). The notion introduced in 
this manner is slightly more general than the notion defined 
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by Weil, inasmuch as it includes reducible varieties (unions 
of a finite number of Weil varieties). If Oy is the sheaf which 
defines the structure of a variety V, then, for xe V, (Oy)z 
is called the local ring at x, and is denoted by O,. By an 
algebraic sheaf on V is meant a sheaf of modules over Oy. 
Every sheaf on a closed subvariety W of V may be extended 
to a sheaf on V which coincides with 0 outside W. This 
implies that, inasmuch as sheaf theory is concerned, the 
theory of a subvariety is not essentially more difficult than 
that of the ambient variety; in particular, sheaf theory on 
a projective variety may be reduced’ to sheaf theory on a 
projective space, in which specific homogeneous coordinates 
are used to the full. The author studies the theory of sheaves 
on affine varieties; there, it turns out that, for coherent 
sheaves, the cohomology is trivial in all dimensions >0; this 
seems to indicate that the natural domain of sheaf theory 
is the study of algebraico-geometric notions in which the 
completeness of the variety plays a crucial role. By using a 
finite affine covering of an abstract variety by affine va- 
rieties, it is shown that the cohomology sequence attached 
to an exact sequence A—>B-—>C of sheaves is exact provided 
A is algebraic and coherent. 

Chapter III is concerned with the theory of sheaves on a 
projective variety. The projective space X of dimension r 
is covered in a natural manner by r+1 affine spaces; it is 
shown that this covering is already sufficient to compute the 
cohomology groups of a coherent algebraic sheaf; in par- 
ticular, the cohomology in dimension >r is trivial. More 
precisely, if V is a closed projective variety of dimension n, 
then the cohomology of V (in any coherent algebraic sheaf) 
is trivial in any dimension >n. Let S be the ring of poly- 
nomials in r+1 variables. In order to study the cohomology 
of X in an algebraic sheaf F, the author associates to F a 
graded module M over S. Let x be a point of X. Introduce 
the ring O,(x) generated by the elements P/Q where P and 
Q are homogeneous in S, degree of P=n-+degree of Q and 
Q and Q(x) #0 (n being any integer). The rings O,(x) form 
a sheaf O(n); set F(n)=O(n)@F. Let (I'v), be the set of 
sections of F(m) over the whole of X, and Ir the direct sum 
of the groups (I'r),, for all integers m. Then Ir has an easily 
defined structure of graded module over the ring S. If F 
is coherent, then Ir satisfies the following condition (TF): 
there exists a p such that >-.>, (I'v). is finitely generated. 
Moreover, in that case, the sheaf F may be recovered 
from the module Ir by a general procedure which associates 
a sheaf on X to every graded S-module. 

To every graded S-module M, the author attaches certain 
cohomology groups H*(M) [J. L. Koszul had introduced 
homology (not cohomology) groups for M [Colloque de 
Topologie (espaces fibrés), Bruxelles, 1950, Thone, Liége, 
1951, pp. 73-81; MR 13, 109]; taking into account the self 
duality of an exterior algebra on a free module, Serre’s 
groups are related in the classical manner to a generalization 
of Koszul’s homology groups ]. If F is a coherent sheaf on X, 
then the cohomology groups of F are the same as those of 
the module Ir. This allows one to obtain a certain number 
of properties of the cohomology groups H*(X; F); in par- 
ticular, these groups are finite-dimensional vector spaces 
over K, and, for g>0, H*(X, F(n))= {0} for n large. 

A new step is accomplished by comparing the cohomology 
groups H*(M) of a graded S-module M to certain other 
groups, which are Ext-groups. Let M(m) be the module 
obtained from M by lowering the degree by n. The module 
H*(M(n)) is a vector space over K; denote by (7*(M)), 
the dual of the vector space H*(M(—n)) and by T*(M) the 
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direct sum of the groups (7*(M)), for all integers n; this 
is again a graded module over S. Let Q be a free module of 
rank 1 over S, graded by the condition that the basic ele. 
ment be of degree r+1. Then it is proved that, for any q#r, 
T’-*(M) is isomorphic to,Ext? (M, Q), while, for g=r, there 
is an exact sequence 


0—Ext’ (M, 2)--7T°(M)—M*-Ext™ (M, 2)-0, 


where M* is the graded module whose elements of degree » 
are the linear forms on the vector space M, over K of 
elements of degree m in M. The passing from —n to m which 
is involved in the definition of 7*(M), together with the 
fact that the dual of a vector space + {0} is # {0}, allows one 
to infer from this results on the groups H*(M(—n)) for » 
large, and therefore on the groups H*(X, F(—n)), if Fisa 
coherent sheaf on X. Let V be an irreducible variety of 
dimension p in X; let F be a coherent sheaf on V such that, 
for every x e V, F, is a free module over the local ring of x. 
Then, if V is free from singularity, H*(V, F(—m)) = {0} for 
large m and OSq<p; if V is normal and p22, then 
H'(V; F(—n))={0} for large n. 

If F is a coherent sheaf on a projective variety V, it 
is possible to define the Euler-Poincaré characteristic 
x(V, F)=, (—1)h*(V, F), where h*(V, F) is the dimen- 
sion of H*(V, F) over K. If V is irreducible of dimension , 
and F the sheaf of local rings, then x(V, F) =1+(—1)%,(V), 
where p,(F) is the arithmetic genus of V. If V=X, then, for 
any F, x(X, F(m)) is a polynomial in m whose degree is the 
dimension of the carrier of F. C. Chevalley (Paris). 





Differential Geometry 


'*Strubecker, Karl. Differentialgeometrie. I. Kurven- 


theorie der Ebene und des Raumes. Sammlung Géschen 

Bd. 1113/1113a. Walter de Gruyter & Co., Berlin, 1955. 

150 pp. DM 4.80. 

A first chapter of 54 pages is devoted to the standard 
theory of plane curves. Among the topics treated here are 
the ovals, the curves of constant breadth, and Zindler 
curves. For instance, it is shown that a Zindler curve C has 
in each direction a special chord, of length independent of 
the direction, which divides the area enclosed by C into 
two equal parts and which divides C itself into two parts of 
equal length. The second chapter is devoted to the standard 
theory of space curves. Plane-involutes and evolutes are 
discussed here, as are curves in isotropic planes and iso- 
tropic space curves. 

The book is written in a clear, concise, thorough fashion, 
using a vector notation. The role invariants have to play is 
emphasized and the visual and intuitive aspects of the sub- 
ject are also kept in mind. There are 18 well drawn figures, 
some 12 illustrative examples, an index, and a list of other 
textbooks printed in German. A. Schwaris. 


Nite, V. Sur les propriétés focales des courbes bicircu- 
laires et de certaines cyclides du 4° ordre. Bull. Inter- 
nat. Acad. Yougoslave. Cl. Sci. Math. Phys. Tech. (N.S.) 
12, 99-102 (1954). 


Nite, Vilim. On focal properties of bicircular curves and 
of certain cyclides of 4th order. Rad Jugoslav. Akad. 

Znan. Umjet. Odjel Mat. Fiz. Tehn. Nauke 296, 185-197 

(1953). (Serbo-Croatian) 

Serbo-Croatian version of the preceding paper. 
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Vincensini, Paul. Sur une représentation de |l’espace 
euclidien E, dans E,, et sur un nouvel aspect de la trans- 
formation de Sophus Lie. Univ. e Politec. Torino. Rend. 
Sem. Mat. 13, 185-203 (1954). 

Let X;, --+,X«4 be a set of rectangular coordinates of a 
point in a four-dimensional Euclidean space Ey, and pu, 
pas, Psa, P23, Ps1, Piz the Pliickerian coordinates of a straight 
line in the space E; represented by X,=0. A correspondence 
C between the straight lines in EZ; and the points in E, is 
defined by the equations 


pPu=XitiXe, phu=XstiX,, 
pPa=X1—1X2, pp=Xs—1Xu, 


pPu=—1, 
pPi2= Ljas XP, 


where i=4/-—1. Under C a surface S in E; corresponds to 
acongruence J consisting of ? isotropic lines in such a way 
that every isotropic line is the image of the pencil of tangents 
of S at a point. The transformation of a straight line D in 
E; into the sphere of intersection of E; and the isotropic 
hypercone in E, with the vertex at the corresponding point 
M of D under C is the transformation of Lie. The image 
congruence J of an R surface of Wilczynski is characterized 
by the property that the two foci on any one of its rays are 
harmonic conjugate with respect to the two points of inter- 
section of this ray with two fixed hyperspheres in E,. Similar 
characterizations are also given to minimal surfaces and 
surfaces of constant Gaussian curvature in E;, regarded as 
the corresponding surfaces of R surfaces of Wilczynski 
under the transformation of Lie. C. C. Hsiung. 


Vincensini, Paul. Sur l’application d’une représentation 
hyperspatiale de espace réglé a l’étude de certaines 
questions de géométrie différentielle. Acad. Roy. Bel- 
gique. Bull. Cl. Sci. (5) 40, 1090-1105 (1954). 

The author discusses applications of the transformation 


2PsXi=—(Piutpe), 2pser2=1(Pis— pros) 
2psxs=—(Putpsa), 2psexs=t(Paa— ps1) 


of lines in E; into points of the EZ, of which the E; is the 
hyperplane x,=0. [See Vincensini, C. R. Acad. Sci. Paris 
239, 1113-1114 (1954); MR 16, 400; see also the paper 
reviewed above. ] If the surfaces of Wilczynski are defined 
as surfaces of E; which carry Wilczynski nets, then the most 
general such surfaces are obtained through a sphere — line 
transformation of Lie of those surfaces in E; of which the 
pairs of associated centers of curvature A, B are har- 
monically conjugate to the two points in which the normals, 
on which A, B lie, intersect two arbitrary fixed planes. 
Another set of applications deals with minimal surfaces and 
Bianchi’s work on the representation of such surfaces on a 
plane with orthogonality of corresponding linear elements. 


‘If through the point P of a minimal surface S we bring the 


normal (p, g, —1) to intersection with the plane z=0 of a 
rectangular Cartesian system (x, y, 2), and through the point 
of intersection N we bring the line (—gq, p, 1(1+p°+4*)"”), 
then this line generates a congruence of Ribaucour with 
z=0 as middle surface. This result can be generalized to 
arbitrary surfaces. D. J. Struik (Cambridge, Mass.). 


Brejcha, Josef. Sur les systémes axiaux et duellement 
axiaux de lignes tracées sur une surface qui contiennent 
des réseaux conjugués. Casopis Pést. Mat. 79, 252-260 
(1954). (Czech. Russian and French summaries) 
Verfasser betrachtet eine nichtgeradlinige Flache S des 

dreidimensionalen projektiven Raumes, die auf Asymp- 

totenparameter u, v bezogen wird. Jedem Punkt x der 
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Flache wird eine ihn durchsetzende Gerade /; zugeordnet 
und in der Tangentialebene dieses Punktes eine zweite 
Gerade /,, die als Verbindungsgeraden der Punktepaare 
x, Xuy—aX,—bx, und x,—bx, x,—ax definiert sind. Die 
Kongruenzen T, und Tl, der Geraden |, und /, langs der 
Flache heissen reziproke Kongruenzen. Sie induzieren auf 
S zwei Systeme 2, und &, axialer und dual axialer Kurven. 
Dabei gehért eine Kurve C,; zum System 2%), sobald die 
Schmiegebene eines jeden ihrer Punkte x durch die zu x 
gehérige Gerade /, geht. Dual dazu gehért eine Kurve C; 
zum System 22, sobald der Riickkehrpunkt der Tangen- 
tialebene in x auf /, liegt. Sodann entsteht das Problem: 
gibt es eine Flache und auf ihr ein zugeordnetes Paar 
reziproker Kongruenzen I, und I, derart, dass das induzi- 
erte System 2, die eine, und das induzierte System 2, die 
andere Kurvenschar eines auf S konjugierten Netzes en- 
thalt? Die Antwort ist bejahend und die Flachen S mit der 
verlangten Ejigenschaft haben die konstante Projektiv- 
kriimmung —2. Die beiden Kongruenzen sind Wilczynski- 
kongruenzen. Auf nichtabwickelbaren, nichtquadratischen 
Regelflachen gibt es unendlich viele Systeme 2,, die sich 
auf unendlichviele Systeme L, derart verteilen lassen, dass 
die zugehérigen konjugierten Systeme L: zu 2» gehdren. 
Ein bestimmtes solches Axialsystem hangt von einer 
(willkiirlichen) Funktion einer Veranderlichen ab. Im Falle 
nichtabwickelbarer Quadriken schliesslich fallen die Systeme 
~, und 2, zusammen. Die Untersuchung kniipft an eine 
Arbeit von E. Bompiani [Boll. Un. Mat. Ital. 3, 10-16 
(1924) ] an. M. Pini (K6ln) 


Nitsche, Joachim. Ein mit der Verbiegung der Halbkugel 
verbundenes Randwertproblem. II. Arch. Math. 6, 
13-17 (1954). 

A surface isometric to a two-dimensional hemisphere is 
uniquely determined by the curvature of its boundary. An 
integral identity derived by the author in a preceding paper 
[Arch. Math. 4, 331-336 (1953); MR 15, 466] and an 
existence theorem of J. Nitsche [ibid. 6, 18-24 (1954); 
MR 16, 365] concerning boundary problems for an elliptic 
system of linear equations are used in the proof. 

A. Douglis (New York, N. Y.). 


Nitsche, Joachim. 
verbundenes Randwertproblem. 
145-150 (1955). 

If «(¢) is any Hélder-continuous, periodic function with 
the period 27, and if u satisfies three homogeneous integral 
conditions, 


Ein mit der Verbiegung der Halbkugel 
II. Arch. Math. 6, 


Qe 2 Qe 
=0, i =0, =0, 
. udo [fw sin odo J ncosoas 


then there exists a surface isometric with a two-dimensionai 
hemisphere for which y is the derivative of the curvature of 
the boundary. The converse statement has been given in a 
previous paper [Arch. Math. 4, 331-336 (1953); MR 15, 
466 ]. A system of non-linear integral equations arises in the 
proof of the theorem which is solved by iterations. 

A. Douglis (New York, N. Y.). 


Vaona, Guido. Proprieta proiettivo-differenziali di sistemi 
di curve, superficie o varieta. Boll. Un. Mat. Ital. (3) 9, 
373-380 (1954). 

In a three-dimensional space S; an ©’ system of surfaces 
is called a stratum of surfaces if one and only one surface of 

the system passes through a general point of S;. Let P, 
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P be two neighboring points in S;, and x, # the tangent 
planes of the surfaces of the stratum at P, P respectively. 
A projectivity, called the tangential projectivity of the 
stratum at P, is obtained between the limiting positions of 
the line PP and the line of intersection of x and # as P 
approaches P. A necessary and sufficient condition for the 
surfaces of a stratum to be plane (developable) is that the 
tangential projectivity of the stratum at a general point be 
a degenerate one of the second (first) kind. Similar results 
are also obtained for a congruence of curves in S; and a 
stratum of hypersurfaces in an r-dimensional projective 
space S,. C. C. Hsiung (Bethlehem, Pa.). 


Sasaki, Shigeo. On the influence of the topological struc- 
ture of Riemannian manifolds upon their holonomy 
groups. TOhoku Math. J. (2) 6, 135-148 (1954). 

This paper examines the relation between topological in- 
variants of a Riemannian manifold and its associated 
holonomy groups. Sufficient topological conditions are ob- 
tained which ensure that the restricted homogeneous holon- 
omy group h® shall not be the product of two orthogonal 
groups or of two unitary symplectic groups, and hence con- 
ditions are found which ensure that h® is simple. 

The reviewer proved in effect [C. R. Acad. Sci. Paris 232, 
298-299 (1951); MR 12, 533] that if the homogeneous 
holonomy group of a compact orientable Riemannian 
manifold leaves invariant an odd-dimensional distribution 
of planes, then the Euler characteristic of the manifold is 
zero. It was shown subsequently by Samelson [ Portugal. 
Math. 10, 129-133 (1951); MR 13, 492] that the mere 
existence of an odd-dimensional distribution of planes im- 
plies that the characteristic is zero. In this paper the author 
sharpens the reviewer’s result by replacing the homogeneous 
holonomy group by the restricted group h®; however, both 
results are contained in Samelson’s theorem. 

The paper contains many misprints; two different sections 
are both labelled §5; and although in §1 reference is made 
to §8 for a statement of the conditions which make h® simple, 
there is in fact no §8 in the paper. T. J. Willmore. 


Wakakuwa, Hidekiyo. On n»-dimensional Riemannian 
spaces admitting some groups of motions of order less 
than n(n—1)/2. Téhoku Math. J. (2) 6, 121-134 (1954). 
Yano proved [Trans. Amer. Math. Soc. 74, 260-279 

(1953); MR 14, 688 ] that a Riemannian space V, (n>4, #8) 

cannot have a group of motions G, whose order r satisfies 

n(n—1)/2+1<r<mn(n+1)/2. For r=n(n+1)/2 one has, 
of course, a space of constant curvature, and for 
r=n(n—1)/2+1 

the space V, decomposes into a product V;X V,_1 (every- 

thing locally), where the V; are geodesics in V,, and the 

V,—: are either totally geodesic or totally umbilic surfaces; 

the families of V's and V,_;’s are left invariant by G, 

[Yano, loc. cit.]. The present author continues the investi- 

gation in the lower range for r. His Theorem 1 states that 

there are no G, with (m—1)(m—2)/2+3<r<mn(n—1)/2, 
unless n= 5; or unless m takes some other exceptional values 

(related to the exceptional simple Lie groups), in which 

latter case there might be a transitive group. A corollary 

says that if r= (m—1)(mn—2)/2+2 or r= (n—1)(n—2)/2+3, 

G, is transitive. 

The Theorems 2 and 3 deal with groups G, whose isotropy 
subgroups G(P) at P are direct products: Gi») XGin_p), P 
and n—p being the dimensions of subspaces left invariant 
by the corresponding groups. If p¥1,»—p, and G(P) leaves 
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no direction fixed then V,=V,X V,_-», and G, is a direct 
product of groups transitive in V, and V,_» respectively 
(Th. 2). If r=p(p+1)/2+(n—p)(n—p+1)/2, and pxi, 
n—1, then G, is transitive, and V,= V,X V,—», each factor 
being of constant curvature (Th. 3). 

The last theorems 4-7 are concerned with intransitive 
groups. The transitivity sets have special properties with 
respect to the original space V,, such as being totally um- 
bilical or so. We only mention that for r=m(m—1)/2 and 
for non-exceptional m the group G, cannot be transitive. Ifa 
G, of this order exists, then V,= V1 Va_-1 (n+3), with 
V,—-1 of constant curvature and constant mean curvature, 
(Th. 5). Also for the cases r = (n—1)(nm—2)/2+1 (n>5, #9) 
and r=(n—1)(m—2)/2 have been investigated, but there 
are no simple geometric characterizations (Th. 6, 7). 

A. Nijenhuis (Chicago, IIl.). 


Afifi, Z. Riemann extensions of affine connected spaces, 

Quart. J. Math., Oxford Ser. (2) 5, 312-320 (1954). 

Les extensions riemanniennes d’ordre r sont définies au 
moyen du tenseur de courbure et caractérisées par une mé- 
trique de la forme ds? = gagdx*dx*® +-2dx*dt, (a, 8=1, ---, mn), 
les gag étant des polynomes de degré r par rapport aux vari- 
ables ¢*. Dans le cas r=1 on pose gag=Cag—2T'a’st,, et les 
T,’s définissent une connexion affine sur une variété A* 
associée a l’extension R*; l’extension est dite restreinte si 
les Cag sont nuls. Etude des conditions vérifiées par A* quand 
R™ est a) A courbure conforme nulle, b) symétrique, c) 
récurrent, d) Ricci-récurrent. Les conditions trouvées sont 
suffisantes dans le cas d’une extension restreinte, [résultats 
locaux ]. Le cas a) avait été indiqué par A. G. Walker 
[Convegno Internazionale di Geometria Differenziale, 
Italia 1953, Edizioni Cremonese, Roma, 1954, pp. 64-70; 
MR 16, 169]. J. Lelong (Paris). 


Santalo, L.A. On some tensors analogous to that of curva- 
ture in spaces with a nonsymmetrical affine connection. 
Univ. Nac. Tucum4n. Rev. Ser. A. 10, 19-26 (1954). 
(Spanish. English summary) 

An arbitrary connection I'‘;,+TI‘,; gives rise to three 
connections +I*,=I*,, —I‘,=I4; and I, =T*). De- 
note these connections by aI‘, (a@=1, 2, 3) in an «arbitrary 
order. Then the alternating second covarian. derivative 
built up by means of “I in a proper order gives rise to the 
generalization of the curvature tensor. 


(1) Reag(1, 2, 3) =a p— Tat Tyla 

Ty tT FT, — Tn Ta 
A sufficient condition that all tensors R*»,(1, 2,3) and 
R*:.(1, 2, 3) vanish is 
(2) Ea=0, Ti=0, Meo n—T* em, c=9, 

Tie) I*teny = 9, 

where E,; is the tensor used by Einstein in the 3rd ed. of 
his “The meaning of relativity” [Princeton, 1950; MR 14, 


97]. The first two conditions (2) are Einstein's original field 
equations for the connection I‘; defined by 


(3) £i5;4=0. 
$= 


If (3) is satisfied so is the third of (2) so that the conditions 
(2) reduce for the Einstein 1951 theory to the last of the 
conditions (2). [Remarks: 1) The condition [;=0 reduces 
Ey to Ry(++). Cf. Hlavaty, J. Rational Mech. Anal. 3, 
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103-146 (1954) [MR 15, 654]. 2) For the solution I‘, of 
(3) cf. Hlavaty, ibid. 4, 247-277 (1955) [MR 16, 870] and 
a paper in press. ] V. Hlavat§ (Bloomington, Ind.). 


Gaffney, Matthew P. Hilbert space methods in the theory 
of harmonic integrals. Trans. Amer. Math. Soc. 78, 
426-444 (1955). 

Soit M une variété Riemannienne orientable dont le 
tenseur de Riemann est de classe C* (k25). H® désigne 
l'espace des p-formes mesurables a, de norme (a, a)" finie, 
et A; la fermeture de l’operateur A,= A+J. Si M est com- 
pacte, A, est borné, symétrique, auto-adjoint et compléte- 
ment continu, ce qui entraine que A est auto-adjoint, que 
l'opérateur G de Green-de Rham est complétement continu, 
et permet de retrouver la formule de décomposition de 
Bidal-de Rham. La démonstration s’appuie sur un lemme de 
différentiabilité démontré a la fin. Dans le cas non compact, 
la frontiére de M est dite négligeable si d et 6 sont adjoints, 
et dans ce cas A est encore auto-adjoint. Ce mémoire précise 
un travail antérieur (dissertation, University of Chicago, 
1951; Proc. Nat. Acad. Sci. U. S. A. 37, 48-50 (1951); 
MR 13, 987]. J. Lelong (Paris). 


Cimde Rham, Georges. Variétés différentiables. Formes, 


courants, formes harmoniques. Actualités Sci. Ind., 

no. 1222=Publ. Inst. Math. Univ. Nancago III. Her- 

mann et Cie, Paris, 1955. vii+196 pp. 2000 francs. 

This book, distinguished by its richness and clarity, 
contains a development of basic theory for differential forms 
on differentiable manifolds and harmonic forms on Rie- 
mannian manifolds. The treatment is based on the concept 
of current which is closely related to that of distribution in 
the sense of Laurent Schwartz. A current can in fact be 
regarded as a differential form whose coefficients are dis- 
tributions. Chains and (ordinary) differential forms can be 
identified as currents in the manner indicated below. This 
is the guiding principle by which the author shows how the 
homology properties of a manifold are revealed simultane- 
ously through its chains and its differential forms. 

In the following brief sketch of the contents we shall omit 
the definition of the topologies which are assigned to sets 
of forms and sets of operators. Generally speaking, these 
definitions are adaptations of corresponding definitions in 
the theory of distributions. 

The author begins with a definition of manifold (variété), 
meaning always a differentiable manifold of class C*. It is 
shown that, given a manifold V of dimension m, there exists 
an embedding yu of V in R**+ of class C* such that ux 
whenever x—> (theorem of Whitney). 

In addition to ordinary real exterior differential forms on 
V—here called even forms—-the author introduces odd 
forms defined by inserting the factor J/|J| in the trans- 
formation law of the coefficients, J being the Jacobian de- 
terminant of the coordinate transformation. This is a useful 
technical device which enables the author to ignore through- 
out the book the question whether V is orientable or not. 
It is necessary in this connection to distinguish also between 
odd and even (singular) chains. Neither forms nor chains 
are assumed to be homogeneous. Chains are always taken 
with real coefficients. The support of form a on V is the 
smallest closed subset of V outside of which a is zero. 

Let a be a form on V. Then fa is defined to be the integral 
over V of the odd component of degree n of a, where m means 
always the dimension of V. If the support of a is not com- 
pact, then fa is of course meaningless unless the integral 
converges. If a is any form with compact support then it is 








easy to see that fda=0, where d is the exterior differential. 
The integral fia of a form a over a chain c is defined in the 
usual manner. If a and c are homogeneous, then f.a is zero 
unless the degree of a equals the dimension of c. Let b 
be the boundary operator for chains. Stokes’ theorem 
Svca= fda is now established under the hypothesis that c 
and a are of class C'. An approximation theorem is used in 
order to pass from the case in which ¢ is of class C* to the 
more general case. The theorem is valid for any c, finite or 
locally finite, when the support of a is compact, and for 
any a when c is finite. 

A current T on V is a real continuous linear functional 
T[¢] on the vector space of forms ¢ on V of class C* and 
with compact supports. The following examples are of 
fundamental importance. Let ¢ be a chain on V of class C’, 
r2=1, and let 7[¢]=c[¢]=J.d. The current c[¢] is called 
a chain. Let @ be a locally integrable form on V and let 
Tl¢]=al¢]=faad¢. The current a[¢] is called a form. It 
is always clear from the context when the words “‘chain’’ and 
“form” mean currents. A current is homogeneous of dimen- 
sion p if it annuls all homogeneous ¢’s of degrees different 
from p. The support of a current is defined in the same way 
as that of a form. If T isa current, T[¢] is defined for certain 
¢’s of class C* whose supports are not compact. Any ¢ can 
in fact be represented by a convergent series }>y; where the 
¥; have compact supports. 7[¢] is defined to be D}7yx 
provided this series converges. 

The exterior product of two currents 7, S can be defined 
provided one of them is a form a of class C*. Say S=a. 
Then Ta S[¢]=Taal¢]=T7[aa¢]. Let 1 be the form of 
degree zero equal to the constant one. Then T a S[1] can be 
defined as shown below provided the currents 7, S satisfy 
certain conditions. 

The boundary 6bT of a current T is a current defined by 
bT(¢]=T7{d¢]. If T is homogeneous of dimension p, bT is 
homogeneous of dimension p—1. Let c be a chain and be 
its boundary in the sense of chains. Then bc is also the 
boundary of c in the sense of currents. This follows immedi- 
ately from Stokes’ theorem which can be stated in the form 
bc[¢]=c[d¢]. Further, if a is a form of class C', then the 
boundary of a as current is essentially the same as that of a 
as form. The precise relation is ba=wda, w being defined for 
homogeneous forms 8 by w8 = (—1)*8, b=degree of 8. This 
is proved readily from the relation fd(aA¢)=0. It is now 
natural to define the differential d for currents by d=wb. 

It is evident that the operator } on currents satisfies b? =0. 
Hence the totality of currents carries a homology theory. 
The homology group H(V) is the additive group of closed 
currents, i.e. currents with zero boundaries, modulo those 
which are homologous to zero, i.e. are boundaries of cur- 
rents. Compact homologies are defined by considering only 
currents with compact supports; H.(V) denotes the compact 
homology group. A careful development of the homology 
theory of currents occupies the first half of the book and 
culminates with a sequence of theorems which would seem 
to imply the Poincaré duality theorem for manifolds as well 
as the so-called de Rham theorems about differential forms; 
in particular, they imply the isomorphism of the homology 
groups of V based on chains with those based on differ- 
ential forms. 

We outline the steps briefly. Let u.: WV (OStS1) bea 
homotopy of class C®. Associated with this there is a linear 
operator M on the currents of V which raises the dimensions 
of homogeneous currents by 1 and satisfies 


wil —pol =bMT+MbT 
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where wT is the image of T under the current mapping 
induced by u. The definition of M depends on certain precise 
relations which exist between forms on a product X X Y and 
double forms on X X Y, a double form on X X Y being one 
which can be regarded as a form on either of the factors 
with coefficients which are forms on the other. The next 
step is to show that every current T can be approximated 
homotopically by a form of class C*. The author shows in 
fact that there exist operators R and A which depend on 
certain parameters and have the following properties. If T 
is homogeneous and of dimension p, RT and AT are homo- 
geneous currents of dimensions p, +1 and RT is a form of 
class C”. Moreover, 


RT—T=bAT+AbT 


and RT, AT tend to zero in a certain precise sense if the 
parameters of R, A tend uniformly to zero. R and A are 
defined by using certain families of smoothing operations 
and the associated homotopy operators. An immediate 
application of this result shows that every closed current is 
homologous to a form of class C*, compactly if the current 
has compact support. If a form of class C’ (0Srs ~) bounds 
a current, it bounds a form of class C’; if it bounds a current 
with compact support it bounds a form of class C’ with 
compact support.—Now let 7, S be currents on V, and let 
Rand R’ be any two operators of the type R just described. 
Since R’S is a form of class C*, RT a R’S is defined. Hence 
RT a R'S(1] is defined if at least one of the currents T, S 
has compact support. Under certain conditions, the limit 
of RT a R’S[1] as the parameters of R, R’ tend uniformly 
to zero, exists and is independent of R, R’. This limit is 
denoted by T a S[1]; it is defined when for example T and 
S are closed and at least one has compact support. If T=c,, 
S=c, are chains, then c,Ac2[1] is called the Kronecker 
index of ¢, C2; it has meaning if at least one of the chains is 
finite and neither meets the boundary of the other. It follows 
from the definitions involved that if ¢:, cz are homogeneous, 
¢,A¢2[1] is zero unless the sum of the dimensions of ¢;, 
Ce is n. 

The author establishes the following duality theorem for 
currents. A necessary and sufficient condition that a closed 
current 7, be homologous to zero is that JT; a 7,[1]=0 for 
every closed current 7, with compact support. A necessary 
and sufficient condition that a closed current 7; with com- 
pact support be compactly homologous to zero is that 
T:AT,[1]=0 for every current 7». In proving this, atten- 
tion is first focused on manifolds with polyhedral subdivi- 
sions of class C*. A simple argument shows that every closed 
form, hence every closed current, is homologous to a chain 
of the subdivision, compactly if the support of the form or 
current is compact. The duality theorem is now established 
by a straightforward argument in which currents are re- 
placed by chains and cochains of the subdivision; this is 
made possible by the preceding result. Finally, it is shown 
that if a closed chain of the subdivision bounds a current, 
it bounds a chain of the subdivision; if it bounds a current 
with compact support, it bounds a finite chain of the sub- 
division. This completes the homology theory for manifolds 
with polyhedral subdivisions. Passage to the case of mani- 
folds without subdivision is effected in a simple manner by 
means of the imbedding theorem mentioned above. 

The second half of the book deals with Riemannian 
manifolds. A manifold is Riemannian if there is defined on 
it a metric tensor g,; of class C*. The adjoint of a homo- 
geneous form a of degree p on V is the unique homogeneous 
form +a of degree n—p such that for any homogeneous form 





MATHEMATICAL REVIEWS 


8 of same degree and parity as a, 
BAta= FO By,...cert'? 
ti<ee+<ip 

times the volume element g'/*dx' a -- - Adx*. Here the func- 
tions a*!--:*» are obtained by raising the indices of the co- 
vector which defines a. In particular, *1 is precisely the 
volume element. The operation * is also defined for currents: 
*7T(¢ |= T[w+¢] where 1=w"""'. The scalar product of two 
forms is defined by (a, 8) =al[*8]; the scalar product of a 
current and a form is (7, 8)= (8, T)=T7[*6]. Let A bea 
continuous mapping of currents into currents. The topo- 
logical transpose A* of A is defined by the identity 
Aa[8]=a[A*s]; The metric transpose A’ of A is defined by 
(Aa, 8) = (a, A’B). Without going into the mechanics of 
these definitions, we remark that A* and A’ are related by 
A’=*—'A** and that the metric transpose of the operator d, 
denoted by 64 and called the codifferential, is *~'d+w. The 
operator A =dé+-4d is its own metric and topological trans- 
pose and permutes with *, d, 6. A current JT such that 
AT=0 is called harmonic. Restricted to forms of degree 
zero (functions), A is the negative of the Laplace-Beltrami 
operator and therefore reduces, except for sign, to the 
Laplacian in a Euclidean space with cartesian coordinates, 
It is readily shown that a form of class C* with compact 
support is harmonic if and only if it is closed and co-closed. 
An important lemma in the analysis of the operator A 
asserts the existence of linear operators 2 and Q such that 
Q’=2 and AQ=1—Q. Here @ is defined by a kernel w(x, y), 
that is, 2¢(y) = fuw(x, y) A*o(y); Q is defined by a kernel 
q(x, y). Both w and g are double forms on VX V minus the 
diagonal. Actually, w equals r?-*(x, y) times a certain double 
form on VX V of class C*, r being the geodesic distance, and 
q= — Aw. The analysis which leads to the explicit definitions 
of the kernels w and g defining operators with the required 
properties is carried out with particular skill. 

Consider now the problem of solving the equation Au=8 
where u and @ are forms. On putting »=Q¢ we obtain the 
integral equation §—-Qt= 8 to which, assuming V to be com- 
pact, the standard processes of the Fredholm theory are 
applicable. It is proved that on a compact V there exist at 
most a finite number of linearly independent harmonic 
forms and that Au=8€ has a solution if and only if £6 is 
orthogonal to all the harmonic forms. By a straightforward 
argument it is now shown that there exist linear operators 
H and G such that H is idempotent, orthogonal to G, S, d 
and permutes with *; G permutes with d, 5, * and 
AG=GA=1—H. Immediate corollaries: (1, decomposition 
theorem) every current JT is uniquely expressible as 
T=7,+7:+T7; where 7, is homologous to zero, 7; is 
cohomologous to zero and 7; is a harmonic form (in 
fact the relation AGT=T—HT gives the decomposition 
T=diGT+8dGT+HT); (2) every closed current is ho- 
mologous to one and only one harmonic form; (3) every 
current which is homologous to zero bounds one and only 
one current which is cohomologous to zero; (4, Hodge’s 
theorem) if c;, ---,¢, are cycles linearly independent with 
respect to homology and ,, ---, p, are real numbers, there 
exists a harmonic form a such that f.a= i. 

On dropping the assumption of compactness and employ- 
ing the method of orthogonal projection in Hilbert space, 
the author obtains a decomposition theorem for summable 
square currents, that is, for the vector space obtained by 
completing the vector space of forms of class C* and com- 
pact supports, using the norm (a, a)". A final decomposition 
theorem for currents which are ‘‘continuous in the mean at 
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infinity” leads to an interesting integral formula for the 
Kronecker index of pairs of chains on a Riemannian mani- 
fold. The book closes with a proof of the theorem that on 
an analytic Riemannian manifold, every harmonic form 
is analytic. P. A. Smith (New York, N. Y.). 


Rapcsék, A. Invariante Taylorsche Reihe in einem Fins- 
lerschen Raum. Publ. Math. Debrecen 4, 49-60 (1955). 
H. S. Ruse [Proc. London Math. Soc. (2) 32, 87-92 

(1931) ] derives an invariant Taylor expansion for tensors 

on a Riemann manifold. His method depends essentially 

on the use of normal coordinates. Now H. Busemann [Ann. 

Mat. Pura Appl. (4) 31, 281-295 (1950); MR 13, 74] has 

shown that the normal coordinates of Riemannian geometry 

are not in general valid in a Finsler space. The author, 
however, using the new normal coordinates introduced by 

O. Varga [C. R. lier Congrés Math. Hongrois, 1950, Akad. 

Kiad6é, Budapest, 1952, pp. 131-162; MR 15, 160] succeeds 

in generalizing the calculations of H. S. Ruse to Finsler 

space. The only geometric application made of these calcu- 
lations is to the study of the normal coordinates of O. Varga. 
L. Auslander (Princeton, N. J.). 


MATHEMATICAL REVIEWS 








959 


Papy, Georges. Algébre tensorielle et algébre différen- 
tielle extérieure. Acad. Roy. Belg. Bull. Cl. Sci. (5) 41, 
356-369 (1955). 

Let T" be the algebra of tensor forms of class C' at a point 
of a differentiable manifold of class C*. It is shown that the 
exterior differential algebra at the point is the largest quo- 
tient subalgebra of 7’ which admits a differential invariant 
relative to the pseudo-group A,”. The proof uses the ideas 
of Ehresmann in which the differentiable structure of the 
manifold is defined by a complete atlas which is compatible 
with the pseudo-group of local automorphisms A,’. 

C. B. Allendoerfer (Seattle, Wash.). 


Infeld, L., and Plebafiski, J. Unitary transformations and 
spinor calculus. Bull. Acad. Polon. Sci. Cl. III. 3, 95-99 
(1955). 

The authors construct a unitary operator U from a two- 
component spinor operator & (a=1, 2) such that the trans- 
form of & by U namely £,’= Ut,U-, is related to & by a 
unimodular matrix: £,’=t,°t). The & may be taken to be 
constants times the » and g of a quantum-mechanical 
system which satisfy pqg—qp = —th. A. H. Taub. 


u NUMERICAL AND GRAPHICAL METHODS 


*Tables of Chebyshev polynomials S,(x) and C,(x). Na- 
tional Bureau of Standards Applied Mathematics Series, 
No. 9. U.S. Government Printing Office, Washington, 
D.C., 1952. xxx+161 pp. $1.75. 

The fundamental properties of Chebyshev polynomials 
have been known for a very long time. As in several other 
cases, the rapid recent development of computing methods 
and machines has revived interest in these functions, and 
now we welcome their first extensive tabulation. 

An excellent introduction, by C. Lanczos, starts with a 
general survey and proceeds to discuss many properties, 
analytic, algebraic and arithmetic, of the polynomials 
T,,(x) =cos (m cos“! x), U,_1(x) = (1—x*)-"* sin (nm cos“ x), 
normalised to the range —1<x31, and of 


T,.* (x) =T,(2x—1), U,* (x)= U,(2x—1), 


appropriate to the range OSx31. It is proved that, in 
—1<Sx31, the expansion of a function f(x) in the form 
Lixb T(x) has greater accuracy, for the same number of 
terms, than a similar expansion involving any other or- 
thogonal functions. This fact is used to provide a more 
convergent expansion }-¢7;(x) to a finite or infinite power 
series, a process of considerable value in problems of inter- 
polation, curve-fitting, smoothing of data, etc. 

Perhaps the most interesting section of the introduction 
is the description of the use of Chebyshev polynomials for 
solving linear differential equations with rational coeffi- 
cients, both in the real and complex domains, with particular 
reference to the asymptotic nature of the solutions. Basi- 
cally, the polynomial 7, (x) is used to obtain greater accuracy 
as more and more terms of the asymptotic series are in- 
cluded, in sharp contrast to the direct use of such a series. 

The functions C,(x) = 27, (4x), S,.(x) = U,(}x) are chosen 
for tabulation following a suggestion by J. C. P. Miller 
(who contributes a foreword to this volume), concerning 
the numerical and analytical advantages of these functions 
which are relevant to the range —2Sx<2 but have much 
smaller coefficients than those of 7,(x) and U,(x). 

Subsidiary tables give explicit expressions for the first 
twelve polynomials C,(x), T,(x), S,.(x) and U,(x), for the 








first twenty polynomials 7,*(x), and for the expansions of 
the first twelve powers of x into series of polynomials 
T,(x) and 7,*(x). The main tables give C,(x) and S,(x), 
for m=2(1)12, x=0(0.001)2.000, with exact values for 
n=2, 3, 4 and twelve decimals thereafter. The methods of 
computation and checking suggest that the tables maintain 
the usual high standard of accuracy of this series. 

On points of detail, it is doubtful whether the advantage 
derived from the practical use of C, and S, outweighs the 
disadvantage of analysing different functions 7, and U, in 
the introduction, however close the connexion between cor- 
responding pairs. The suggestion that Lagrangian formulae 
should be used for interpolation, including the four- 
point formula for the simple functions Cy(x) =x‘—4x*+2, 
S4(x) =x*—3x*+2, is also somewhat strange. Nevertheless 
this volume is a worthy addition to the N.B.S. series. 

L. Fox (Teddington). 


*Karmazina, L. N. Tablicy polinomov Yakobi. [Tables 
of Jacobi polynomials.] Izdat. Akad. Nauk SSSR, 
Moscow, 1954. 250 pp. 27.90 rubles. 

The polynomials tabulated are defined by 


G.(?, 9, x) = > (-»'(") { (g-+-n+1)/(p+2n—1)° jx, 
j= J 


where 2 =2(z—1)---(zs—j+1). They are orthogonal with 
respect to the weight function x*-'(1—-x)?~* on the interval 
(0, 1) and have leading coefficient unity. A short introduc- 
tion gives some asymptotic formulae and recurrence rela- 
tions by means of which the values of the functions can be 
obtained for a wider range of the parameters nm, p, g. The 
behavior of G,(p, ¢, x) for fixed p, for fixed g and for fixed x 
is indicated graphically. 

The main tables are to 7D and given G,(p,¢,x) for 
n=1(1)5, p=1.1(.1)3, g=0.1(1)1 and x=0(.01)1; they are 
clearly printed. The 500 values corresponding to a fixed 
p and a fixed g are given on one page. The coefficients of 
the polynomials are given to 7S and their zeros are given 
to 7D for the above values of p, g. When p=q=1 these 
polynomials reduce to the Legendre polynomials (based on 
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the interval (0,1)): information about the values, coeffi- 
cients and zeros of these are given in the same detail as in 
the general case. 

The table has been constructed by using the Newton- 
Gauss expression for G,(p, g, xo+ah) in terms of G,(p, g, xo) 
and its differences, starting from x»=0. A check is obtained 
from the value of G,(p, g, 1). There are remarks on inter- 
polation with respect to x, p, q. John Todd. 


¥*Faddeeva, V. N., i Terent’ev, N. M. Tablicy znaéenii 


funkcii ' 
w(z) = ea(1 +— fea) 


ot kompleksnogo argumenta. [Tables of values of the 


function 
(z) *(14 —~ few) 
w(z)=e* — 
Vado 


for a complex argument.] Gosudarstv. Izdat. Tehn.- 

Teor. Lit., Moscow, 1954. 268 pp. 19.70 rubles. 

This table is, essentially, one of the error function 
Erf z=22-*f * exp (—f)dt, in the complex plane, with a 
cartesian argument. This, with the table of K. A. Karpov 
[Tables of the function w(z)=e—*fot e*dx in the complex 
plane, Izdat. Akad. Nauk SSSR, Moscow, 1954; MR 16, 
749] which is to 5D with a polar argument, covering ap- 
proximately the same range, brings the function into the 
class of those which are known numerically. There have 
been a few earlier attempts to tabulate Erf 2, or related 
functions, e.g. P. C. Clemmow and C. M. Munford [Philos. 
Trans. Royal Soc. London. Ser. A. 245, 189-211 (1952); 
MR 14, 500] give a 4D table with polar arguments. The 
function w(z) =u+79 is tabulated to 6D, together with first 
and second differences (of u, v). Table I is at intervals of 
0.02 in x and y for O0Sx53, OS yS3; Table II covers the 
remainder of the square S: 0Sx<5, OS yS5 with intervals 
of 0.1 in x and y. Since w(—z) =2e-*—w/(z), values in the 
third quadrant can be obtained readily; since w(z) is real on 
the imaginary axis, it can be continued by reflection into 
the second and fourth quadrants. 

There is a short preface by V. A. Fok, which enumerates 
some of the areas in which the table can be applied; in 
particular, in connection with certain applications of the 
method of steepest descent. This is followed by a careful 
introduction which discusses various representations of w(z) 
as series, continued fractions and as an integral: 


ire 
(1) w@)==f Cexp (—#)/@e- Mt (Sex0); 
an asymptotic expansion is given. Next, the construction of 
the table is described. 

In the rectangle 0S x55, OS yS1 the function was com- 
puted by means of (up to twenty terms of) Taylor series 
centered on the real axis, for F(z) =exp { —2*} fot exp {#}dt, 
at the points x = 0(.1)5, y=0(.1)1. The coefficients are given 
by recurrence in terms of F(x»); the values of F(x) were 
those given by J. B. Rosser [Theory and application 
of fore-“"dx and fo'e-?“dyfyre-“"dx, Part I, Methods of 
Computation, Mapleton, Brooklyn, N. Y., 1948; MR 
10, 267 }. 

In the upper rectangle O0Sx35, 1S y<5, use was made 
of the integral representation (1) which was approximated 
by a sum of the form htS f(nh). By taking an Euler- 
Maclaurin expansion for the interval over a finite range, and 
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letting the range expand to —, ©, and estimating the 
remainder, it is shown that an error less than 10-* can be 
obtained with an h=h(y) chosen between 0.2 and 0.6 [cef. 
E. T. Goodwin, Proc. Cambridge Philos. Soc. 45, 241-245 
(1948); MR 10, 575]. The values of the line y=1 obtained 
by the two methods were compared and the values for 
which x=y (which are Fresnel integrals) were computed 
independently as a check. The discrepancies did not exceed 
2x10-. 

Table I was prepared by subtabulation of this skeleton 
table, using Taylor series centered at each point. As a check 
each value was also computed in the same way from another 
skeleton table, giving the values at a similar but displaced 
lattice. Discrepancies between the results amounted to at 
most 3X10-*. Finally, first and second differences were 
obtained for u, v, for both variables, and the relations similar 
to the Cauchy-Riemann equation were checked. 

The next section is concerned with the use of the table. 
For interpolation in Table I, with an error of at most 
2X10-, relations of the form 


u(x, y) =u(x0, yo) +pAu—gdv+} (p*—g*) A*u— pgAv 


can be used, where hp = (x —x0), hg= (y—‘yo). The first three 
terms of such formulae are sufficient if an error of 1x10- 
is tolerable. Here A* has its usual meaning and A is an 
“averaged”’ difference defined by 


Aw=}[{w(2+h) —w(z)} —i{w(s+ih) —w(2)} 
— {w(2—h) —w(z)} +4{w(2—th) —w(z)} ); 


these are the differences tabulated. Similar techniques apply 
in Table II; however, near the real axis the error is somewhat 
larger and third-order terms must be allowed for if the above 
accuracy is required. There are several worked examples. 

Finally, there is a section devoted to the determination 
of w(z) outside S. It is shown that the use of an Hermite 
quadrature of the integral representation (1) is efficient. 
In order to get 6D accuracy it is necessary to take a four- 
point quadrature near S; for 7 < |z| <12 three-point quadra- 
ture is sufficient; for |z|>12 a two-point quadrature is 
sufficient. Tables of the zeros of the Hermite polynomials 
and the corresponding Christoffel numbers taken from R. E. 
Greenwood and J. J. Miller [Bull. Amer. Math. Soc. 54, 
765-769 (1948); MR 10, 152] are given. There are several 
worked examples. 

About 100 values were compared (by J. C. Gager) with 
a skeleton table computed on the NBSEAC (by F. J. 
Stockmal and W. F. Cahill). No discrepancies were found. 

The tables are clearly printed; digits are occasionally out 
of alinement. John Todd (Washington, D. C.). 


*Zyczkowski, Michal. Tablice funkcyj Euleria i po- 
krewnych. [Tables of Euler’s and related functions. ] 
Pafistwowe Wydawnictwo Naukowe, Warszawa, 1954. 
70 pp. zi. 12. 

The first half of this book contains formulae concerning 


T(x), ¥(x)=[InT(x)y, 
B(x) =D (—)*/ (e+e) = 39 (R(x +1) —¥ (4x) ], 


together with a catalog of definite integrals which can be 
expressed in terms of these functions. The values of these 
integrals (or constants in their values, when they depend on 
parameters) are given to 5D. 

The second half contains a collection of tables of these func- 
tions. In particular: I'(x), logie '(x) to 6D for x=1(.001)2 
with first differences; I'(x), W(x), B(x) to 5 or 6S for 
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x=0(.01)10 with first differences for x >0.2. B(x, y) is given 
for x, y=0(1/6)2(1/2)5 to 5 or 6D (and also as rational 
numbers or rational multiples of when expressible in these 
forms). Among the smaller tables to 5 or 6D for x, y=0(1)8 
are: f.!* sin? t cos” t dt for a=0, —42; fo sin* ¢ sin yt dt, and 
three similar integrals (with one or both sines replaced by 
cosines), for b=42, x; fol sin xt cos yt dt (and two similar 
integrals) and fo! sin? yt dt and fo* cos* yt dt. Finally there 
are given I'(x+1) for x=1(1)25 (exact values); 7D values 
of I'(x), Y(x) and B(x) for a few fractional values of x, 
0<x<2 and ¢(x) for x=1(1)10 to 6D. 

The formulae and tables are clearly printed on large pages. 

John Todd (Washington, D. C.). 


*Radvanyi, Béla. Involut. [Involute.] Nehézipari Kényv- 
kiad6é, Budapest, 1954. v+189 pp. 55 ft. 

This volume gives x in radians and inv x=tan x—x for 
x=0(10’’)60°. In the range 0—-1°, 15D are given; in the range 
1°-3°, 10D are given and in the main part of the table 8D 
are given. First differences are given throughout. No state- 
ments are made about the sources or the computation or the 
checking of the table. It appears to be reproduced photo- 
graphically from a typed copy. John Todd. 


Butler, Terence, and Pohlhausen, Karl. Tables of definite 
integrals involving Bessel functions of the first kind. 
Aeronautical Research Laboratory, Wright Air Develop- 
ment Center, Wright-Patterson Air Force Base, Ohio, 
WADC Tech. Rep. 54-420, iv+50 pp. (1954). 

The definite integrals are of the form 


f ae f ‘Te jt) Je Ged 
0 0 


where g=0, 1, s=0, 1. Explicit expressions for these are 
given for (small) integral values of p in terms of j,= jo, 
(the zeros of Jo(x)) and J,(j,). 

There are various tables, all to 5D. The first gives j, and 
J.(j-) for r=1(1)10, the latter for those values of u for 
which J, is not zero to 5D. The actual values of the above 
integrals are given for r=1(1)10, p=0(1)10 in the case of 
those of the first type and of the second type when g=0, 
s=1, r=t; the other integrals of the second type are tabu- 
lated for p=0(1)5, r=1(1)5, s=1(1)5. There are last-figure 
errors in the basic values of j, and J,(j,). 

John Todd (Washington, D. C.). 


Naur, Peter. The energy production in convective cores 
in stars. Danske Vid. Selsk. Mat.-Fys. Medd. 29, no. 5, 
14 pp. (1954). 

The functions 


In (x) = f (y(t) "edt and Wa(x) =x*Ly(x) }™**/In (x) 


are tabulated to 5D and 4D respectively, when m=1(1)23, 
from x=0, at intervals of 0.1 until they reach their asymp- 
totic values (at x=3.5 in the case m=1 and at x=1.7 in 
the case m=23). Second differences, modified where neces- 
sary, are given. Here y is the Emden function of order 3/2 
which is defined by y’”’+2x-'y’+y*?=0, y(0) =1, y’(0) =0; 
this, and the related functions 


U=xy**/y’ and V=—(5/2)xy'/y, 


have been tabulated [Math. tables, v. II, British Assoc. 
Adv. Sci., London, 1932]. Since in the applications en- 





visaged the convenient independent variable is V, a table of 
x and U for V=0(.1)3.6 to 5D, with second differences is 
given. All tables are based on the values in the volume 
quoted; the calculations were done to 7D using punched 
card equipment. John Todd (Washington, D. C.). 


von Neumann, John, and Tuckerman, Bryant. Continued 

fraction expansion of 2'. Math. Tables Aids Comput. 9, 

23-24 (1955). 

This note reports on the first of several contemplated 
experiments on the behavior of the continued fractions for 
certain algebraic numbers. The statistic considered here is 
the sum S,(x) of the first » partial quotients in the regular 
continued fraction expansion of x. A table gives S,(2"*) for 
n=100(100)2000. According to a result of Khintchine 
[Compositio Math. 1, 361-382 (1935) ] S,(x)~n log: n for 
almost all x. The latter function is tabulated for comparison 
purposes. The comparison shows 5S,(2"/*)/(n loge m) to be 
mostly greater than unity and often: nearly two. Whether 
this deviation is significant the authors do not know. The 
IAS computer is being used with a multiple precision code 
of variable multiplicity. D. H. Lehmer. 


Shanks, Daniel. Non-linear transformations of divergent 
and slowly convergent sequences. J. Math. Phys. 34, 
1-42 (1955). 

L’auteur étudie des généralisations du S d’Aitken. Le 
procédé e," permet de traiter les séries approximativement 
géométriques. Dans d’autres cas, il peut ne conduire 4 aucun 
résultat ou meme a un résultat faux avec des phénoménes 
du type de Gibbs. La transformation 2, est citée mais non 
étudiée théoriquement. Les transformations é2, é3, etc. se 
rattachent a la table de Padé et par suite permettent de 
traiter les séries entiéres des fonctions n’ayant que des poles 
dans un certain cercle. La transformation eg est appliquée a 
Log (+1). Pour cette fonction e," donne une série qui peut 
étre seulement semi convergente. Les transformations pré- 
cédentes ont de nombreuses applications, en particulier en 
théorie des nombres et pour la détection des erreurs. 

J. Kuntzmana (Grenoble). 


Maruaévili, T. I. Determination of all real roots of alge- 
braic equations with the aid of an integrator. Soob&t. 
_ Akad. Nauk Gruzin. SSR 15, 265-270 (1954). (Russian) 


/ 


7  * Burkhardt, Felix. Uber Systeme von Differentialglei- 


chungen und linearen Gleichungen, die bei der Zerlegung 

von Gesamtheiten entstehen. Bericht iiber die Mathe- 

matiker-Tagung in Berlin, Januar, 1953, pp. 219-225. 

Deutscher Verlag der Wissenschaften, Berlin, 1953. DM 

27.80. 

Two. problems of practical mathematics are discussed 
briefly, motivated by the dynamics and statics of the gradual 
decomposition of classes according to prescribed transition 
probabilities. The first gives approximate formulas for 
certain independent probabilities in terms of dependent 
probabilities. The other is the solution of a linear system 
(E€—M)r=b with punch card equipment by: (a) Jordan 
elimination, following H. J. Dreyer [Auflésung von Sys- 
temen linearer Gleichungen mit Lochkartenmaschinen, 
Darmstadt, 1943; see MR 11, 693 for review of a transla- 
tion]; (b) the Neumann iteration r =b; r =6+ Mr, 
in case some norm of J is less than one. There are refer- 
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ences to three undated Leipzig reports on punched-card 
methods by Kula, Osadnik, and Schafer. 
G. E. Forsythe (New York, N. Y.). 


Houthakker, H.S. On the numerical solution of the trans- 
portation problem. J. Operations Res. Soc. Amer. 3, 
210-214 (1955). 

If cy is the cost of transporting one unit from origin 7 to 
destination j, a; the amount available at origin i, and ); 
the amount required at destination j, the transportation 
problem consists in choosing flows x, from origin 7 to 
destination j so as to minimize the cost of transportation 
¥i5 Cixsz subject to the constraints }>; xij=a;, Di xij =);. 
The author suggests as a first approximation the following 
procedure: choose a “mutually preferred pair’’ (7, 7) such 
that c, is the smallest element in both the ith row and jth 
column of the matrix (c;;). Let x;;=min (a;, b;); if a:<d;, 
strike out the ith row of the problem completely and reduce 
b; by xij. The cases where a;=); or a;>0; are handled 
analogously. Repeat this process with the new smaller 
problem, and so forth; this yields a flow matrix (x,;), which, 
in general, is a good approximation to the final solution (and 
can easily coincide with it). This matrix can be improved 
on by considering second-order shifts of flows involving 
pairs of origins and pairs of destinations in such a way as to 
further reduce costs. Higher-order shifts can also be con- 
sidered, but the method loses its simplicity, and the solution 
obtained after considering second-order shifts is best used 
as a start for a simplex solution. K. J. Arrow. 


Hunn, B. A. A method of calculating the normal modes of 
an aircraft. Quart. J. Mech. Appl. Math. 8, 38-58 
(1955). 

Errors involved in various methods of calculating normal 
modes are considered analytically. Numerical examples 
for a uniform cantilever beam are presented. It is shown 
that lumping the beam mass at five stations gives a fre- 
quency error of 1 percent for the first mode, 3 percent for 
the second mode, and 7 percent for the third mode. The 
corresponding mode shape errors are roughly 0, 9, and 25 
percent. The author considers the validity of the procedure 
of treating airplane combination of elements, fuselage, tail- 
plane, etc., by using the first few modes of the elements 
together with rigid displacement modes, as degrees of 
freedom in the usual Lagrangian equations with cross- 
coupling terms. He concludes that the procedure is adequate 
for frequencies up to the frequency of that element for 
which the modes used have the smallest range of validity. 
He also considers the effect of accuracy in the determination 
of influence coefficients on the accuracy of the normal modes. 


S. Levy (Washington, D. C.). 


Vernotte, Pierre. 
tales. 


La dérivation des courbes expérimen- 
C. R. Acad. Sci. Paris 240, 2124-2125 (1955). 


Piccone, Piero. Calcolo grafico degli integrali di Stieltjes. 
Atti Accad. Ligure 10 (1953), 53-56 (1954). 
The Stieltjes-integral ¢(x) =f%, f(x)dg(x) with f(x) con- 
tinuous and g(x) monotonic is approximated by 


n—l 
S= Df (xs): Lens) —2(e) J 
imo 
with respect to a set of abscissae x9<x,<-+-<x,=x. A 


graphical method for the evaluation of S is proposed, 
the method being equivalent to the following formulae: 
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tan a;= (¢—g(x;))/p with two constants p, g>0; 


S=pXULf (x) —f(xi-1) J- tan a; 
t=1 
—p(tan ap)-f(xn)+p(tan ap) - f(x), 
The angles a; and the products with tan a; are graphically 


determined. An example with a monotonic f(x) is given. 
H. Biickner (Schenectady, N. Y.). 


“0 
' &Collatz, Lothar. Numerische Behandlung von Differen- 
tialgleichungen. 2te Aufl. Die Grundlehren der mathe- 
matischen Wissenschaften in Einzeldarstellungen mit be- 
sonderer Beriicksichtigung der Anwendungsgebiete, Bd. 

LX. Springer-Verlag, Berlin-Géttingen-Heidelberg, 1955, 

xv+526 pp. (1 plate). DM 59.60. 

The first edition of this book [1951; MR 13, 285] was 
notable for its size (458 pages) as well as for the scope of 
material covered. The second edition now at hand is still 
larger due to the inclusion of many additional items, and 
has undergone a considerable reorganization. A major part 
of the reorganization consists in the insertion of a new 
chapter at the beginning devoted to basic material needed 
later, such as finite differences, interpolation, formulas for 
numerical differentiation and integration, Green’s theorem 
and related topics, least squares, orthogonality, and con- 
cepts from functional analysis. The remaining five chapters 
cover substantially the same material as in the first edition 
except for the topics now collected in Chapter I and the 
expansion of the remaining topics by more detailed treat- 
ment and the addition of new items. The high character of 
the first edition has been well preserved. W. E. Milne. 


Voronovskaya, E. V. On an alteration ofj Caplygin’s 
method for differential equations of the first order. 
Prikl. Mat. Meh. 19, 121-126 (1955). (Russian) 
Caplygin’s method for the approximate integration of 

differential equations is theoretically satisfactory because 

of rapid convergence and because the true solution is 
bounded between pairs of approximate solutions. In practice 
however the method is clumsy and often difficult to carr; 
beyond the second approximation. In the present note vhe 
author sets herself the task of retaining the basic idea of 
Caplygin’s method but at some expense in accuracy obtain- 
ing a procedure which is capable of being carried out. 
W. E. Milne (Corvallis, Ore.). 


de Vogelaere, Rene. A method for the numerical integra- 
tion of differential equations of second order without 
explicit first derivatives. J. Res. Nat. Bur. Standards 

54, 119-125 (1955). 

The proposed step-by-step method for the differential 
equation y”’ = f(x,y), with initial conditions specifying y 
and z (=y’), covers each interval xo to x9+2h in two stages. 
With yo, 29 and fy known to order h‘, f_; to order h’, the 
first stage calculates y:=yo+h2o+$h?(4fo—f_1), and hence 
fi from the differential equation, both to order h*. Then 
¥2=Yot2h2o+4h*?(2fo+4fi), fe is obtained from the differ- 
ential equation, and 22= 29+ 4h(fot4fi+/fs), all to order he. 
A simple formula is used to start the process. The applica- 
tion to high-speed computers is described, and there are 
notes on change of interval, error analysis, and comparison 
with other methods: in particular, the advantages over 
standard Runge-Kutta processes are stated convincingly. 
An illustrative example for two simultaneous equations, 
and tables of coefficients in the various formulae for certain 
values of h in the range 0.06 to 0.50, are also given. 





L. Fox (Teddington). 
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Crandall, Stephen H. Implicit vs. explicit recurrence 
formulas for the linear diffusion equation. J. Assoc. 
Comput. Mach. 2, 42-49 (1955). 


Harmuth, Henning. Uber die Lisung der Warmeleitungs- 
gleichung mit elektronischen Rechenmaschinen. Acta 
Phys. Austriaca 9, 90-98 (1955). 

The author replaces the heat equation 


ou ot 
—-=a 
) ox? ot 


by the difference-equation 
. v(x-+h, t) —20(x, t)+0(«—h, t) vt, t+k) —v(x, t) 
=a . 
(2) rr r 
With certain restrictions on the increments h and k, v(x, ?) 
can be interpreted as the solution of a “random-walk”’ 
problem. It is not clear whether the author proposes to use 
an electronic computing machine to carry out these random 
walks, or to solve (2) directly in the usual step-wise manner. 
The author extends his procedure to the heat equation in 
2 and 3 space-dimensions. In contrast to the usual random- 
walk technique where the particle may walk in 4 and 6 
directions (in 2 and 3 dimensions, respectively), the author’s 
particle walks in 3 and 4 directions. M. A. Hyman. 


Ditkin, V. A., and Lyusternik, L.A. On a method of prac- 
tical harmonic analysis on the sphere. Vyétisl. Mat. 
Vytisl. Tehn. 1, 3-13 (1953). (Russian) 

The authors develop a method for the approximate nu- 
merical determination of the 25 coefficients in the expansion 
of a function on the surface of a sphere in terms of surface 
spherical harmonics, i.e., the values of a, and 8,» in 


f(¢, 9) =>P,.*(cos 0)[an coske+Bu sin ke], 


where m runs from 0 to 4, and & runs from 0 to n. The 
method employs 32 points on the surface of the sphere, the 
12 vertices of the regular inscribed icosahedron and the 20 
vertices of the regular inscribed dodecahedron. These are 
oriented so that a radius from the center of the sphere to 
the vertex of the icosahedron passes through the center of 
the dodecahedron and vice versa. W. E. Milne. 


*Delone, B. N. Kratkii kurs matematiteskih maiSin. 
ast1. Malye stétnye maSiny i matematiteskie pribory. 

[A short course in mathematical machines. Part 1. 

Small computing machines and mathematical instru- 

ments.] Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow- 

Leningrad, 1952. 135 pp. 3.60 rubles. (Russian) 

The Odhner and the Mercedes-Euklid calculators are 
discussed in some detail in the first 49 pages. The next 54 
pages are devoted to the polar planimeter and eleven other 
integrating instruments. Construction and operation of a 
mechanical differential analyzer occupy the remaining 25 
pages. Here the half-tones are taken from the paper of V. 
Bush and S. H. Caldwell [J. Franklin Inst. 240, 255-326 
(1945); MR 7, 339] while the half-tones in the second sec- 
tion show Ott instruments. Acknowledgements are scarce 
and references to the literature are not given. 

R. Church (Monterey, Calif.). 


Approximations for digital com- 
puters. Assisted by Jeanne T. Hayward and James P. 
Wong, Jr. Princeton University Press, Princeton, N. J., 
1955. viii+201 pp. $4.00. 

Part II of this book is a very useful collection of func- 
tional approximations. There are 76 sheets; each sheet gives 








MATHEMATICAL REVIEWS 








963 


a polynomial or rational function of best approximation (in 
the Chebyshev sense of smallest maximum numerical error) 
of a standard function such as tan x, elliptic integrals, cosine 
integral, etc., together with a graph of the error. For ex- 
ample, Sheet 54 gives a polynomial of degree 6 in X for 
log (1+X), OSX S1, with a maximum error of less than 
0.0000015. 

Part I is an exposition, in novel and informal style, of 
the methods and tricks which the author uses for finding a 
best approximation of the sort given in Part II. The presen- 
tation is in the form of a printed film strip in which each 
frame (one half page) consists of a diagram and associated 
formulas, together with a descriptive caption of three or 
four lines. This style seems admirably suited to the descrip- 
tion of special devices; there is no attempt at a smooth 
presentation of theory, and the reader may find the ex- 
planations a bit meager. 

The author’s method is one of successive interpolation 
until the error curve has its maximum.and minimum values 
alternating and leveled off at equal heights above and below 
the x-axis. An initial approximation is found by interpola- 
tion to the given function f(x) at a set of points which are 
estimates for the zeros of the error. From a plot of the error 
e(x) of this first approximation a weighted average e, of 
the (numerical values of the) extremal values of e(x) is 
calculated. An ideal error curve e;(x) is then estimated by 
correcting the heights of the extrema of e(x) to the values 
+e, and a second approximation is found by interpolating 
to f(x)+e:(x) at all but one of these corrected extrema. A 
third approximation is found from the error curve of the 
second approximation in the same way, etc. 

P. W. Ketchum (Urbana, IIl.). 


Rees, Mina. Digital computers. Amer. Math. Monthly 
62, 414-423 (1955). 


Béhm, Corrado. Calculatrices digitales. Du déchiffrage 
de formules logico-mathématiques par la machine méme 
dans la conception du programme. Ann. Mat. Pura 
Appl. (4) 37, 175-217 (1954). 

The author proposes some engineering and coding meth- 
ods toward automatic programming for computers. A basic 
three-address computer is augmented by a facility under 
which each address x of an order is accompanied by a digit 
specifying that the information-transfer acts on the location 
x, as customary, if e=0, but on a memory position specified 
in the location x, if e=1. This provides a means for handling 
variable addresses. A double use of a symbol for both ad- 
dress and content of a location permits literal equations such 
as a-b—r, A—>- (the latter effecting a control-transfer) to 
be key-punched directly, a small ‘input code being still 
needed. A program is then presented [different from that 
of H. Rutishauser, Mitt. Inst. Angew. Math. Ziirich no. 3 
(1952); MR 15, 64] for translating a certain class of 
parenthetical expressions into machine code. 

H. H. Goldstine (Princeton, N. J.). 


Loeb, A. L. Automatic computing machines: Whirlwind I. 
Nederl. Tijdschr. Natuurk. 21, 97-117 (1955). (Dutch) 


Rutishauser, Heinz. Some programming techniques for 
the ERMETH. J. Assoc. Comput. Mach. 2, 1-4 (1955). 


Titus, C. K. A general card-program for the evaluation of 
the inverse Laplace transform. J. Assoc. Comput. Mach. 
2, 18-27 (1955). 
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¥% Proceedings of the first conference of training personnel 
for the computing machine field. Wayne University, 
Detroit, Mich., June 22 and 23, 1954. Edited by Arvid 
W. Jacobson. Wayne University Press, Detroit, 1955. 
v+104 pp. 


¥Korn, Granino A., and Korn, Theresa M. Electronic 
analog computers (d-c analog computers). McGraw- 

Hill Book Co., Inc., New York, Toronto, London, 1952. 

xvi+378 pp. $7.00. 

The book is devoted to d-c analogue computers. It is 
divided into eight chapters, of which chapters 1, 2, 3 deal 
with the application and the other ones with the design of 
computers. The applied part begins with a discussion of the 
need for automatic computing devices. Digital and analogue 
computers are compared with one another, and it is shown 
that analogue computers are cheaper if the error of compu- 
tation is not required to be below 0.1%. Next, the structure 
of analogue computers is described in terms of block- 
diagrams, and typical examples for electronic components 
are mentioned. Special emphasis is on circuits for addition 
and integration. The setup procedure is the subject of 
chapter 2; the detailed discussion includes the choice of 
scale factors, the finding of a suitable block-diagram for a 
given problem, initial conditions for differential equations 
and examples for linear and non-linear differential equations. 
Chapter 3 refers to representative practical problems, which 
include the performance of a dynamic vibration absorber, 
analysis and synthesis of servomechanisms, trajectory com- 
putation, aircraft motion, aircraft simulators and automatic 
pilots. Sets of linear algebraic equations, eigenvalue prob- 
lems and integral transforms are also mentioned. 

The part dealing with design begins with potentiometers, 
turns over to summing amplifiers and describes different 
electronic integrators. An error analysis is included. Chapter 
5 contains d-c amplifiers in detail and covers also special 
circuits, stabilization and automatic balancing circuits. 
Chapter 6 deals with multiplication and with the generation 
of functions. Electronic division, special servomechaiisms, 
tapped potentiometers and the use of special diode charac- 
teristics are part of the subject. The last chapters 7, 8 deal 
with auxiliary circuits, computer operation and installation. 
All practical aspects, including costs, are discussed. 

The book is clearly written. The reader is not supposed to 
be already acquainted with the mathematical or the en- 
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gineering aspects of computation. Yet the book will lead 
him beyond elementary questions of analogue computation 
to a fairly detailed knowledge, especially in the field of 
design. H. Biickner (Schenectady, N. Y.). 


Paschkis, Victor. Electric analog computers: classifica- 
tion, design, and application. Ann. New York Acad, 
Sci. 60, 884-904 (1955). 


Thinius, E. Ein Inversionszeichengerit fiir das Rechnen 
in der komplexen Ebene. Z. Angew. Math. Mech. 35, 
66-67 (1955). 


Ishihara, Tojiro, Hayami, Shoitiro, and Hayashi, Shigenori, 
On the electronic analog computer for flood routing. 
Proc. Japan Acad. 30, 891-895 (1954). 


Hahnemann, H. W., und Ehret, L. Uber die Aufnahme 
rotationssymmetrischer Potentialfelder in einem neu- 
artigen elektrolytischen Trog. Forsch. Gebiete In- 
genieurwesens 20, 141-144 (1954). 


Hachemeister, Charles. The application of the electrolytic 
tank to the solution of potential field problems. Ann. 
New York Acad. Sci. 60, 937-947 (1955). 


Moore, A.D. Fluid mappers as visual analogs for potential 
fields. Ann. New York Acad. Sci. 60, 948-962 (1955). 


Fischer, Joh. Nomogramm zur Berechnung der trigono- 
metrischen Funktion 


2n . é 
y=tg B=— sin an(Ean)|. 
$s ny 
Acta Hydrophys. 1, 134-139 (1953). 


*Diems-Levi, G. E. A nomogram for the projective 
transformation of scales and its application to the con- 
struction of nomograms. Nomografiteskil sbornik [No- 
mographic collection], pp. 107-108. (1 plate). Izdat. 
Moskov. Gos. Univ., Moscow, 1951. (Russian) 

A Cartesian chart is constructed for the relation 

9 = (L+5)y(y+5)-, where ZL is given and determines the 

size of the chart while d is a parameter. It is shown how this 

chart can be used to design alignment charts for equations 
of the type f:(u)+f2(v) +fs(t) =0. E. Lukacs. 


ASTRONOMY 


Gazaryan, Yu. L. On Chazy’s proof of the impossiblity of 
capture in the three-body problem. Moskov. Gos. Univ. 
Soobé. Astr. Inst. no. 92, 23-45 (1953). (Russian) 

J. Chazy [Bull. Astr. 35, 321-389 (1918); (2) 8, 403-436 
(1933); Ann. Sci. Ecole Norm. Sup. (3) 39, 29-130 (1922); 
J. Math. Pures Appl. (9) 8, 353-380 (1929)] investigated 
the behavior of the trajectories in the three-body problem 
as t+ . Let & denote the energy constant of the system. 
He obtained the following types of motion of positive h, 
h=0, and of negative / in terms of the order of magnitude 
(for large ¢) of the three mutual distances ry of the particles. 
Case (i): h>0O: hyperbolic (r~~); hyperbolic-parabolic 
(ris, T2a~™t; T12~F""); hyperbolic-elliptic (r13, r22~t; r12<a, 
a finite). Case (ii): k=0: hyperbolic-elliptic; parabolic 
(ra~?"). Case (iii): h<0: hyperbolic-elliptic; parabolic- 
elliptic (713, T22~"""; r12 <a); elliptic (r~ <a); oscillating (at 
least one of the rq is neither infinite nor bounded). 

The problem of the occurrence of capture is equivalent 
to the following one: do there exist for h>0O trajectories 





which are hyperbolic for t+— © and hyperbolic-elliptic 
for t+ 0? 

The author analyzes certain proofs of Chazy’s second 
paper cited above, pointing out that they are based upon 
certain conjectures the truth of which has neither been 
proved nor disproved. Therefore he concludes that Chazy’s 
investigations leave open the question as to whether a 
capture takes place or not in the three-body problem. What 
Chazy proved is the following. For 4<0 there do not exist 
pencils of trajectories which are bounded as t+ & (elliptic) 
and hyperbolic-elliptic as —+—  , and conversely. 

E. Leimanis (Vancouver, B. C.). 


Lemaitre, G. Régularisation dans le probléme des trois 
corps. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 40, 759- 
767 (1954). 

The author introduces the three coordinates q; (i= 1, 2, 3) 
defined in terms of the three mutual distances r; as follows: 


r=PiuitGus, *t=1,2,3 (mod 3). 
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In this way he succeeds in simplifying the expression for 
the Hamiltonian in the theory of the regularization of 
binary ccllision. D. C. Lewis (Baltimore, Md.). 


Dubogin, G. N. On integrals of the problem of motion of 
a point under the action of a central force in moving axes. 
Moskov. Gos. Univ. Trudy Gos. Astr. Inst. 24, 123-130 
(1954). (Russian) 

Consider the problem of the motion of a free particle 
acted on by a force directed towards or from a fixed centre 
with respect to a coordinate system which moves in a pre- 
scribed way with respect to a fixed coordinate system with 
the origin at the center of the force. The solution of the 
problem, as is well-known, is reducible to quadratures if the 
motion is referred to a fixed coordinate system. Having 
solved this problem, the motion with respect to the given 
moving coordinate system can be deduced by the formulas 
of transformation of the coordinates. 

The author discusses the problem directly in the moving 
coordinate system, avoiding in this way the unnecessary 
passage from the moving coordinate system to a fixed 
coordinate system and back to the moving system. Since 
the motion takes place in a certain plane which passes 
through the center of force, the position of the particle can 
be defined by polar coordinates (r,) in this plane, the 
center of force being the origin. If one assumes that the 
magnitude of the force F depends only on the distance r, i.e. 
F=dU/dr, then the polar coordinates are given by the 
quadratures of the usual equations 


(dr /du)?=2U(r)—Cr?+h, du/dt=cr, 


cand h being constants. E. Leimanis. 

Kondurar’, V. T. Problem of motion of two ellipsoids 
under the action of mutual attraction. V. Periodic solu- 
tions near to circular ones in the problem of motion of 
two spheroids with mutually perpendicular axes of rota- 

tion. Moskov. Gos. Univ. Trudy Gos. Astr. Inst. 24, 

155-198 (1954). (Russian) 

Consider the motion of a spheroid S, under the attraction 
of a second spheroid S:, assuming that both are homogeneous 
and that their axes of rotation remain at right angles 
throughout the motion. This problem has been discussed 
by the author [same Trudy 9, 307-369 (1940) ] considering 





in the expansion of the potential U in a multiple series in 
powers of the eccentricities e¢; and é2 of the meridional sec- 
tions of the two spheroids and of 1/r, r being the distance 
between the centers of the spheroids, terms up to the second 
order with respect to e; and é: and terms up to the seventh 
order in 1/r. In the paper under review the complete expan- 
sion of U is taken into account. The coefficients in the 
expansion of U are trigonometric polynomials of cosines 
and sines of multiples of y, where y denotes the angle of 
libration, i.e. the angle between the direction of the major 
semi-axis of the spheroid S, and the radius vector r with 
the origin at the center of S,. 

The existence of an infinity of circular periodic solutions 
representing a particular solution r=ro, ¥=yo of the differ- 
ential equations of motion is proved and their stability in 
the sense of Lyapunov is investigated. The condition for 
the existence of these circular motions is that the radial 
derivative 9U/dr of the gravitational potential U(r, y) be 
negative for y=0, $x. 

The circular motions corresponding to y=0 are found to 
be stable with respect to 7, y, ¥ if the perturbed motion 
takes place in the plane of symmetry of the spheroids and 
corresponds to the value c of a certain constant (c being the 
constant of integration corresponding to the cyclic variable 
8, where # denotes the longitude of the center of S, with 
respect to the center of S,) which is determined by the radius 
ro of the chosen circular orbit. The circular motions corre- 
sponding to y= 4 are unstable. 

These circular periodic solutions are used to find more 
complicated periodic solutions which are close to the circular 
ones. The stability conditions for the circular solutions are 
at the same time the conditions for their existence if, in 
addition, a certain ratio (which depends on ro) and its 
reciprocal are not integers. In order to construct periodic 
series representing such solutions of the differential equa- 
tions of motion which are close to the circular ones a method 
of Lyapunov [see §36 of Probléme général de la stabilité du 
mouvement, Princeton, 1947; MR 9, 34] is applied. These 
series converge absolutely for all values of the time and their 
coefficients are power series proceeding in increasing powers 
of an arbitrary constant. The coefficients of these last power 
series are well determined constants which depend on the 
radius ro of the chosen circular orbit. E. Leimanis. 


MECHANICS 


Nowacki, Witold. The statics of flat gridwork systems. 
Rozprawy Inz. 2, 143-187 (1954). (Polish. Russian 
and English summaries) 

The author defines a flat gridwork system to be a flat 
system of frames loaded by forces perpendicular to the plane 
of the system and/or by moments whose vectors lie in the 
plane of the system. As a rule such a structure is statically 
indetermined and the most suitable method to solve it is 
the deformations method which is used by the author. He 
outlines a solution procedure in a general case, analyzes in 
more detail the case of curved and broken-line bars, solves 
special cases of gridwork systems common in building 
practice, and presents a theory of gridwork systems on 
elastic foundations. T. Leser (Aberdeen, Md.). 


Denavit, J., and Hartenberg, R. S. A kinematic notation 
for lower-pair mechanisms based on matrices. J. Appl. 
Mech. 22, 215-221 (1955). 


The strong claims made in this paper do not seem justified 
to this reviewer. The mechanisms treated are restricted to 





simple loops containing screw pairs, hinges and sliders only 
Few readers will accept the basic assumption that every 
lower pair is “equivalent to a combination” of hinges and 
sliders (with infinitely many choices possible). The “‘kine- 
matic notation”, claiming to improve on Reuleaux, consists 
in introducing symbols for numbers which would determine 
the relative positions of adjacent axes, and the relative posi- 
tions of the elements of each pair. Unfortunately (as the 
criticized Reuleaux knew all too well), it is not enough to 
write down a description of a mechanism to make it capable 
of motion, or indeed of assembly. If it is known whether a 
skew hinged five-bar linkage exists, it is not well known. 
The difficulty here is fundamental: high-order algebraic 
equations are involved. 

To derive the relations between the variables involved, 
the paper proposes to use 4-by-4 matrices for the relative 
positions of adjacent members, and set their product equal 
to the unit matrix. This (“powerful and reliable’) procedure 
is not logically connected with the featured notation; in fact, 
much effort and imagination went into various devices de- 
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signed to escape this procedure. In a recent paper [S. G. 
Kislicyn, Trudy Sem. Teorii MaSin i Mehanizmov 14, no. 
54, 51-75 (1954); MR 16, 757], 3-by-3 Clifford-Study 
matrices [with elements a+b, a, b real, o?=0; cf. Blaschke, 
Vorlesungen iiber Differentialgeometrie, vol. 1, 2nd ed., 
1924, p. 266] have been applied to ramified mechanisms 
(with one loop containing nine lower pairs), and all the 
computations have been carried through. Quite apart of the 
use of Clifford-Study numbers, the wisdom of the resolution, 
if condoned, is debatable. For two adjacent spherical pairs, 
one product of two 3-by-3 cosine matrices (27 multiplica- 
tions) is necessary. With resolution, at best, five products of 
2-by-2 matrices (40 multiplications) are necessary. 
A. W. Wundheiler (Chicago, IIl.). 


Hinkle, R. T., Ip, C., and Frame, J. S. Acceleration in 

mechanisms. J. Appl. Mech. 22, 222-226 (1955). 

The paper derives one of the forms of a relation usually 
attributed to Euler [Novi Comment. Acad. Sci. Imp. Petro- 
politanae 11 (1765), 207-231 (1767), p. 219] or to Savary 
[cf. Chasles, J. Math. Pures Appl. 10, 204-208 (1845) ], or 
to both. Its simplest form [1/¢:+1/ce=1/rit+1/re, C1, Ce 
being the abscissas of the curvature centers of two mating 
profiles measured from the velocity center along the oriented 
common normal, r;, 72 the abscissas of the projections on 
the same normals of the curvature centers of the centrodes ] 
is not easy to find in print [cf., e.g., Rosenauer and Willis, 
Kinematics of mechanisms, Assoc. Gen. Publ. Pty., Sydney, 
1953, p. 61, where sign alternation is used ], although the 
formalism here is the same as in the elementary lens equa- 
tion. Nor is it easy to find in print a simple proof (using the 
theorem of velocity addition only, and not appealing to 
infinitesimal displacements, or replacing the profiles by their 
osculating circles), although such a proof is possible. 

The paper does not fill this need. The proof in I. I. 
Artobolevskil, The theory of mechanisms and machines 
[2nd ed., Gostehizdat, Moscow-Leningrad, 1951, p. 164; 
MR 15, 566] uses only two pages (and infinitesimals). So 
does Beyer [Technische Kinematik, Barth, Leipzig, 1931, 
p. 208] without, however, making the easy generalization 
to envelopes from trajectories. Rosenauer and Willis (p. 61) 
beg the question by taking for granted that a curve can be 
replaced by its osculating circle (a circle may be a singular 
curve in plane kinematics). The present paper seems to the 
reviewer comparatively elaborate, and fraught with a non 
sequitur following eq. [9]: transition to [10] is made by 
differentiation ‘“‘with respect to the length of arc’’. If there 
is slipping, there are two derivatives with respect to the arc 
length, which are not necessarily equal. 

A. W. Wundheiler (Chicago, IIl.). 


Metz, A. Considérations sur la transformation de Lorentz 
et le caractére de groupe. J. Phys. Radium (8) 16, 206— 
210 (1955). 

Let S’ be a system in uniform motion with respect to the 
system S (axes O,, O,) and @ be the angle between the ve- 
locity vector (in the (x, y)-plane) and O,. It is possible to 
find for S’ coordinate axes (O,-, O,-) such that for t=0 these 
axes coincide with O, and O, but this system is (for 64k) 
not a rectangular system. It is pointed out that the trans- 
formations (x, y, t)—>(x’, y’, t’) do not have the group prop- 
erty. For these systems the transformation 5S,—5S; differs 
from the product of (S;—S:) and (S:—S;) by a spatial 
rotation. J. Haantjes (Leiden). 
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Gulyaev, M. P. On a new particular solution of the equa- 
tions of motion of a heavy rigid body having a fixed point, 
Vestnik Moskov. Univ. 9, no. 3, 15-21 (1955). (Russian) 
The author is not satisfied with Grioli’s [Ann. Mat. Pura 

Appl. (4) 26, 271-281 (1947); MR 10, 335 ] demonstration 

of the existence of a regular precession around (a generally 

nonvertical) axis OP normal to the mass-center line OG, 
provided that OG is normal to a circular cross-section of the 
momental ellipsoid. The angular-velocity magnitude is then 
uniquely determined by the mass distribution. This case 
seems to have escaped the Schiff-Stackel list of regular 
precessions [Hamel, Theoretische Mechanik, Springer, 
Berlin, 1949, pp. 426-442; MR 11, 548]. Using the common 
devices, the paper shows that if OG has the stated direction, 
and the angular velocity about OG is constant, Grioli’s 
precession results, and the usual variables are expressible 
in terms of sin ¢ and cos t. He also states that a precession 
of “this type’”” (OP normal to OG?) is possible only under 
his assumptions. The reviewer could not find the proof in 
the paper. Moreover, the author’s integration does not hold 

for the marginal case when A=B and C=O because for a 

physical pendulum the rotation is not uniform and elliptic 

functions are necessary. The notation of the paper is re- 
dundant, and the expression for the angle of OP with the 
vertical is not given in terms of independent parameters (it 
depends on the shape only of the momental ellipsoid). 

A. W. Wundheiler (Chicago, IIl.). 


de Mira Fernandes, A. Funzioni meccaniche di configura- 

zione. Univ. Lisboa. Rev. Fac. Ci. A. (2) 3, 147-157 

(1954). 

A “mechanical function of configuration” is a function of 
the masses of the particles in a mechanical system, of the 
coordinates of their initial positions, of their coordinates at 
time ¢, of the derivatives with respect to ¢ of these coordi- 
nates, and of the forces acting on the particles at time ¢. 
The paper contains various relations connecting such func- 
tions. For example }/=L+2T, where T is the ordinary 
kinetic energy of the system, L is the so-called “direct 
work’’, and J is the “moment of inertia of configuration.” 
More precisely, 

L=YLomF-:(r—1ro), J=XCm(r—ro)-(r—10), 
where m is the mass of a typical particle, F is the vector 
force acting on it at time ¢, ro is the vector position of it at 
the initial instant, r is the vector position at time #, and the 
summation is extended over all particles of the system. 
These theorems are easy to prove from Newton’s second 
law of motion. D. C. Lewis (Baltimore, Md.). 


Slezkin, N. A. Generalization of Helmholtz’s theorem on 
the resolution of the motion of a particle. Vestnik 
Moskov. Univ. 8, no. 9, 17-33 (1953). (Russian) 
Detailed exposition of results announced in Dokl. Akad. 

Nauk SSSR (N.S.) 86, 477-480 (1952); MR 14, 808. 


ISlinskii, A. Yu. On the plane motion of sand. Ukrain. 
Mat. Z. 6, 430-441 (1954). (Russian) 


Sokolovskii, V. V. Some problems of statics of loose and 
cohesive bodies. Arch. Mech. Stos. 7, 3-23 (1955). 
(Russian. Polish and English summaries) 

This paper is concerned, besides giving a short account 
of the theory of limit equilibrium of loose and cohesive 
bodies, with the application of that theory to the computa- 
tion of common structures such as foundations, scarps and 
relieving walls. From the author's summary. 
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*Sokolovskii, V. V. Statika syputei sredy. [Statics of 
granular media.] 2d. ed. Gosudarstv. Izdat. Tehn.- 
Teor. Lit., Moscow, 1954. 275 pp. 10.50 rubles. 

In this second edition the material of the first edition 
[1942; MR 6, 27 ] has been completely rearranged and much 
new material has been added. In Ch. 1 the classical theory 
of limiting states of equilibrium is developed. The problem 
is treated in a purely statical manner by means of the equa- 
tions of equilibrium and a limiting condition on stress. Since 
no attempt is made to formulate stress-strain relations, the 
relevant results of modern limit analysis cannot be used 
[see, e.g., D. C. Drucker and W. Prager, Quart. Appl. Math. 
10, 157-165 (1952); MR 13, 1007; D. C. Drucker, J. Mech. 
Phys. Solids 1, 217-226 (1953)]. As three-dimensional 
problems are beyond the reach of this statical theory, the 
remainder of the book is devoted to the plane problem. The 
canonical equations for this are established. Typical 
boundary-value problems and numerical methods for their 
solution are given, and mechanical similarity is briefly 
discussed. Chapters 2 and 3 are devoted to the practical 
problems of the bearing capacity of foundations and the 
stability of banks and retaining walls. The importance of 
stress singularities and lines of rupture is discussed, and 
problems concerning stratified granular media are presented. 
Chapters 4 and 5 treat the special cases of cohesionless and 
frictionless granular materials. The neglect of cohesion 
or internal friction often makes it possible to obtain solu- 
tions to simple boundary-value problems in closed form. 
The practical use of such solutions is illustrated by several 
examples. The Bibliography has been considerably expanded 
and references to non-Russian literature have been included 
in this revised edition. W. Prager (Providence, R. I.). 





Hydrodynamics, Aerodynamics, Acoustics 


Herivel, J. W. A general variational principle for dissi- 
pative systems. II. Proc. Roy. Irish Acad. Sect. A. 56, 
67-75 (1954). 

The author continues his earlier study [same Proc. 56, 
37-44 (1954); MR 16, 411] of variational principles in 
which the generalized accelerations are kept constant while 
the velocities are varied. For the example of a viscous fluid, 
he now modifies the dissipation function & so as to reconcile 
his principle with the usual equation of energy. He then 
states the principle “for a general class of thermodynamical 
systems.” [Since the nature or even the functional de- 
pendence of @ is not specified, the reviewer cannot find in 
the author’s principle anything more than a definition of &.] 
The author then uses his principle, with appropriately 
selected @, to derive one pair of Maxwell's electromagnetic 
equations from the other and to derive the dynamical equa- 
tions for a mixture of fluids. C. Truesdell. 


Ionescu, Dan Gh. Sur le probléme plan et sur certains 
mouvements particuliers dans l’hydrodynamique des 
fluides visqueux. Acad. Repub. Pop. Romine. Bul. Sti. 
Sect. Sti. Mat. Fiz. 5, 545-573 (1953). (Romanian. 
Russian and French summaries) 

This is a formal and geometrical study of the linearized 
equations of “‘slow’’ motion of a viscous fluid. In various 
special cases the forms of the equations are simplified and 
certain geometrical properties are proved. For example, 








certain surfaces in unsteady motion are proved to be rigidly 
transported; there are limited analogies to plane elastic 
stress; etc. C. Truesdell (Bloomington, Ind.). 


Takaisi, Yorisaburo. The forces on a circular cylinder 
moving with low speeds in a semi-infinite viscous liquid 
bounded by a plane wall. J. Phys. Soc. Japan 10, 407— 
415 (1955). 

This paper calculates by Oseen approximation the steady 
motion over a fixed circular cylinder in an incompressible 
viscous fluid bounded on one side by a moving plane wall. 
Due to the presence of the wall, the cylinder experiences 
both lift and drag forces. When the wall recedes to infinity, 
lift tends to zero and drag reduces to the case of a cylinder 
in unbounded fluid. Y. H. Kuo (Ithaca, N. Y.). 


Aoi, Tyfsei. The steady flow of viscous fluid past a fixed 
spheroidal obstacle at small Reynolds numbers. J. Phys. 
Soc. Japan 10, 119-129 (1955). 

The flows of an incompressible viscous fluid past prolate 
and oblate spheroids are calculated by means of Oseen ap- 
proximation in prolate and oblate spheroidal coordinates. 
If the total drag is divided into the pressure and frictional 
drags, the results show that for both cases the pressure and 
frictional drags bear a definite ratio which is independent 
of Reynolds number. As limiting cases, the expressions for 
drag experienced by a needle-like body and a circular disc 
normal to the stream are also derived. Y. H. Kuo. 


Hasimoto, Hidenori. Rayleigh’s problem for a cylinder of 
arbitrary shape. II. J. Phys. Soc. Japan 10, 397-405 
(1955). 

This is a continuation of the previous paper [same J. 
9, 611-619 (1954); MR 16, 190] on the motion of an incom- 
pressible viscous fluid generated by a cylinder of arbitrary 
cross-section which starts impulsively from rest with uni- 
form velocity. By assuming (vt)! small, vy and ¢ being respec- 
tively the kinematic viscosity and the time, an asymptotic 
formula for drag is derived. According to this result, the 
effect of the variation of the curvature of the cross-section 
appears in the fourth approximation which is of the order vt. 

Y. H. Kuo (Ithaca, N. Y.). 


Kanwal, R. P. Vibrations of an elliptic cylinder and a flat 
plate in a viscous fluid. Z. Angew. Math. Mech. 35, 
17-22 (1955). (English, French and Russian summaries) 
This paper presents formal solutions to the problems of 

an oscillating elliptic cylinder in an incompressible viscous 
fluid. By linearization of the Navier-Stokes equations in 
elliptic coordinate system, series solutions involving Mathieu 
functions are obtained for two cases where the cylinder 
oscillates either along the major or minor axes. 


Y. H. Kuo (Ithaca, N. Y.). 


Henrici, Peter. On rotational viscous flow through a tube. 

Z. Angew. Math. Phys. 5, 511-516 (1954). 

The eigenvalue problem associated with this flow was 
examined by Collatz and Gértler [same Z. 5, 95-110 (1954); 
MR 16, 83], who computed the first five eigenvalues and 
eigenfunctions. Here, asymptotic formulae are obtained for 
the large eigenvalues and the corresponding eigenfunctions 
and a simple method is given for obtaining the low ones. 
Comparisons are made between the numerical results of the 
two papers. D. C. Pack (Glasgow). 
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Leigh, D. C. F. The laminar boundary-layer equation: a 
method of solution by means of an automatic computer. 
Proc. Cambridge Philos. Soc. 51, 320-332 (1955). 

The incompressible boundary-layer equations, with a 
variable free stream velocity, are replaced by the Hartree- 
Womersley equation [Proc. Roy. Soc. London. Ser. A. 
161, 353-366 (1937) ]. This equation is re-arranged to give 
an iterative procedure for calculation of the velocity distri- 
bution which is suitable for a high speed automatic com- 
puter. A system of N simultaneous equations for the ve- 
locity at N mesh points in the range of y is solved by the 
Choleski method. The programming of the problems is 
discussed. Tables of the solution upstream of the separation 
point are given; they are found to be in good agreement with 
Goldstein’s asymptotic solution [Quart. J. Mech. Appl. 
Math. 1, 43-69 (1948); MR 10, 270]. An attempt to carry 
the integration procedure through the separation point of 
the boundary layer failed, indicating that this point is 
probably a singular point. R. C. DiPrima. 


Rubel, L. A. An estimate of the error due to the truncated 
boundary in the numerical solution of the Blasius equa- 
tion. Quart. Appl. Math. 13, 203—206 (1955). 


Stewartson, K. The asymptotic boundary layer on a 
circular cylinder in axial incompressible flow. Quart. 
Appl. Math. 13, 113-122 (1955). 

In this paper the incompressible boundary layer over a 
circular cylinder in an axial flow is investigated far from the 
leading edge. If u and v are the velocity components in the 
x and r direction respectively and a stream function y is 
introduced by u=r—d(vxy)/dr and v= —r~'d (yxy) /dx, then 
for a constant free-stream velocity U, d¥/dn has the follow- 
ing asymptotic form: 


oy o 


% P",,+(n) 
dn a. = & [log (28/C)]* 

where the P’s are determined successively, first for s=1 and 
all ¢, then s=2 and all ¢, etc., from ordinary differential equa- 
tions. Here = 2xv/Ua? and 97=rU?*/2xv, and log C= Euler's 
constant. It is shown that the effect of the curvature of the 
body (in planes perpendicular to the flow) is to increase 
the skin friction. Also the case in which the free-stream ve- 
locity is proportional to x", —}<m<1 (at m=—} the 
method breaks down), is studied. It is concluded that the 
effect of the curvature of the cylinder, when the boundary 
layer has a thickness comparable with its radius of curva- 
ture, is to delay separation. R. C. DiPrima. 


Dityakin, Yu. F. On stability and disintegration into drops 
of a liquid jet of elliptic section. Izv. Akad. Nauk 
SSSR. Otd. Tehn. Nauk 1954, no. 10, 124-130 (1954). 
(Russian) 

The jet, of ideal liquid surrounded by fluid, is disturbed 
in such a way that the surface varies periodically with time 
and with distance from the orifice. The author uses elliptic 
coordinates and Mathieu functions to find the critical fre- 
quency at which the jet becomes unstable. A dimensionless 
graph of frequency against pitch shows that the more nearly 
circular the section, the finer the drops. 

L. M. Milne-Thomson (Greenwich). 


Pai, Shih-I. On the stability of parallel flows with respect 
to periodic disturbances. J. Franklin Inst. 259, 197-208 
(1955). 

The stability of a two-dimensional parallel flow is investi- 
gated by the energy method. In the analysis second-order 
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terms in the disturbance quantities are retained in the equa- 
tions of motion. The author shows that the flow is stable 
with respect to spatially periodic disturbances of the type 
u’'=Re { f(y, 2, t) exp (@x)}. The author assumes that 9’, 
the disturbance pressure vanishes on the y boundary of the 
domain under consideration and also that it is periodic in z, 
It is not clear to the reviewer that the first of these assump. 
tions is met in many practical applications, nor is it clear 
that the second is valid if second-order terms are to be 
retained. Finally, if the flow is stable with respect to the 
above type of disturbance it is not clear to the reviewer 
that the author’s conclusion that the same is true for a 
general disturbance 


v'=Re {fily, #) exp (Aix) +fo(y, #) exp (Asx) +---} 


since the f's will not be independent if the nonlinear terms 
are retained. R. C. DiPrima (Cambridge, Mass.). 


Chandrasekhar, S. A theory of turbulence. 
Soc. London. Ser. A. 229, 1-19 (1955). 
L’auteur se propose de construire une théorie déductive 

de la turbulence reposant sur le traitement statistique des 

équations de Navier-Stokes. Un tel objectif se heurte a des 
difficultés bien connues. L’auteur les tourne en introduisant 

I"hypothése que les corrélations quadruples sont liées aux 

corrélations doubles comme dans une loi normale. Cette 

hypothése, qui a été souvent invoquée, n’est qu’une approxi- 
mation. Elle n’admet aucune justification théorique et sa 
compatibilité reste 4 prouver. Comme elle n’est probable- 
ment pas trés éloignée de la vérité, elle permet cependant 
d’écrire, par élimination des corrélations triples et quad- 
ruples, une équation aux dérivées partielles pour le scalaire 

Q qui, dans le cas de l’homogénéité et de Il’isotropie, syn- 

thétise les corrélations doubles (le rapporteur estime que 

c'est en cela, et en cela seulement, que la présente théorie 
mérite d’étre qualifiée de ‘‘déductive’’). 

L’auteur introduit en outre les corrélations d’espace et 
de temps [le rapporteur estime devoir signaler qu’il a lui 
méme fait usage des corrélations spatio-temperelles, avec 
une définition particuliére de l’isotropie; voir 4 ce sujet 
Univ. Calif. Publ. Statist. 2, 55-83 (1954); MR 15, 908]. 
Si la turbulence est stationnaire dans le temps, Q est fonc- 
tion de l’intervalle de temps ¢ et de la distance spatiale r et 
la fonction de corrélation longitudinale f(t,r) vérifie 
|’équation 


Proc. Roy, 


i) (= an ‘Vs fo Def 
ar\ee yar 
ot. D,=8?/dr?+4r—d/dr, et od ¢ est un intervalle de temps 
réduit. 
Cette équation est discutée dans le cas des grands nombres 
de Reynolds (v=0). Elle se réduit alors a 
af @ 
= f—Dsf. 
drat? Io; of 
Pour les petites valeurs de ¢t, od f est voisin de 1, elle a des 
solutions de la forme 


f(t, r)=1—ry(tr), 





ou 
W(x) =4(a+2)—{ |x—1]*#4(a+-2+x) +] x+1|*+4(a+2—2)}. 


Pour a=#, la forme de f(t, r) est compatible avec la théorie 
limite de Kolmogoroff. 

Pour les grandes valeurs de ¢, f(t, r) doit tendre vers 0 
quel que soit r, et il est possible de construire certaines classes 
de solutions de l’équation fondamentale. 
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L’auteur termine par diverses remarques. La question 
n'est pas éclaircie de savoir si les diverses conditions de 
symétrie et les conditions de comportement asymptotique 
de f suffisent 4 déterminer f sans intervention des conditions 
aux limites, ni si la solution qu’on obtiendrait ainsi (dans le 
cas des grands nombres de Reynolds) serait alors la solution 
de Kolmogoroff. J. Bass (Paris). 


Burgers, J. M. A model for one-dimensional compressible 
turbulence with two sets of characteristics. I, II. 
Nederl. Akad. Wetensch. Proc. Ser. B. 58, 1-8, 9-18 
(1955). 

The properties of solutions of the pair of simultaneous 
partial differential equations 


ou ou Op Ou dp ap Ou 
—+-s— = —a' ptr, — tse = , 
ot Ox Ox Ox? at Ox Pax 


where a and » are constants, are investigated in the case of 
small vy. The equations represent the one-dimensional motion 
of a polytropic gas of index 3 when all variations of density 
and viscosity are neglected in the viscous term in the 
momentum equation. The treatment given is similar to the 
treatment given previously by the author in a series of 
papers [see, in particular, same Proc. 53, 247-260, 393-406 
(1950); MR 11, 752; 12, 648] to the equation which has 
become known as “Burgers’s equation’’ (namely the first 
of the above pair with the first term on the right hand 
side omitted). M. J. Lighthill (Manchester). 


Kulsrud, Russell M. Effect of magnetic fields on genera- 
tion of noise by isotropic turbulence. Astrophys. J. 121, 
461-480 (1955). 

The theory of sound generation by isotropic turbulence 
[Lighthill, Proc. Roy. Soc. London. Ser. A. 211, 564-587 
(1952); 222, 1-32 (1954); MR 13, 879; 15, 837; Proudman, 
ibid. 214, 119-132 (1952); MR 14, 596] is extended to the 
case when magnetic fields are present. The first part of 
the paper is devoted to the determination of a, Proud- 
man’s coefficient in the equation 7=aM‘, in which 7 is the 
acoustic efficiency (energy radiated as sound per unit of 
energy dissipated by viscous action) and M is a Mach 
number based on the root mean square of a velocity com- 
ponent. The case taken is that where there is no mean 
magnetic field but magnetic energy is distributed randomly 
and isotropically. The numerical results for a show that, 
when the kinetic and magnetic energies are comparable, 
the presence of the magnetic field causes a substantial in- 
crease in the sound energy radiated. The effect is still more 
marked if the mean magnetic energy is larger than the mean 
kinetic energy. 

Some attempt is next made to treat the case when a 
constant magnetic field is present in addition; hydromag- 
netic waves are then generated. Finally the relevance of 
the calculations to the problem of explaining the inverse 
temperature gradient in the solar chromosphere is pointed 
out; here the author follows Schwarzschild [Astrophys. J. 
107, 1-5 (1948) ]. M. J. Lighthill (Manchester). 


Sedov, L. I. Theoretical gas dynamics in the Moscow 
University. Vestnik Moskov. Univ. 10, no. 4-5, 85-99 
(1955). 


(Russian) 





Germain, P. Sur l’écoulement subsonique au voisinage de 
la pointe avant d’une aile delta. Rech. Aéro. no. 44, 3-8 
(1955). 

It is assumed that the singularity at the nose of a delta 
wing in subsonic (e.g. incompressible) flow is related to that 
at the nose of a similar wing of infinite chord. The singular 
part of the flow near the nose must then be homogeneous, 
as defined by the same author [Rech. Aéro. no. 7, 3-16 
(1949); MR 10, 492 ]. Making use of the theory of Fredholm 
integral equations, the author proves that the solution to 
the infinite-chord problem is unique up to a multiplicative 
constant and homogeneous of order m, 0<m <1. Further- 
more, m is a continuous, monotonic function of the angle 
27 formed by the leading edges at the nose and decreases 
from 1 to 0 as y increases from 0 to r. When y=}, the 
leading edge is straight; this is the case of plane flow and is 
studied in detail as part of the proof. W. R. Sears. 


Grib, A. A., and Ryabinin, A.G. On approximate integra- 
tion of the equations of plane steady supersonic motion 
of agas. Dokl. Akad. Nauk SSSR (N.S.) 100, 425-428 
(1955). (Russian) 

The author shows that in Mach number range 


1.15SMs2.35 


the function ¢ of fluid speed arising in the characteristic 
equation is, to a good approximation, equal to the Mach 
angle, a. He uses this fact to develop analytical solutions 
of standard problems in plane flow; these are of very simple 
form. To obtain corresponding approximations in the range 
M>2.35, use of a linear relation between a and ¢ is recom- 
mended. M. Holt (Cambridge, Mass.). 


Giese, J. H. On the equations of linearized conical flow. 

Quart. Appl. Math. 13, 206-208 (1955). 

Dans cette note, l’auteur propose une démonstration 
nouvelle de la formule fondamentale permettant d’exprimer 
le potentiel des vitesses d’un écoulement conique linéarisé; 
en d’autres termes il s’agit d’exprimer la solution générale 
de l’équation des ondes lorsque cette solution est homogéne 
d’ordre 1 par rapport aux variables. On remarque que la 
surface image de I’écoulement conique dans l’espace de 
I"hodographe se déduit de facon simple d’une surface minima. 
Les formules classiques de Weierstrass conduisent simple- 
ment au résultat cherché. P. Germain (Paris). 


Martin, M. H. The propagation of a plane shock into a 
quiet atmosphere. II. Canad. J. Math. 7, 284-288 
(1955). 

In part I [same J. 5, 37-39 (1953); MR 14, 815] the 
author has reduced the study of one-dimensional, unsteady 
flows, isotropic or anisotropic, to the integration of a Monge- 
Ampére partial differential equation fyytpp—fyp=T»-. For 
a polytropic gas, the specific volume +r takes the form 
r=S(y)p-, once the entropy distribution function S=S(y) 
is selected. Then the determination of the motion of a pro- 
gressive condensation shock into the quiet atmosphere and 
of the flow immediately behind it, sets a problem of Cauchy 
for the controlling Monge-Ampére equation. The motion 
of the shock into the quiet atmosphere can be determined 
without solving the problem of Cauchy, if one is willing 
to forgo knowledge of the flow immediately in back of the 
shock. In this paper the author investigates the influence 
of the choice of the entropy distribution function S(W) upon 
the propagation of the shock into the quiet atmosphere. 
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For a shock moving into a quiet atmosphere in which the 
velocity u, specific volume +r, and pressure p have fixed 
values uo, To, Po, the shock curve in the (x, ¢)-plane is de- 
scribed parametrically in terms of the pressure p immedi- 
ately back of the shock by 


<= ud, _ me , 
, dp\ +i)p+(y—1)pod 


in which the function ¥(p) is defined implicitly by 


rat Det a) +S, So=const., 
(y+1)p+ (v—1)po 

upon prescription of the entropy distribution function S(y). 

The time required for the complete decay of the shock may 

be finite or infinite, depending upon the selection of the 

entropy distribution function. M. Pinl (Cologne). 
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Chester, W. The quasi-cylindrical shock tube. 

Mag. (7) 45, 1293-1301 (1954). 

The author considers the problem of a plane shock wave 
of arbitrary strength propagating along a cylindrical tube 
of slowly varying cross section. The original uniform flow 
behind the shock is taken as slightly disturbed and the 
equations of motion and boundary conditions for the dis- 
turbance quantities are linearized on the basis of the small 
variations in cross-sectional area. The problem is formulated 
and solved in terms of the pressure disturbance behind the 
shock averaged over a cross section. It is found that this 
disturbance consists of two parts: A fixed disturbance pro- 
portional to the cross-sectional area and due directly to this 
change of area and a transient disturbance due to the 
reflection of this fixed disturbance from the shock and its 
subsequent (sonic) propagation into the region behind 
the shock. 

For the situation in which the tube consist of two uniform 
cylinders connected by a non-uniform transition region of 
finite length (and the transition region is slowly varying) 
it is found that there is an ultimate pressure decrease behind 
the shock of K(p1—0)[AS]/S, where p1—o is the initial 
pressure jump across the shock, S is the initial cross-sec- 
tional area, AS is the net change in area, and K is a param- 
eter which decreases monotonically with the shock strength. 
This result corresponds exactly to that obtained by the 
author in his treatment of the analogous two-dimensional 
problem [Quart. J. Mech. Appl. Math. 6, 440-452 (1953); 
MR 15, 838]. P. Chiarulli (Washington, D. C.). 


Phil. 


Roy, Maurice. Propriétés et formules diverses des ondes 
de choc stationnaires en courant plan. Rech. Aéro. no. 
42, 3-6 (1954). 

Identical with two papers in C. R. Acad. Sci. Paris 238, 

2369-2372; 239, 568-571 (1954); MR 16, 536. 


Taub, A. H. Singularities on shocks. Proceedings of the 
symposium on special topics in applied mathematics, 
Northwestern University, 1953. Amer. Math. Monthly 
61, no. 7, part II, 11-22 (1954). 

A singularity on a shock-wave is defined as a point at 
which the tangent to the shock, curvature of the shock or 
some derivative of the curvature is discontinuous. The paper 
deals with a shock-wave in two-dimensional pseudo- 
stationary flow. By using independent variables which indi- 
cate where a particle crosses the shock and the time at 
which it does so, the equations of pseudo-stationary flow 
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yield two first integrals; the author finds relations between 
the derivatives along streak-lines and derivatives of the flow 
variables along the shock-wave [cf. A. H. Taub, Ann. of 
Math. (2) 58, 501-527 (1953); MR 15, 839; T. Y. Thomas, 
J. Math. Phys. 28, 153-172 (1949); MR 11, 479]. The locus 
of particles which cross a shock-wave at a singular point 
must be a slip-stream and the conditions provide sequences 
of algebraic relations between density jumps, pseudo- 
velocities, shock-wave curvatures and derivatives of these 
curvatures at the singular point on the two sides of the 
slip-stream. The familiar three-shock solutions are obtained 
by insisting only upon equivalence of pressure and direction 
of flow on the two sides at the singular point. It is indicated 
that, by satisfying a sufficiently great number of the 
algebraic relations and the additional condition that the 
Mach shock-wave must be orthogonal to the wall, the shock 
configuration for Mach reflection at a wall can be deter- 
mined to any arbitrary degree of accuracy. The solution is 
not, however, unique for a given incident shock-wave. 
D. C. Pack (Glasgow). 


Hida, Kinzo. On the curved shock wave due to an infinite 
wedge placed in a supersonic uniform flow. J. Phys. 
Soc. Japan 9, 853-860 (1954). 

This paper is a detailed account of some results which the 
author has previously published [J. Aero. Sci. 21, 214-216 
(1954) ]. He claims to find two new classes of (non-uniform) 
shock configurations for the flow of a uniform supersonic 
stream over a two-dimensional wedge in the case in which 
both of the classical uniform shock configurations are 
attached shocks yielding a subsonic flow behind the shock. 


In developing the new configurations the non-isentropic 


character of the flow behind the shock is neglected and the 
K4rmA4n-Tsien approximations and the isentropic flow rela- 
tions are interchangeably used in what seems to the reviewer 
to be an incompatible manner. The author states that such 
“bold” assumptions are justified since they have “‘no essen- 
tial influence upon the general nature of the field of flow.” 
Specific results are obtained for a numerical example. 
P. Chiarulli (Washington, D. C.). 


Berry, F. J., Butler, D. S., and Holt, M. The early de- 
velopment of spherical blast from a particular charge. 
Proc. Roy. Soc. London. Ser. A. 227, 258-270 (1955). 
Berry and Holt [same Proc. 224, 236-251 (1954); MR 

16, 303] treated the problem of the propagation of a spher- 

ical blast obtained from the detonation of a homogeneous 

spherical mass of explosive. The initial behavior of the dis- 
turbance was obtained by series development and analytical 
results were obtained which showed that two shock waves 
were involved: one in the air and a secondary shock wave 
in the explosive gas itself. The present paper continues the 
study of this problem by determining the further develop- 
ment of the flow. A numerical scheme is evolved using the 
method of characteristics with initial data given by the 
previous work and boundary conditions given by appropri- 
ate shock relations. Special difficulties are encountered in 
fitting the non-uniform secondary shock wave between two 
non-isentropic regions of flow. The particular example con- 
sidered by Berry and Holt is worked out in complete detail. 

In agreement with experimentally observed behavior it is 

found that after a brief outward movement the secondary 

blast wave turns and moves toward the original center of 
blast (where it will be greatly amplified and sent outward 

again). P. Chiarulli (Washington, D. C.). 
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Brode, Harold L. Numerical solutions of spherical blast 
waves. J. Appl. Phys. 26, 766-775 (1955). 


Savin, Raymond C. Application of the generalized shock- 
expansion method to inclined bodies of revolution travel- 
ing at high supersonic airspeeds. NACA Tech. Note 
no. 3349, 71 pp. (1955). 

In previous papers [same Notes nos. 2579 (1951); 2811 
(1952); MR 13, 882] the present author and Eggers have 
suggested that the familiar shock-expansion approximation 
of plane supersonic flow might be extended to parts of the 
flow fields about bodies of revolution in symmetrical and 
inclined flight. Here the extension to inclined bodies is com- 
pleted. To begin such a calculation, conditions at the vertex 
must be known. The author therefore begins by working out 
a conical-flow theory for inclined cones, for the range of 
cone angles and Mach numbers not covered by the M.I.T. 
tables [Tables of supersonic flow around cones of large yaw, 
Mass. Inst. Tech., Tech. Rep. no. 5 (1949); MR 11, 65]. 

Explicit expressions for Mach number and pressure at the 
surface of a slender body travelling at very high Mach 
number are worked out. Results of measurements on tangent 
ogives and cones at Mach numbers between 3.00 and 5.05 
are presented. The agreement between these results and the 
predictions of the present theory is good, at least when the 
ratio of the angle of attack to the vertex angle is sufficiently 
small. W. R. Sears (Ithaca, N. Y.). 


Jones, D.S. Note on the steady flow of a fluid past a thin 
aerofoil. Quart. J. Math., Oxford Ser. (2) 6, 4-8 (1955). 
The title problem, assuming incompressible flow and a 

boundary specified by a polynomial, is attacked by a Mellin 

transformation of the velocity potential. The unknown 
transform then is determined by a modification of the 

Wiener-Hopf technique, as in the author’s earlier work on 

diffraction [same J. (2) 3, 189-196 (1952); MR 14, 474]. 

J. W. Miles (Los Angeles, Calif.). 


Woods, L. C. The design of two-dimensional aerofoils 
with mixed boundary conditions. Quart. Appl. Math. 
13, 139-146 (1955). 

The problem solved is to determine the geometry of a 
symmetrical airfoil in plane flow when the shape is pre- 
scribed at the nose and near the trailing edge, while the 
pressure or velocity distribution is prescribed for the inter- 
vening part, say R. The analysis is made for incompressible 
flow and, by means of the von Karm4n-Tsien approximation, 
for subsonic compressible flow. The solution is set up in a 
set of integral equations by function-theoretical methods. 
These cannot be solved directly but an iterative scheme is 
suggested. The equations reduce to those previously ob- 
tained when R vanishes and again when R constitutes the 
whole airfoil. Also, when the pressure is constant in R, 
Riabouchinsky flow is obtained [see, e.g., Birkhoff, Hydro- 
dynamics, Princeton, 1950; MR 12, 365]. Finally, a simple 
family of “roof-top” profiles is considered; these have in 
R a velocity distribution made up of two straight-line 
segments. W. R. Sears (Ithaca, N. Y.). 


Asaka, Saburé. On the velocity distribution over the sur- 
face of a symmetrical aerofoil at high speeds. 
Sci. Rep. Ochanomizu Univ. 5, 59-78 (1954). 
The author's development [same Rep. 4, 213-226 (1954); 

MR 16, 418] of Imai’s thin-wing-expansion method is ap- 

plied to find the velocity distribution over the surface of a 
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symmetrical biconvex circular arc aerofoil. Tables of ve- 
locity distribution over an aerofoil of thickness ratio 0.1 are 
given for Mach numbers of the incident stream equal to 
0.6, 0.7, 0.8. D. C. Pack (Glasgow). 


Fenain, M., et Vallée, D. Application de la théorie des 
mouvements homogénes au calcul de la trainée d’onde 
dailes en fiéche effilées. Rech. Aéro. no. 44, 9-21 
(1955). 

This is a calculation, within the scope of linearized small- 
perturbation theory, of the wave drag of sweptback super- 
sonic wings with straight leading and trailing edges and 
pointed tips. The theory of homogeneous flows [see Ger- 
main, Rech. Aéro. no. 7, 3-16 (1949); MR 10, 492] is em- 
ployed. Two methods of synthesizing wings are available: 
superposition of homogeneous flows having the same vertex 
and planform, and ‘“‘composition,” which is defined as the 
superposition of flows having different vertices and plan- 
forms. The former is carried out in detail and leads to 
formulas for the wave drag involving sets of functions, some 
of which are tabulated here and in an earlier paper [ibid. 
no. 16, 27-38 (1950) ; MR 12, 139]. Application of the theory 
is made to a family of wings whose surface is defined by a 
function of third degree. Some geometrical properties of the 
members of this family are worked out. The family includes, 
for example, wings with affine profiles of third degree. A 
variety of cases has been worked out numerically and the 
results are presented in graphs. These cases have been 
selected to illustrate the effects of the several parameters 
defining the wing surfaces. W. R. Sears (Ithaca, N. Y.). 


Lance, G. N. The lift of twisted and cambered wings in 

supersonic flow. Aero. Quart. 6, 149-163 (1955). 

The downwash field w(x, y) of a triangular lifting element 
in generalized conical (homogeneous) flow is written down, 
and thence by integration the downwash field of a delta 
wing with subsonic leading edges in this category. For a 
given geometry (downwash distribution) this provides an 
integral equation for the load distribution, having the form 


a k k 
(1) gf §0)(0—n)-*d0= Deula or Zaxln|*sen (9) 


for symmetric and antisymmetric cases, respectively. ¢ 
denotes the generalized principal part and —aSn<Sa. The 
complete solution is shown to be 


k+1 k 
$0) = Xb, (a*— 6)" + Yc cosh |a/6|, 


where the b, and c, are determined constants. The first 
summation was found by earlier investigators including 
Lomax, Heaslet and Fuller [NACA Tech. Note nos. 2252 
(1950); 2497 (1951); NACA Rep. no. 1054 (1951); MR 12, 
767; 13, 507; 14, 383] and the author [Aero. Quart. 5, 55-72 
(1954); MR 16, 86], but the second, which is required in 
those cases where the absolute-value signs in (1) are needed, 
is new. 

Two examples are worked out in detail: w=const. Xx|¥| 
and w=const.Xxy, where x is the streamwise and y the 
spanwise coordinate. Results (namely, expressions for 
the velocity potentials ¢,.) for w=const.Xx"|y|* and 
w=const. Xx"|y|* sgn (y) (r and s positive integers) are 
given here in tabular form for the ten cases 0Sr+s33. 

W. R. Sears (Ithaca, N. Y.). 








Ehlers, F. Edward. The lift and moment on a ring con- 
centric to a cylindrical body in supersonic flow. J. Aero. 
Sci. 22, 239-248 (1955). 

Linearised theory is used, and the influence of wing is 
represented by terms in the potential additional to those 
corresponding to a long cylindrical body at incidence. They 
are determined by use of Laplace transforms. Graphs of the 
lift coefficient and its slope and of the moment coefficient 
for ring-body combinations are given for rings of zero thick- 
ness and varying radius. The results are compared with those 
for a ring alone and with those for a rectangular flat plate 
of the same chord with span equal to the ring circumference. 
The combined lift is not as high as that of the related 
rectangular wing. M. Holt (Cambridge, Mass.). 


Schultze, Ernst. Die Erregung reiner Eigenschwingungen 
von Flugzeugfitigeln. Eine Anwendung der Theorie der 
Integralgleichungen. Z. Angew. Math. Phys. 6, 126-135 
(1955). 

The integral equation relating the steady-state response 
of a wing to a sinusoidal force is formulated, and inferences 
relating to the excitation of natural modes are drawn. 

J. W. Miles (Los Angeles, Calif.). 


Woods, L. C. The aerodynamic forces on an oscillating 
aerofoil in a free jet. Proc. Roy. Soc. London. Ser. A. 
229, 235-250 (1955). 

The title problem, assuming two-dimensional incom- 
pressible flow, is solved by Kirchhoff’s free-streamline 
method. The pressure, lift and moment acting on the airfoil 
are expressed in terms of integrals over the prescribed mo- 
tion and elliptic function kernels; the counterpart of the 
Theodorsen circulation function (for the airfoil in an infinite 
fluid) is expressed in terms of Legendre functions of second 
kind and imaginary order. J. W. Miles. 


Acum, W. 2. A. Aerodynamic forces on rectangular wings 
oscillating in a supersonic air stream. Aero. Res. 
Council, Rep. and Memo. no. 2763 (1950), 28 pp. (1954). 
The title problem is solved by a relaxation technique, 

using linearized theory. The author evidently was unaware 

of the more direct, closed-form solutions given by Stewart- 
son [Quart. J. Mech. Appl. Math. 3, 182-199 (1950); MR 

12, 453] and the reviewer [J. Aero. Sci. 16, 381 (1949); 

Quart. Appl. Math. 9, 47-65 (1951); MR 10, 755; 12, 649]. 

J. W. Miles (Los Angeles, Calif.). 


Séhngen, H. Luftkrifte an einem schwingenden Gitter. 
Z. Angew. Math. Mech. 35, 81-88 (1955). (English, 
French and Russian summaries) 

The forces acting on the airfoils of an unstaggered cascade 
due to in-phase vibrations are determined. The author 
makes no reference to the earlier solution of Billington 
[Commonwealth of Australia. Council Sci. Indust. Res. 
Div. Aero. Rep. E 63 (1949) ] or the earlier and more general 
work of Mendelson and Carroll [NACA Tech. Note no. 3263 
(1954); MR 16, 415]. J. W. Miles. 


Fraenkel, L. E. On the unsteady motion of a slender body 

yam a compressible fluid. Aero. Quart. 6, 59-80 

1955). 

Ward’s theory [Quart. J. Mech. Appl. Math. 2, 75-97 
(1949); MR 10, 644] for steady supersonic flow past a 
slender body is extended to unsteady flow at both subsonic 
and supersonic speeds. This extension is more general than 
that of the reviewer [J. Aero. Sci. 19, 280-281 (1952); and 
the report reviewed below] insofar as it explicitly covers 
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subsonic flow and offers a drag integral that allows for lateral 
as well as axial motion. Phythian’s similar but less general 
extension [Quart. J. Mech. Appl. Math. 5, 301-317 (1952); 
MR 14, 426] of Ward’s theory is found to be incorrect for 
rotary motions. J. W. Miles (Los Angeles, Calif.), 


Miles, John W. Unsteady supersonic flow past slender 
pointed bodies. U. S. Naval Ordnance Test Station, 
Inyokern, Calif., Navord Rep. 2031, v+68 pp. (1953). 
The restrictions of slender-body theory are systematically 

imposed in the fashion suggested by Lin, Reissner, and 

Tsien [J. Math. Phys. 27, 220-231 (1948); MR 10, 162], 

The result states that Lapiace’s equation is to be satisfied 

in transverse planes, as in familiar slender-body theory, and 

that the unsteadiness appears only in the boundary condi- 
tions and in the formula for pressure. The method of con- 
structing solutions follows Ward [Quart. J. Mech. Appl. 

Math. 2, 75-97 (1949); MR 10, 644], and employs Laplace 

transforms. The drag and lateral forces are evaluated. 

Special attention is given to accelerated bodies of revolution, 

slender wings, and wing-body combinations. 

W. R. Sears (Ithaca, N. Y.). 


Miles, John W. Transient loading of slender bodies of 
revolution. U. S. Naval Ordnance Test Station, In- 
yokern, Calif., Navord Rep. 2052, v+30 pp. (1953). 
The problem treated is that of a slender body of revolu- 

tion in forward flight, which acquires a transverse velocity 
component suddenly. The equations of fluid motion are 
linearized by neglect of the derivatives with respect to the 
longitudinal coordinate; i.e., the plane wave equation is 
satisfied in transverse planes. This is not entirely consistent 
with the conclusions of the author’s earlier report reviewed 
directly above, which indicates that a further simplification 
could be made. The wave equation is solved by Laplace- 
transform methods. The conclusions include (1) that steady- 
flow conditions are practically reached in the time 10R/a, 
where R denotes the maximum body radius and a the speed 
of sound, and (2) that the total impulse delivered to any 
section during transient loading is the same as would be 
obtained by familiar Munk-Jones slender-body theory. On 
the basis of the analysis of the earlier paper, the author 
states that this analysis is of only qualitative significance 
for the early stages of the transient process, i.e., until the 
time is large compared to R/a. W. R. Sears. 


Miles, John W. On the damping in roll of a slender cruci- 
form winged body. U.S. Naval Ordnance Test Station, 
Inyokern, Calif., Navord Rep. 2043, v+23 pp. (1953). 


Corkan, R. H., and Doodson, A. T. Free tidal oscillations 
in a rotating square sea. Proc. Roy. Soc. London. Ser. 
A. 215, 147-162 (1952). 

The authors solve the equation for the elevation of free 
tidal oscillations in a rotating square sea, namely (V?+-.«*)¢ =0 
where [={; cos ot +{ sin ot, x°= (o?—4w*)/gh, and a is the 
speed of the oscillation. The boundary conditions involve 
both ¢; and £2. Solutions for two positive waves (rotating 
in an anti-clockwise direction) and four negative waves are 
obtained by the normal relaxation process, but the use of 
finer nets is preferred to the introduction of higher differ- 
ences. The first positive and negative waves are compared 
with those of Goldsbrough [Proc. Roy. Soc. London. Ser. 
A. 132, 689-701 (1931) ] who gives revised formulae in this 
paper. It is shown that Rayleigh’s principle can be applied 
to the modes of a rotating sea. D. C. Gilles. 
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Shimose, Tsuneto. On the propagation of upper atmos- 
pheric pressure waves in the westerly current with ver- 
tical gradient. I. General theory and special case of 
no horizontal stratification and no friction. Nat. Sci. 
Rep. Ochanomizu Univ. 5, 24-32 (1954). 

The perturbation theory of waves in a viscous, vertically 
stratified, atmosphere is considered, but this reviewer has 
found the following errors and misprints in the author's 
treatment of the fundamental equations and so has little 
confidence in the results: In the equations of motion (1) the 
third equation has gp for g; in the first and second, u is the 
horizontal easterly component of wind-velocity and » is the 
horizontal northerly component, not the vertical com- 
ponent as stated. Terms in the cosine of the latitude are 
omitted in these equations though terms of this type are 
regarded as significant later (Eq. (11)). Equation (3) is the 
equation for changes with constant piezotropic coefficient, 
not for polytropic changes; for the latter the equation 
should be 

dlogp c—c,dlogp 
dt c—cp dt 


0 





[see B. Haurwitz, Dynamical meteorology, McGraw-Hill, 
New York, 1941, Sec. 48, 8]. In equations (4) the unper- 
turbed easterly wind-component is written U(y, z) whereas 
the zero-th order approximation implies that U is a linear 
function of z alone, as indeed is stated on p. 26. In equations 
(8) the notation is altered without warning; in the second 
equation, the second term on the right is (p:/po”)8po/dy and 
not p/po; in the third, y should be z. G. C. McVittie. 


Miles, John W. Dispersive reflection at the interface 
between ideal and viscous media. J. Acoust. Soc. Amer. 
26, 1015-1018 (1954). 

L’auteur transforme les 6 équations: de continuité, du 
mouvement, de l’énergie et de l'état, en équations sans di- 
mensions en négligeant les termes non linéaires. Pour ré- 
soudre les systémes il décompose la vitesse en deux parties 
indépendantes: l’une formée par des ondes longitudinales et 
l'autre formée par des ondes transversales. Si le milieu 
réflectif est considéré comme un fluide dense, la conducti- 
bilité calorifique en premiére approximation n’a presque 
aucun effet, et la viscosité ne produit aucune distorsion de 
l’amplitude sauf un déplacement de la phase proportionnel 
a la fréquence. La distorsion de l’amplitude devient sensible 
seulement au voisinage d’un front d’onde assez tranchant. 

M. Kiveliovitch (Paris). 


Elasticity, Plasticity 


Reiner, M. Second order effects in elasticity and hydro- 
dynamics. Bull. Res. Council Israel 3, 372-379 (1954). 
An elementary survey of some recent work on non-linear 

continuum mechanics, with comparison of the results of 

using different measures of strain. C. Truesdell. 


Castoldi, Luigi. Sopra una classificazione dei comporta- 
menti elastici dei mezzi deformabili. Ist. Veneto Sci. 
Lett. Arti. Atti 112, 17-30 (1954). 

This paper remarks on well known distinctions between 
different types of non-linearity in elasticity [cf. the re- 
viewer, J. Rational Mech. Anal. 1, 125-300 (1952), §19, 
Ch. IV C, and the references there cited; MR 13, 794]. He 





illustrates these non-linearities in the problems of finite 
torsion of a circular cylinder and of hydrostatic pressure 
[for the fully general solutions of these problems, cf., e.g., 
the reviewer, loc. cit., §42C and §42H]. C. Truesdell. 


Castoldi, Luigi. Le “condizioni di congruenza” per de- 
formazioni infinitesime non lineari. Ist. Veneto Sci. 
Lett. Arti. Atti 112, 41-47 (1954). 

The author works out the explicit form of the conditions 
of compatibility for infinitesimal strain but possibly finite 
rotation. In the case when the strain itself is nearly uniform, 
these reduce to the usual form of St. Venant’s equations for 
the strain tensor (but not the usual form for the displace- 
ment vector). In this latter case, the strain is necessarily the 
symmetric part of the gradient of a certain vector »;, but 
also by definition it is a quadratic expression in the displace- 
ment gradients s; ;. The author obtains the relation between 
$; and 9. C. Truesdell (Bloomington, Ind.). 


Adkins, J. E. Finite deformation of materials exhibiting 
curvilinear aeolotropy. Proc. Roy. Soc. London. Ser. A. 
229, 119-134 (1955). 

Curvilinear aeolotropy, which was mentioned by St. 
Venant (1865), is defined analogously to ordinary (crystal- 
line) aeolotropy, except that the symmetries in the unde- 
formed body are asserted with respect to a set of curves 
rather than straight lines. The author works out the restric- 
tion on the strain energy which results in two special cases: 
orthotropy and transverse isotropy. He specializes the re- 
sults to a cylindrical system and calculates the stress com- 
ponents for a class of deformations, introduced by Ericksen 
and Rivlin [J. Rational Mech. Anal. 3, 281-301 (1954); 
MR 16, 88], which includes torsion, extension, and inflation 
of a cylindrical tube and the bending of a block. He also 
considers spherical symmetry. C. Truesdell. 


Ionescu, Dan Gh. Sur le vecteur de Galerkine dans la 
théorie de l’élasticité et dans l"hydrodynamique des 
fluides visqueux. Acad. Repub. Pop. Romine. Bul. Sti. 
Sect. Sti. Mat. Fiz. 6, 555-571 (1954). (Romanian. 
Russian and French summaries) 

The author uses Gr. C. Moisil’s method of matrix poten- 
tials [Acad. Repub. Pop. RomAne. Bul. Sti. A. 1, 803-812 
(1949); MR 13, 595; and numerous later papers by Gr. C. 
Moisil, Ana Moisil, M. Iacovache, V. lonescu-Cazimir ] to 
prove well known theorems or easy variants on the splitting 
of solutions in linear materials into solenoidal and irrota- 
tional portions. C. Truesdell (Bloomington, Ind.). 


Sternberg, E., and Eubanks, R. A. On the concept of 
concentrated loads and an extension of the uniqueness 
theorem in the linear theory of elasticity. J. Rational 
Mech. Anal. 4, 135-168 (1955). 

The main results of the paper are the theorems 7.1, 7.2 
and 8.1. Theorem 7.1 states the existence of the solution of 
the second boundary-value problem of linear elasticity, with 
a finite number of concentrated surface loads, as limit of a 
uniformly convergent sequence of solutions of the sarne 
problem without concentrated loads. Theorem 7.2 states 
four properties of this limit which are proved to be charac- 
teristic in Theorem 8.1. The first three of these properties 
occur in the usual formulation of the problem and the fourth 
is that r¥?=O(r.~*) as ra—0, where rq is the distance from 
P to the point of application of a concentrated load La. 
The theorems 7.1 and 7.2 are stated for isotropic bodies 
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whereas the uniqueness theorem 8.1 is proved for general 
not necessarily isotropic bodies. The paper contains a 
critical analysis of the classical existence and uniqueness 
theorems. C. Arf (Istanbul). 


Pyhtunov, M. T. A variational method of solution of the 
plane problem of the theory of elasticity for a simply con- 
nected region bounded by two arbitrary curves and two 
parallel lines. InZen. Sb. 15, 43-60 (1953). (Russian) 
The stress components are written down as the sum of 

two parts to satisfy the boundary conditions and to contain 
N arbitrary functions. Equations for the arbitrary functions 
are found by minimizing the strain-energy integral. The 
approximation consists in taking a finite value for N. The 
method is applied to a rectangular plate and a plate with an 
axis of symmetry, the curved sides being given by a quartic 
polynomial. L. M. Milne-Thomson (Greenwich). 


Hajdin, Nikola. Contribution 4 la solution du probléme 
plan. Acad. Serbe Sci. Publ. Inst. Math. 5, 53-62 (1 
plate) (1953). 

The author tries to give a construction of the Airy func- 
tion of a symmetrically loaded rectangular plate. But he 
gives no method for solving the resulting infinite system of 
linear equations with an infinite number of unknowns. 


C. Arf (Istanbul). 


Hampe, Erhard. Zur Berechnung von beliebig begrenzten 
Scheiben (Rahmenecken, Bogenscheibenbriicken usw.) 
mit Hilfe der Airyschen Spannungsfunktion. Wiss. Z. 
Tech. Hochsch. Dresden 4, 61-72 (1955). 

This paper discusses the use of certain co-ordinate sys- 
tems, e.g. elliptic and bi-polar, in the solution of some prob- 
lems of elastic plane strain. No significantly new results 
are obtained. H. G. Hopkins (Sevenoaks). 


Mossakowski, Jerzy. Singular solutions in the theory of 
orthotropic plates. Arch. Mech. Stos. 6, 413-432 (1954). 
(Polish. Russian and English summaries) 

A. Pucher [Ing.-Arch. 12, 76-100 (1941); MR 10, 86] 
introduced influence surfaces for solutions of isotropic 
plates. Equations of influence surfaces coinciding in case of 
plates with deflection functions consist in Pucher’s method 
of two terms. The first term is a deflection function of an 
infinite plate, the second is a function formed of biharmonic 
polynomials whose coefficients must be determined so that 
this function satisfies boundary conditions. Pucher’s method 
could not be applied to orthotropic plates because the ia- 
fluence function of an infinite orthotropic plate was un- 
known. The author’s object was to extend Pucher’s method 
to orthotropic plates. He solves the differential equation of 
deflection of orthotropic plates in a closed form and finds 
influence surfaces of an infinite plate. Using this solution he 
solves in addition three different support cases of a semi- 
infinite plate loaded by a concentrated force. After setting 
E,=E,=E, the author’s solutions reduce to the well known 
solutions of isotropic plates. T. Leser. 


Mansfield, E. H., and Kleeman, P. W. A large-deflexion 
theory for thin plates. A theory based on the assumption 
Aircraft 


of an inextensional middle surface of the plate. 

Engrg. 27, 102-108 (1955). 

A theory is developed which is applicable to thin canti- 
lever plates such as solid thin wings. The basic assumption 
is that negligible membrane stresses are produced by large 
deflection. The middle surface is inextensional and so is 
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considered as a set of conical or cylindrical segments joined 
together. Resisting moment along each generator of the 
developable middle surface is equated to external moment 
and the proper distribution of generators found by maximiz- 
ing strain energy. The analytical approach leads to a non- 
linear second-order differential equation. Approximate solu- 
tions are also found. Within the framework of the theory 
deflection is proportional to load but superposition in 
general is not valid. Agreement with experiment is excellent 
for thin plates at large deflection. A discussion is also given 
of what is called an exact solution for a rectangular strip 
under pure bending. D.C. Drucker (Providence, R. I.). 


Hampl, Miloslav. Stress in an infinite plate with two 
shrink-fitted circular pins. Casopis Pést. Mat. 79, 65-75 
(1954). (Czech. Russian and English summaries) 
The author considers an infinite plate with two shrink- 

fitted circular pins. The shrink fitting creates a state of 

stress in the plate and in the pins which must satisfy the 
following conditions: (a) stresses in a pin and in the plate 
must be equal at the surface of contact; (b) stresses in the 
plate must vanish at infinity. The author constructs stress 
functions for each pin and for the plate, each function con- 

taining the same pair of undetermined coefficients A and B. 

Using conventional methods he determines the stress func- 

tions, finds the stresses and shows all derivations and trans- 

formations in a great detail. T. Leser. 


Solomon, Liviu. Sur l’hypothése de la décomposition de 
Pétat de tension. Acad. Repub. Pop. Romine. Bul. Sti. 
Sect. Sti. Mat. Fiz. 6, 523-540 (1954). (Romanian. 
Russian and French summaries) 

This paper attempts to compare the results of various 
approximate theories of shells in the case of a minimal sur- 
face. The author remarks that if the terms which in Western 
countries are often called ‘‘the Fliigge-Byrne terms” are 
included in the relations giving stress and moment resultants 
in terms of displacement derivatives, the equation of trans- 
verse moments is satisfied, while if they are omitted, it is 
not. He remarks also that the strain energy is positive defi- 
nite if these terms are retained, but otherwise is not neces- 
sarily so. He concludes that Betti’s reciprocal theorem and 
Kirchhoff’s theorem of uniqueness hold if these terms are 
retained. He discusses the effect of neglecting various terms, 
referring to work of Goldenveiser, Rabotnov, Vlasov, and 
others. He considers especially a state of ‘‘mixed stress,” 
when the moments are taken as the thickness times the 
corresponding stress. On the basis of simple solutions of the 
approximate equations, he concludes that usually one does 
not get results contradicting the hypotheses, but in case 
8 log A/dB<K1, where the first fundamental form of the 
surface is ds*= A*da*+ B*df?, contradictions result. 

C. Truesdell (Bloomington, Ind.). 


Galimov, K.Z. On certain problems of the theory of shells 
with arbitrary displacements. Izv. Kazan. Filial. Akad. 
Nauk SSSR. Ser. Fiz.-Mat. Tehn. Nauk 3, 3-17 (1953). 
(Russian) 

The work is based on two papers by H. M. MuStari 
[ (1) same Izv. 2, 39-52 (1950); MR 14, 1035; and (2) Trudy 
Kazan. Him. Tehnol. Inst. no. 13 (1948) (not available) }. 
For the classification of problems for a state of initial stress 
the author refers the reader to (1). Setting out from results 
established in (2) he then proceeds to formulate the equa- 
tions of equilibrium and the boundary conditions, with 
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certain approximations, referred to Gaussian coordinates for 
the undeformed state, and also referred to lines of curvature. 
No problems are solved. L. M. Milne-Thomson. 


Wuest, Walter. Einige Anwendungen der Theorie der 
Zylinderschale. Z. Angew. Math. Mech. 34, 444-454 
(1954). (English, French and Russian summaries) 
Assuming that the stress distribution remains axi-sym- 

metrical, the theory of closed cylindrical shells is extended 
to apply to open sections which may, in addition, have a 
small transverse curvature. The principal feature of the 
modification is that the curvature of the shell now must be 
considered as a function of the applied loading. The major 
portion of this paper applies this theory to long, slender, 
transversely curved strips (e.g. tape measures) bent by 
moments applied to the short sides. It is found that, for 
small applied moments, the angle of bending varies approxi- 
mately parabolically with moment. When moment reaches 
a critical value, the strip assumes a new configuration in 
which the transverse curvature has disappeared, except in 
boundary zones of small dimension near the edges. In the 
super-critical region, the bending moment remains nearly 
constant and independent of deformation. When the strip 
is wound spirally to form a spring motor, this property is 
found useful for application to clocks. 

Load-defiection relations and formulas for maximum 
stress are derived for the super-critical region of deforma- 
tion, and a comparison of these with results of experiments 
on certain springs shows reasonable agreement. A second 
example is the bimetallic strip, similar geometrically to that 
above, and which is deformed under temperature changes. 
The analysis for this case is similar to that for the first 
problem. W. Nachbar (Van Nuys, Calif.). 


Iwifiski, Tadeusz, and Nowifiski, Jerzy. Equations of six 
statical quantities for beams resting on unhomogeneous 
elastic foundation composed of segments of constant mod- 
ulus. Arch. Mech. Stos. 6, 389-411 (1954). (Polish. 
Russian and English summaries) 

The authors consider a beam of s+1 segments of different 
rigidity resting on an elastic foundation consisting also of 
s+1 segments of different elastic moduli. There are then s 
points of discontinuity in the beam and in the foundation 
and the points in the beam coincide with the points in the 
foundation. The authors make use of Winkler’s hypothesis 
which assumes that a deflection of a beam on an elastic 
foundation equals the negative ratio of the reaction of the 
foundation divided by the modulus of the foundation, and 
also satisfies a certain fourth-order differential equation. 
[The authors make no reference; the reviewer suggests 
E. Winkler, Die Lehre von der Elastizitat and Festigkeit, 
Prag, 1897]. This problem of a non-homogeneous beam can 
be reduced to a problem of a homogeneous beam resting on 
a homogeneous foundation by selecting one segment of the 
beam and replacing the influence of segments to the right 
and to the left by one force and one moment acting at each 
end. Of course every segment has to be treated in a similar 
way, which leads to 2s linear equations called by the authors 
“the equations of six statical quantities’. The authors found 
that this system cannot be divided into two systems in s 
unknowns each; therefore it is not possible to establish a 
five-moments equation. In order to solve the problem they 
developed an approximate five-moments equation which 
gives in certain cases sufficiently exact solutions. The theory 
is illustrated with a numerical example. T. Leser. 
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Pigtek, Marian. The general case of elastic lateral buck- 
ling of straight beams. Arch. Mech. Stos. 6, 235-260 
(1954). (Polish. Russian and English summaries) 

The author presents a new method for finding a critical 
load effecting a lateral buckling of a beam. His beam is a 
thin-walled structure with one axis of symmetry and an 
open cross-section varying arbitrarily along the beam. It is 
supported at both ends in such a way that ends cannot 
rotate. The author uses a system of stability differential 
equations given for this kind of beams by V. Z. Vlasov 
[Thin-walled elastic beams, Moscow, 1940; Prikl. Mat. 
Meh. 8, 361-394 (1944); MR 7, 142]. In his solution the 
author applies Fourier series and introduces a new method 
of successive approximations. His method is a generalization 
of Galerkin’s method and indeed the first approximation 
coincides with Galerkin’s result. T. Leser. 


Henrici, Peter. On helical springs of finite thickness. 

Quart. Appl. Math. 13, 106-110 (1955). 

The stress distribution in the springs was found by Frei- 
berger [Austral. J. Sci. Res. Ser. A. 2, 354-375 (1949); 
MR 11, 756] using Legendre functions. The author expands 
this solution as a power series in the reciprocal of the spring 
index. Earlier approximate solutions are compared with this 
result. The reviewer notes that all solutions assume small 
pitch angle; in fact, the solutions are exact only for pitch 
angle zero. D. R. Bland (London). 


ISlinskii, A. Yu. Consideration of questions on stability of 
equilibrium of elastic bodies from the point of view of the 
mathematical theory of elasticity. Ukrain. Mat. Z. 6, 
140-146 (1954). (Russian) 

An infinite plane strip of breadth 2h is subjected to end 
thrusts acting as distributed pressure and the deformations 
assumed to remain plane. The ordinary equations of plane 
elastic equilibrium and the boundary conditions are applied 
to determine the critical pressure at which instability sets 
in, in terms of the parameter xh/l, where 2/ is the perturba- 
tion wave-length for the assumed sinusoidal form of the 
previously straight edges. This allows comparison with the 
Euler formula derived by the methods of “strength of ma- 
terials”. Thus for 1/2h= 10 the ratio of the critical pressure 
to that derived from the Euler formula is 1.000024. The 
method of procedure is quite general. 

L. M. Milne-Thomson (Greenwich). 


Federhofer, Karl. Die durch pulsierende Axialkrifte ge- 
driickte Kreiszylinderschale. Osterreich. Akad. Wiss. 
Math.-Nat. KI. S.-B. II. 163, 41-54 (1954). 

A thin circular elastic shell is simply-supported at its 
ends. Let a constant axial force, supposed not to cause insta- 
bility, be applied to each end of the shell. If, in addition, 
an axial harmonic force is applied, then the shell will 
execute axial forced oscillations. The problem discussed is 
the stability of the shell under these conditions. The analysis 
is straightforward, but the form of the results is not simple. 
No numerical results are given. H. G. Hopkins. 


Hu, Hai-Chang. On the snapping of a thin spherical cap. 

Sci. Sinica 3, 437-461 (1954). 

Consider the behaviour of a thin spherical elastic cap 
under the action of slowly-increasing applied force. The 
work of Th. von Karman and Hsue-Shen Tsien [J. Aero. 
Sci. 7, 43-50 (1939); MR 2, 175] first showed that this type 
of problem is only to be understood completely in terms of 
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a large displacement theory. The analysis involves the solu- 
tion of two simultaneous, non-linear, differential equations. 
In certain circumstances it is possible for the cap to become 
unstable and suddenly to turn inside-out sometimes with 
explosive violence. This paper gives attention primarily to 
this phenomenon of snapping for the cases when (i) the cap 
is simply-supported at its edge and subjected to force along 
a symmetrically situated circle and (ii) a uniform bending 
moment is applied along the edge of the cap. The analysis 
of the first case is unpublished work of Wei-Zang Chien 
(1945), and is based upon an energy method. In the second 
case the condition for snapping is formulated as an eigen- 
value problem and detailed analysis is given. In both cases 
a symmetrical solution is assumed, and some general discus- 
sion of the behaviour of the cap under applied force is given. 
In the reviewer's opinion, it is possible that an asym- 
metrical mode of collapse may sometimes be observed in 
practice unless extreme care is taken to avoid eccentricities 
of loading and imperfections of shape. H.G. Hopkins. 


Mikeladze, §. E. Stability of an elastic plate of variable 
thickness in a uniaxial stressed state. Akad. Nauk 
Gruzin. SSR. Trudy Tbiliss. Mat. Inst. Razmadze 19, 
211-224 (1953). (Russian. Georgian summary) 

A rectangular plate, whose side dimensions are a parallel 
to the x axis and b parallel to y, is compressed in the x 
direction by an arbitrary distribution of forces N, acting 
along the sides parallel to y. The bending stiffness D may 
vary with y and may even be discontinuous in y. Assum- 
ing the form for the buckled shape w as a single wave: 
w(x, y) = f(y) sin rxa~, the equilibrium equation and homo- 
geneous boundary conditions on w lead to a fourth-order 
linear eigenvalue problem for f(y). A general method is 
presented to transform the differential equation for f into 
an integral equation, and to obtain numerical results from 
the latter by finite differences and quadrature formulas. The 
method is demonstrated by determining the critical load 
for the uniform plate compressed by a uniformly distributed 
load (N, and D constant) assuming that the unloaded edges 
are clamped. W. Nachbar (Van Nuys, Calif.). 


Nowacki, Witold. Buckling and free vibrations of a cylin- 
drical shell. Arch. Mech. Stos. 7, 111-131 (1955). 
(Polish. Russian and English summaries) 

An exact solution of the problem of buckling and free 
vibrations of a circular cylindrical shell for different ways 
of supporting the edges is given. 

From the author's summary. 


Biot, M. A. Propagation of elastic waves in a cylindrical 
bore containing a fluid. J. Appl. Phys. 23, 997-1005 
(1952). 

An analysis is presented of the propagation of unattenu- 
ated, axi-symmetric waves along the axis of a circular bore 
through an infinite, elastic solid, the bore containing com- 
pressible, inviscid fluid. First the propagation of surface 
waves in the empty bore are treated. Waves in the fluid- 
filled bore are then considered for the special cases of a rigid 
bore (or zero fluid density) and of the fluid suspended in 
free space (or elastic bore with infinite fluid density). 
Finally, the general case of elastic bore and finite, non-zero 
fluid density is studied. The phase velocities of all waves, 
with the exception of one, are greater than the speed of 
sound in the fluid. The exception, referred to as ‘“‘Stoneley 
wave” because of its analogy with the waves occuring at 
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the interface of two media, has a smaller velocity for all 
wave lengths. Plots of phase and group velocity as function 
of wavelength to bore diameter ratio are presented for 
various combinations of the three parameters: ratio of shear 
wave velocity in the solid to sound velocity in the fluid, 
ratio of fluid to solid density, Poisson’s ratio. 

G. W. Morgan (Providence, R. I.). 


Fogagnolo Massaglia, Bruna. Propagazione di onde ela- 
stiche in uno strato sferico ed applicazioni alla sismologia, 
Ann. Mat. Pura Appl. (4) 33, 367-379 (1952). 

The problem whose solution is sought by the author is 
the mathematical formulation of a model for the generation 
of Love and Rayleigh waves. To this end he assumes a solid 
spherical shell of homogeneous elastic material surrounding 
a highly viscous magma. The center of the sphere is taken 
as the origin or pole of spherical coordinates based on a unit 
vector triplet parallel respectively to the radius vector of 
the earthquake epicenter taken as the polar axis and the 
tangents to the meridian and parallel through any given 
point. The equations for Love and Rayleigh waves propa- 
gated parallel to a meridian are set up in this system on the 
assumption that stresses vanish on the outer boundary 
sphere and that all displacements vanish on the inner 
boundary sphere because damped out by the viscosity of 
the underlying magma. Utilizing two previous papers [R. 
Einaudi, Atti Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. 
74, 591-618 (1939); MR 1, 316; Fogagnolo Massaglia, ibid. 
84, 19-30 (1950); MR 13, 300], assuming the direction of 
wave propagation to be meridional and therefore inde- 
pendent of longitude, and resolving his wave equations into 
two groups in one of which the displacements are perpen- 
dicular to the meridian planes and in the other parallel to 
them, the author proceeds to analyze the conditions to be 
satisfied if the vibrations are to correspond to Love and 
Rayleigh waves. It is difficult to follow the assumed physical 
phenomena through the maze of mathematical manipula- 
tions and the resulting spherical shell with a thickness of 
4471 km does not correspond to any reasonable model of the 
structure of the earth. J. B. Macelwane. 


Il’yuSin, A. A. Present-day questions of plasticity theory. 
Vestnik Moskov. Univ. 10, no. 4-5, 101-113 (1955). 
(Russian) 


Hodge, P. G., Jr. Rigid-plastic analysis of symmetrically 
loaded cylindrical shells. J. Appl. Mech. 21, 336-342 
(1954). 

The paper is concerned with a circular cylindrical shell 
under axially symmetric loading. It is assumed that the 
shell is made of a plastic-rigid material that obeys Tresca’s 
yield condition. The yield criterion is determined in terms 
of three relevant stress resultants of the shell and the associ- 
ated flow rule is given in terms of corresponding rates of 
extension and curvature of the middle surface. This yield 
criterion is the same as that obtained by the reviewer, in 
the paper reviewed below, by a different method. The case 
of vanishing axial force has been treated by Drucker [Proc. 
1st Midwestern Conference Solid Mech., Univ. of Illinois, 
1953, pp. 158-163]. 

The load carrying capacity, i.e. the load intensity at 
which a plastic-rigid shell would begin to deform, can be 
determined by the use of this yield condition and flow rule. 
The author points out that the determination of the load 
carrying capacity could be simplified by approximating the 
yield surface by a convex polyhedron. It is shown that a 
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polygonal approximation to the yield surface could be found 
directly by considering an ideal sandwich shell. The linear- 
ized yield surface obtained in this manner is employed to 
determine the load carrying capacity of open-ended circular 
cylinders clamped to rigid reinforcing rings and subjected 
to uniform external pressure. In the final section of the 
paper a similar problem is solved for a closed shell. 
E. T. Onat (Ankara). 


Onat, E.T. The plastic collapse of cylindrical shells under 
axially symmetrical loading. Quart. Appl. Math. 13, 
63-72 (1955). 

Under the usual assumptions of thin shell theory it is 
shown that the principal strain rates e, and e, at any point 
in the shell may be written in terms of the distance z from 
the middle surface (a length which is necessarily unde- 
termined for a perfectly plastic material) and two param- 
eters, ¢./x, €,/x, representing the ratio of the extensions to 
the axial curvature in the middle surface. Under the as- 
sumption that the material satisfies the Tresca yield condi- 
tion and the associated flow rule, a stress state (not neces- 
sarily unique) may be associated with the strain-rate at each 
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point where the material is plastic. Integrating through the 
thickness of the shell, the author obtains each of the stress 
resultants as functions of the two parameters e,/«, ¢,/x, thus 
defining a surface in stress-resultant space. The resulting 
yield surface is the same as that obtained by the reviewer in 
the paper reviewed above by a direct analysis of the stresses. 
For the solution of specific problems it is found advisable 
to replace the exact yield surface by a simpler approximate 
one. This is done for an illustrative example. 
P. G. Hodge, Jr. (Brooklyn, N. Y.). 


Sundara Raja Iyengar, K. T., and Lakshmana Rao, S. K. 
Problems connected with the rhombus. II. Plastic 
torsion. J. Indian Inst. Sci. Sect. B. 37, 113-120 (1955). 
[For part I see same J. 36, 159-171 (1954); MR 16, 767.] 

The relaxation technique is applied to the elastic-plastic 

torsion of a prism whose cross section is a rhombus with 

acute angles of 60°. W. Prager (Providence, R. 1.). 


Savin, G. N., and Sevelo, V. N. On oscillations of a load 
hanging from an elastic-viscous cord of variable length. 
Ukrain. Mat. Z. 6, 457-462 (1954). (Russian) 
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Optics, Electromagnetic Theory 


Marx, Helmut. Linearisierung der Durchrechnungsform- 
eln fiir windschiefe Strahlen. I. Opt. Acta 1, 127-140 
(1954). 

Using an iteration procedure of W. Weinstein’s, the 
author develops a procedure which reduces the calculation 
of aberration to successive linear equations using the first- 
order coefficients as parameters in the calculation of third- 
order coefficients, etc. It permits the approximate trace of 
skew rays through an optical system. M. Herszberger. 


Toraldo di Francia, G. A family of perfect configuration 

lenses of revolution. Opt. Acta 1, 157-163 (1955). 

The author describes a family of lenses formed by in- 
homogeneous media which lead to a perfect image forma- 
tion. Starting with Maxwell’s fish eye and Luneberg’s sys- 
tem, imaging an infinite object into the unit sphere, the 
author obtains a continuous series of inhomogeneous media 
containing the image-forming media considered above as a 
special case. M. Herzberger (Rochester, N. Y.). 


Dufour, Charles, et Herpin, André. Application des 
méthodes matricielles au calcul d’ensembles complexes 
de couches minces alternées. Opt. Acta 1, 1-8 (1954). 
Studies of matrix methods to compute the qualities of 

multilayers without absorption. The formulae are simplified 

for the case that all the layers have equal optical thickness 
and practical suggestions are given to evaluate the results 
without explicit calculation. Experimental curves are given 
for normal and oblique incidence and are compared with 
the theory. M. Herzberger (Rochester, N. Y.). 


Picht, J. Neue Untersuchungen zur Totalreflexion. Optik 

12, 41-55 (1955). 

A theoretical investigation of total reflection of electro- 
magnetic waves from a dipole. Both a dipole vibrating 
parallel to the plane at which total reflection takes place, 
as well as a dipole vibrating at a right angle to this plane 
are considered. The field is derived from Hertzian vectors 





and the appropriate non-vanishing components are repre- 
sented in the form of the generalized Debye integrals 
[Picht, Ann. Physik (4) 77, 685-782 (1925) ], which express 
the field as a superposition of plane waves with different 
amplitudes and directions of propagation. The results are 
illustrated by several diagrams. In particular, curves are 
given showing, as function of the angle of incidence, the 
ratio of the amplitude of the reflected wave to that of the 
incident wave, and the depth of penetration and the spher- 
ical aberration of the refracted wave. 

It is to be regretted that numerous closelv related investi- 
gations are mentioned, both theoretical and experimental, 
without full references. E. Wolf (Manchester). 


Lansraux, Guy. Influence de l’aberration de sphéricité sur 
la structure des figures de diffraction de révolution. Rev. 
Opt. 34, 65-91 (1955). 

A continuation of the author’s thesis [Rev. Opt. 31, 
321-333, 444-456, 545-560 (1952); 32, 73-90, 213-225 
(1953); MR 14, 1042]. The case of spherical aberration is 
considered and new expressions are derived for the intensity 
distribution in the diffraction pattern. These are evaluated 
for particular cases. Calculations are also carried out relating 
to the fraction of the total illumination (integrated in- 
tensity) within circles of prescribed radii in selected planes 
of observation. E. Wolf (Manchester). 


Friedlander, F. G. Propagation of a pulse in an inhomo- 
geneous medium. Div. Electromag. Res., Inst. Math. 
Sci., New York Univ., Res. Rep. No. EM-76, i+46 pp. 
(1955). 

This report deals with the propagation of a pulse in a 
half-space y>0 filled with an inhomogeneous medium for 
which the law of variation of the refractive index is such 
that the wave equation (with two spatial dimensions) can 
be solved by separation of variables, and so is of the form 

> I a 
+ en=edsaus= EB ° 
(*) ata Ve) +20) 
Problems of this type also arise when one considers a dif- 








fraction problem by mapping the boundary of the obstacle 
conformally on the line y=0. For instance, 


X+iV=}(x+ty+iv/2)? 


maps the region Y?24(X +1) conformally on y20; and the 
differential equation 


) ax? * ay 
becomes (*) with f(x)=x*/c*, g(y)=(y++/2)*/c; and a 
solution of (¢) which vanishes or has zero normal derivative 
on Y?=4(X+1) becomes a solution of (*) with the same 
property on y=0. 

The basic problem is the determination of the Green’s 
function of (*), and this may be defined as the disturbance 
in y>0 which is generated by an instantaneous point source 
and which satisfies the appropriate boundary condition on 
y=0. 

The Laplace transform of this solution with respect to ¢ 
is first expressed as a series of eigenfunctions, whose asymp- 
totic behaviour at distant points of the Laplace plane is 
investigated by means of variants of the so-called W.K.B. 
process. An approximation is found whose inverse Laplace 
transform can be calculated; it applies when a shadow (in 
the sense of geometrical optics) is formed and describes the 
variation of the solution immediately behind the diffracted 
front which propagates into the shadow. 

The work is an extension of a previous paper by the same 
author dealing with the diffraction of a pulse by a circular 
cylinder [Comm. Pure Appl. Math. 7, 705-732 (1954); 
MR 16, 538]. E. T. Copson (St. Andrews). 


Williams, W. Elwyn. Reflection and refraction of electro- 
magnetic waves by a dielectric slab between dielectric 
media. Div. Electromag. Res. Inst. Math. Sci., New 
York Univ., Res. Rep. No. EM-70, i+16 pp. (1954). 

In the two half-spaces exterior to the slab, the author 
represents the electromagnetic field in terms of the tan- 
gential components of E and the normal component of H 
at the surface of the slab, with the aid of Copson’s formula- 
tion of diffraction problems [Proc. Roy. Soc. London. Ser. 
A. 186, 100-118 (1946); MR 8, 179]. [The sources in refer- 
ences 4 and 5 on page 16 should be interchanged. ] The field 
in the slab is represented similarly with the aid of the Green 
and Neumann functions pertaining to the slab. Continuity 
conditions at the two interfaces lead to integral equations. 
Fourier technique in two dimensions gives the solution of 
them. The classical cases of Sommerfeld and others for wave 
propagation over plane earth as due to dipole sources are 
included in the author’s approach. Some asymptotics of the 
usual character is presented. An approximate solution of the 
problem in which one interface deviates slightly from a 
plane is shortly indicated. C. J. Bouwkamp. 


Miiller, Claus. Radiation patterns and radiation fields. 

J. Rational Mech. Anal. 4, 235-246 (1955). 

The contents of this paper are identical with that of a 
previous report [Div. Electromag. Res., Inst. Math. Sci., 
New York Univ., Res. Rep. No. EM-62 (1954); MR 16, 
428], with the same errors as noted in the previous review. 

C. J. Bouwkamp (Eindhoven). 


Derfier, Heinrich. An electromagnetic difference-equation 
of importance in the theory of traveling-wave tubes. Z. 
Angew. Math. Phys. 6, 104-114 (1955). 

In a previous paper [Mitt. Inst. Hochfrequenztechnik 

Eidgenéss. Tech. Hochsch., No. 19 (1954)] the author 
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showed that the currents and voitages on a chain of identical 
three-terminal-pair junctions are related by the difference 
equation 


V(n+1)—2V(n) ch T'+V(n—1) 

=ZI(n) sh T—W(I(n+1) —2I (nm) ch T+ (m—1)) 
in which I(m) and V(m) represent respectively current and 
voltage at the mth junction of the chain and I, Z, W are 
parameters expressible in terms of the impedance parameters 
of the junctions of the chain. The present paper uses the 
Maxwell-Lorentz field theory and the results of the earlier 
paper to establish the validity of the difference equation 
under more general conditions, in particular those en- 
countered in the theory of traveling-wave tube structure. 
The methods used lead also to explicit formulae for the 
parameters I’, Z, W in these cases. P. E. Guenther. 


*Cauer, Wilhelm. Theorie der linearen Wechselstrom- 
schaltungen. 2te Aufl. Akademie-Verlag, Berlin, 1954. 
xxiv+769 pp. DM 48.00. 

The reappearance of this compendium on linear circuit 
theory will be a welcome event to network enthusiasts. 
There is no other text in any language quite comparable 
with this book. The material included contains a consider- 
able amount of Cauer’s own researches as well as the work 
of other European workers which is not generally well- 
known in this country. In a sense, however, this also leads 
to the chief criticism of the book. Cauer died in 1945. As a 
result, there is very little reference to publications appearing 
since that date. In fact, there is no reference to the wealth 
of results published in England, France, and this country 
for the last ten years. From that point of view, this second 
edition would not be regarded as a revised edition. As the 
editors point out, very little of Cauer’s original text has 
been changed, the revisions consisting mainly of explanatory 
remarks and footnotes added by the editors, difficult mathe- 
matical proofs set in smaller type (presumably to encourage 
the reader to skip over them), and some additions from 
notes left by Cauer. There has been added an introductory 
chapter whose purpose is to give a survey and overall picture 
of the subject matter that follows. It seems, however, that 
an understanding of this introduction requires a considerable 
familiarity with circuit theory. 

It is hardly possible to give a detailed account of the 
contents. Even a list of the chapter sub-titles would be in- 
ordinately long; hence the subject matter will be indicated 
only in a very general way. The first three chapters are 
concerned exclusively with linear circuit analysis. These 
chapters constitute a standard, if somewhat concise, treat- 
ment of the usual topics such as series and parallel connec- 
tions of elements, the concept of complex frequency variable, 
circuit topology, branch and loop equations, and a considera- 
tion of parameters characterizing two terminal-pair net- 
works together with the various interconnections of such 
networks. In chapter four, the concepts of positive function 
and positive matrix are treated in some detail and in an 
appendix to this chapter the ideal transformer and its use 
in the realization of linear transformations of a positive 
matrix is discussed. The reactance theorems and their 
counterparts relating to circuits with only two kinds of 
elements are examined in chapter five, which also includes 
some discussion of transcendental reactance functions. A 
large amount of material dealing with the image parameter 
theory of two terminal-pair networks, especially low-pass 
filters with reactive elements, is presented in the next two 
chapters. In connection with this the approximation problem 
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is also investigated. Chapter eight deals with the synthesis 
or constructive processes both for one terminal-pair and 
two terminal-pair networks when the frequency character- 
istics of the desired network are prescribed. These frequency 
characteristics belong to a class of parameters called Be- 
triebsparameter by the author. As far as this reviewer is 
aware, there is no equivalent expression in English ter- 
minology. These are network functions such as driving point 
impedance, transfer impedance, voltage transfer ratio, at- 
tenuation factor, etc. Networks with m pairs of terminals, 
which act as frequency sorters are considered in the last 
chapter. The appendices are extensive and cover such sub- 
jects as linear algebra, function theory, a collection of two 
terminal-pair formulae, Tschebyscheff approximation and, 
perhaps most important, a large amount of circuit design 
information in the form of tables and curves. 
R. Kahal (Syracuse, N. Y.). 


Borg, H. Circuits en régime impulsionnel. Fonction de 
transmission. Probléme de la transmission isomorphe. 
Ann. Télécommun. 7, 115-126 (1952). 

The author first gives a review of methods to evaluate 
the response of ideal and real filters, particularly by means 
of the convolution integrals, by. means of series develop- 
ments. He then defines isomorphic transmission by defining 
the result of the convolution integral as 


(1) s(t) « g(t) =gos[ (¢—to)/k], 

where s(¢) is the signal and g(t) the response of the network 
to unit impulse; go, Rk, to are real constants. Relation (1) 
represents a Fredholm-Volterra integral equation of the 
first kind, which can be Laplace transformed into 


(2) S(p)G(p) =gokS(kp) exp (— pte). 

Expanding, if permitted, 

S(kp)—S(k0) =a,[S(p) —S(0) ]+ (a2/2)LS(p)—S(0) P+: --. 
The coefficients a,, can be evaluated and the author indicates 
the time solution if the first two terms are sufficient. He 


points out that exponential functions in time and in p lead 
to simple, well known results. E. Weber. 


Duffin, R. J. A minimax theory for overdamped networks. 

J. Rational Mech. Anal. 4, 221-233 (1955). 

Let A, B and B be constant, real, n-by-n, symmetric 
matrices. Let v be an arbitrary nonzero vector and let a(v) 
denote the quadratic form v7Av and similarly for b(v) and 
c(v). Let a(v), b(v), c(v)20 and let b?(v) —4a(v)c(v) >0. 
Let A have rank r. The vector differential equation (*) 
Ag+Bg+(Cq=0 has for its characteristic equation 

V(x) =det (x*°A+xB+C) =0. 

Then V(x) =0 has +r roots which are all real and are $0. 
The r smallest roots are denoted by hi S/2S--- Sh, and 
the m largest by kiSk2S--- Sk, Also h,<k;. Solutions of 
(*) are u,e*i* (j=1, ---, m), where the u; are m linearly inde- 
pendent vectors, and weit (j=1, ---, 7), where the w; are 
r tinearly independent vectors. The general solution is a 
linear combination of these n+-r solutions. N. Levinson. 


*Daguet, Jacques. The analytic signal in nonlinear sys- 
tems. Proceedings of the Symposium on Nonlinear 
Circuit Analysis, New York, 1953, pp. 392-401. Poly- 
technic Institute of Brooklyn, New York, 1953. $4.00. 
The output of a nonlinear network is set up in the form 

v(t) =p(t)-cos [fadt+¢] with p and w determined by a 

differential equation for v and p, assumed to be valid for 
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any phase angle g. This leads to a set of two differential 
equations for p and w. One of the examples, studied by the 
author, is related to an oscillator with limited amplitude, 
governed by a differential equation of the type 
d*v/d# —2a(1—bp*)dv/dt+c=0; 

a, b,c positive constants, t= time. An approximate solution is 
worked out for the case | w’/w|<2a| (1 — bp) |. In some intro- 
ductory remarks, the denotation “‘analytic signal’’ is linked 
to the complex-valued function s+io = p(t) exp (ifwdt). The 
author also speaks of an analytic function of the complex 
upper half-plane (¢+-ir), which approaches s+ie when r—-0. 
He points out that s and @ satisfy the Hilbert relations 


o(t)= ~f Oa, s()=—— ee ae 


[This reviewer does not believe that these relations can hold 
generally for the solutions s and « of the above mentioned 
differential equation. Actually, the author does not make 
any use of complex-function theory for solving the nonlinear 
differential equation. ] H. Biickner. 


Karnaugh,M. The map method for synthesis of combina- 
tional logic circuits. Commun. and Electronics 1953, 
593-599 (1953). 





Quantum Mechanics 


Davidon, William C. Proper-time electron formalism. 
Phys. Rev. (2) 97, 1131-1138 (1955). 
Consider for an electron, the equation 


re mn,(—-—ied,)o, 


where the external field A, is independent of the (proper 
time) parameter r. One solution of the equation is e**y (x), 
where (x) satisfies the usual Dirac equation with electron 
mass m [see R. P. Feynman, Phys. Rev. (2) 84, 108-128 
(1951); MR 13, 410]. The equation above has the form of 
a Schrédinger equation, with r replacing ¢. As far as the 
motion of one electron is considered, second quantisation is 
therefore not necessary. In the course of r the electron draws 
out its world line in four-space, in accordance with the equa- 
tions of motion and the initial conditions in r. The sign 
(positive or negative) of the time-like vector dx,/dr deter- 
mines whether the particle is observed as an electron or a 
positron. These concepts, originally due to Feynman, have 
been discussed in greater detail and a fuller formulation 
given in this paper. A. Salam (Cambridge, England). 


Davidon, William C. Proper-time quantum electrody- 

namics. Phys. Rev. (2) 97, 1139-1144 (1955). 

The discussion of the paper reviewed above is extended 
to include the case of the quantized electro-magnetic field. 
The radiative effects, other than vacuum polarization, 
follow directly from the first quantized electron theory. To 
deal with the many-electron case, it is pointed out that a 
multiple r formalism is necessary. An ansatz for including 
vacuum polarization effect is suggested. A. Salam. 


Jauch, J. M., and Rohrlich, F. The infrared divergence. 
Helv. Phys. Acta 27, 613-636 (1954). 
This is a definitive paper on the infra-red divergence 
problem. The problem has previously been investigated by 
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Bloch and Nordsieck [Phys. Rev. (2) 52, 54-59 (1937) ], 
Pauli and Fierz [Nuovo Cimento (8) 15, 167-188 (1938) ], 
Bethe and Oppenheimer [Phys. Rev. 70, 451-458 (1946) ], 
and others. Bloch and Nordsieck, in particular, showed that 
the infra-red divergence disappears entirely if a rigorous 
solution of the field equations is employed for that part of 
the Hamiltonian which couples the low frequency field 
oscillators to the electron. In their paper Bethe and Oppen- 
heimer emphasized, that the infra-red divergence due to the 
emission of one real photon, and the infra-red divergence 
which is contained in the first order radiative correction due 
to the emission and reabsorption of virtual photons, exactly 
cancel. This combined with the result of Bloch and Nord- 
sieck, strongly indicates that this cancellation occurs in all 
orders of the coupling constant. The paper under review 
gives a complete and general proof of this result. 

The proof itself is very transparent. Essentially it is 
shown that the infra-red divergence in the cross-section for 
a real photon emission just cancels with corresponding 
divergence in the matrix element for a certain type of self- 
energy graph. The infra-red divergent contributions from 
all other virtual processes just cancel among themselves. 
The conclusion is that the recombination of soft photon 
emission and soft photon corrections eliminates all infra-red 
divergences in all powers of the coupling constant and in 
all orders of approximation. 

The second part of the paper discusses the same problem 
in the closed form used by Bloch and Nordsieck and in 
particular resolves completely some of the difficulties raised 
by Pauli and Fierz. The arguments in this part can not be 
usefully summarized here. A. Salam. 


Kursunoglu, Behram. Tamm-Dancoff methods and nu- 

clear forces. Phys. Rev. (2) 96, 1690-1701 (1954). 

It is shown that by the use of 3-dimensional Feynman 
diagrams an equal-time two-particle wave equation can be 
written down. The procedure is the same one as that 
Salpeter and Bethe [Phys. Rev. (2) 84, 1232-1242 (1951); 
MR 14, 707] used in deriving the 4-dimensional two-body 
equation. In this way all the terms of the new Tamm- 
Dancoff method of Dyson [ibid. 91, 1543-1550 (1953); 
MR 15, 768] can easily be recorded. 

The connection between the Bethe-Salpeter and Dyson 
equations is discussed. The spurious energy denominators 
of the fourth-order interaction, in the adiabatic limit, can 
be eliminated by including all the contributions to the fourth 
order-term arising from the 4- and 5-particle amplitudes 
that are coupled back to the two-particle amplitudes. The 
potential derived in the adiabatic limit to the fourth-order 
term of the interaction operator is the same as the Lévy- 
Klein [Lévy, ibid. 88, 725-739 (1952); Klein, ibid 92, 
1017-1020 (1953); MR 15, 916] potential derived from the 
old Tamm-Dancoff method. The Appendix contains a dis- 
cussion of the Bethe-Salpeter equation and a simple method 
of derivation of equal-time equations from the 4-dimensional 
theories. (From the author’s abstract.) A. Salam. 


Petiau, Gérard. Sur le calcul des sections efficaces de 
diffusion coulombienne entre corpuscles de spins 0, #/2 
our. J. Phys. Radium (8) 14, 137-144 (1953). 
Consider the equation (p,I*+-imc)@=0, where the I’s 

satisfy the commutation relation, 


Perrre+ leer’ = 5 Te +5rr". 


If de Broglie’s representation [Une nouvelle conception de 
la lumiére, Hermann, Paris, 1934] of the I’s, as direct 
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products of Dirac’s y and the unit operator, is employed, 
the 16 components of the wave function @ can be trans- 
formed into 16 other quantities, which may be chosen to 
be a scalar, a vector, an antisymmetric tensor, a pseudo- 
vector and a pseudoscalar. This gives a unified and complete 
description of spin zero and spin one particles. The case 
when these particles interact with the Coulomb field is 
discussed in detail. A. Salam (Cambridge, England). 


Rzewuski, J. On differential conservation laws in non- 
local field theories. Nuovo Cimento (9) 10, 182-185 
(1953). 


Rzewuski, J. Conservation laws in non-local field 
theories. Acta Phys. Polon. 12, 14-25 (1953). (Rus- 
sian summary) 

These two papers give the development of the author's 

ideas on conservation laws for non-local field theories. Con- 
sider the action integral 


Wem [. . » favae » dx L(x! - - «0%; g*(x0*) 5 Q% y+ (%*) J. 


Here g* are the field variables, g*,,...,, are their derivatives 
up to the sth order, and W* satisfies the usual invariance 
criteria. The theories for which »=1 are called “local” 
theories, even though the order (s) of the derivatives of the 
field variables is infinite. The cases m= 2 are classed by the 
author as ‘‘non-local’’. For the case n=1, differential con- 
servation laws follow from the corresponding invariance 
properties of W' in the standard way. For example the in- 
variance with respect to translations (which is equivalent 
to the explicit independence of L' on x") implies the laws of 
momentum conservation. An appendix in the first paper 
gives a derivation of these conservation laws containing 
derivatives of arbitrary order following the methods of 
Ostrogradski [Mem. Acad. Sci. St.-Pétersbourg (6) 4, 385- 
517 (1850) ], de Wet [Proc. Roy. Soc. London. Ser. A. 195, 
365-376 (1948); MR 10, 418] and Green [ibid. 197, 73-89 
(1949); MR 11, 568). 

The paper itself considers the case m= 2; in particular, the 
case of a field theory with an interaction containing an 
invariant form function. The field equations which contain 
integral operators can (for some special form factors) be 
considered as differential equations with (infinitely) high 
order derivatives (see the following review). It is thus 
possible to construct such expressions for the field current, 
the field energy and momentum, etc., which satisfy differ- 
ential conservation laws. However the total energy is 
indefinite. 

For arbitrary m (considered in the second paper), define 
the Lagrangian density L(x) as 


Ef ' fae a den Ln(em8) 


while j,(x), T,,.(x) etc. are defined in the usual manner in 
terms of the Lagrangian density. In this case 


8,7, = (OL/Ax,) in 


where (0L/dx,)in denotes the explicit derivative of L with 
respect to x. If P,’(¢)=fde,T7,,, it is still true that 
P,' (01) =P,’ (a2) where o, and a2 are two space-like surfaces. 
But the differential conservation law is lost. 

To restore this the author suggests defining 


P,(0)=Ps'(o) =f (0L/a,) ue +ey 
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The c,'s are arbitrary quantities independent of ¢ (but may 
depend on ¢;) which are needed to make a correspondence 
with local theory possible. Similar definitions apply for 
charge and angular momentum. A. Salam. 


Rzewuski, Jan. Quantization of a certain class of non-local 
field theories. Acta Phys. Polon. 12, 100-122 (1953). 
(Russian summary) 

Let ¥, ¥* be a complex and ¢ a neutral scalar field and let 
the interaction Lagrangian be 


gf 6(2)F, 1W*(S)P(3, DVE)PM, deeded, 


where }’ and F are arbitrary invariant functions. The 
auxiliary operators 


é(1) = f dxxp(2)F(2,1) and (1)= f dxesp(2)P*(2, 1) 


satisfy differential equations of the type K-'(— 0) =g¢) 
where for example 


K(i, 2) = f Pe, 1) Dret (3, 4) P (4, 2)dxgdx4. 


The problem of the canonical quantisation of the non-local 
fields y and ¢ is thus reduced to the problem of the canonical 
quantisation of field theories containing higher-order deriva- 
tives. The canonical formalism developed for these cases by 
de Wet [Proc. Roy. Soc. London. Ser. A. 195, 365-376 
(1948); MR 10, 418] is extended in this paper to derive 
Schrédinger and Heisenberg’s equations, to establish general 
commutation relations for field quantities at two arbitrary 
points and to construct the S-matrix. A complete differ- 
ential description of these non-local fields is thereby ob- 
tained. It is concluded that the only effect on the S-matrix 
of introducing non-localities of the special type considered, 
is to replace the Feynman functions of the local theory by 
generalised functions. This is a confirmation of the results 
obtained by direct (integral) methods of calculating the 
S-matrix [see the papers reviewed above and Rayski, Acta 
Phys. Polon. 11, 25-35 (1951); MR 14, 229]. A. Salam. 


Hamilton, J., and Salam, A. The bound state representa- 
tion. Proc. Cambridge Philos. Soc. 51, 103-112 (1955). 
It is proposed to transform the variables of quantum field 

theory by a unitary operator T in such a way that the 

transformed Hamiltonian has the form (H»o+V), where Ho 
is the free field Hamiltonian and V has matrix elements only 
between states with equal numbers of free particles. The 
formal algebra is described by which T and V can in 
principle be determined by successive approximations. The 

proposal is essentially the same as one put forward by K. A. 

Brueckner and K. M. Watson [Phys. Rev. (2) 90, 699- 

708 (1953); MR 15, 379] to whom the authors make no 

reference. F. J. Dyson (Princeton, N. J.). 


Polkinghorne, J. C. Temporally ordered graphs in quan- 
tum field theory. Proc. Cambridge Philos. Soc. 51, 113- 
120 (1955). 

A graphical representation of the perturbation-theory 
expansions of quantum field theory is defined, in which the 
vertices (points at which the interaction operates) are given 
a definite order in time. In this representation the S-matrix 
and the reaction matrix K have a particularly simple rela- 
tion to each other, as was already observed by J. Schwinger 
[Phys. Rev. (2) 74, 1439-1461 (1948), Sec. 4; MR 10, 345] 
to whom the author makes no reference. F. J. Dyson. 











Peaslee, D.C. Boson current corrections to second order. 

Phys. Rev. (2) 81, 94-106 (1951). 

In this paper (written 5 years ago) the Kemmer 8-matrix 
formalism [N. Kemmer, Proc. Roy. Soc. London. Ser. A. 
173, 91-116 (1939); MR 1, 95] is used in order to calculate 
the second-order radiative effects in the quantum electro- 
dynamics of particles of spin 0 and 1. It is shown that the 
formalism can be handled just as elegantly and conveni- 
ently as the Dirac formalism for spin 1/2, and in particular 
the formal complications introduced by redundant com- 
ponents of the field-operators can be made to disappear com- 
pletely. The calculations are carried through to the end, and 
it is found that the spin-1 particles have infinite magnetic 
dipole and electric quadrupole moments which can not be 
interpreted as renormalization effects, while for the spin-0 
particle all physically observable effects are finite. Thus the 
method of renormalization makes sense for the quantum 
electrodynamics of spins 0 and 1/2, but not for spin 1. 

F. J. Dyson (Princeton, N. J.). 


Peaslee, D. C. Infinite integrals in quantum electro- 

dynamics. Phys. Rev. (2) 81, 107-109 (1951). 

The author here suggests a logical and convenient con- 
vention for avoiding disagreements between different calcu- 
lations of the same quantity in quantum field theory. The 
disagreements arose because the result of separating a finite 
part from a divergent expression is not unique. For example, 
the results of the author [see the preceding review } dis- 
agreed in part with those obtained by others using different 
methods. The author discusses the ambiguity, and resolves 
it by following the guiding principle that the finite results 
of a calculation with divergent expressions should be 
unchanged if in the future the theory is modified so as 
to make the divergent expressions converge. This guiding 
principle has the consequence that integrals of the form 
J (0/dk,)F(k)dsk are to be equated to zero even when 
divergent, and integration by parts of divergent expressions 
is allowed while other algebraic manipulations are in general 
forbidden. The author’s convention is now [5 years later] 
generally followed, and the ambiguities are for practical 
purposes forgotten. F. J. Dyson (Princeton, N. J.). 


Kemmer, N. A remark on quantum-mechanical perturba- 
tion theory. Proc. Cambridge Philos. Soc. 50, 632-633 
(1954). 

A simple rule is obtained for diagonalizing a perturbed 
hamiltonian. The necessary unitary transformation and the 
diagonalized hamiltonian are obtained by successive ap- 
proximation to any desired order in the perturbation 
parameter. A. J. Coleman (Toronto, Ont.). 


Tokuoka, Zensuke. On the equivalence of the particle 
formalism and the wave formalism of meson. II. Case 
of interacting meson and nucleon fields. Progr. Theoret. 
Phys. 10, 137-157 (1953). 

In a previous paper [Z. Tokuoka and H. Tanaka, same 
journal 8, 599-614 (1952); MR 14, 709] the electromagnetic 
interactions of mesons were described in terms of the 
8-matrix formalism. Here the interactions of mesons with 
nucleons are studied in the same way. The representation 
of the §-matrices by Harish-Chandra [Proc. Roy. Soc. 
London, Ser. A. 186, 502-525 (1946); MR 8, 302] is found 
to be very convenient. The possible types of meson-nucleon 
coupling are enumerated and various formal properties of 
them are established. F. J. Dyson (Princeton, N. J.). 
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Hu, Ning. Further investigation on the S-matrix in meson 

theory. Acta Sci. Sinica 2, 59-67 (1953). 

In a previous (unavailable) paper [Chinese J. Phys. 8, 
40ff. (1951) ], the author obtained an explicit expression for 
D,(k), the renormalized propagator accounting for radiation 
effects due to virtual creation and annihilation of nucleon 
pairs in pseudo-scalar meson theory with pseudo-vector 
coupling. The propagator Dr(k) for a single meson will be 
modified due to successive creation and annihilation of pairs 
of nucleons to 


Dy’ (k) = Dr(k)[1—$D.(k) Dr (k) J. 


Using the explicit expression for D.(k), the author decides 
that two new poles arise from the denominator of Dp’ 
respectively in the I and III quadrants of the complex 
ko-plane, and that the path of integration in this plane 
should pass above the pole in I and below that in III. 

A. J. Coleman (Toronto, Ont.). 


Tanaka, Shé. Some remarks on the charge conjugation. 

Progr. Theoret. Phys. 12, 72-78 (1954). 

Charge conjugation is treated as a reflection in a certain 
space, the charge space. Several types of transformations 
are possible. These are regarded as characteristic of the 
various elementary particles and lead to the existence of a 
superselection rule between certain states [G. C. Wick, 
A. S. Wightman and E. P. Wigner, Phys. Rev. (2) 88, 
101-105 (1952); MR 14, 827]. N. Rosen (Haifa). 


Kortel, F. Sind grobe Energieiibertragungen mit nicht- 
lokaler Wechselwirkung vertriglich? Z. Physik 138, 
192-208 (1954). 

Heisenberg’s theory [Z. Physik 133, 65-79 (1952) ] is used 
to discuss the production of mesons in high-energy nucleon 
collisions. The author concludes that while non-local theory 
does not forbid high-energy exchanges it predicts the crea- 
tion of a smaller number of mesons than does local theory. 

A. J. Coleman (Toronto, Ont.). 


Sirokov, Yu. M. On the interaction of particles of a new 
type of spin 1/2 with an external field. Dokl. Akad. 
Nauk SSSR (N.S.) 99, 737-740 (1954). (Russian) 

The equations of the author’s previous paper [same Dokl. 
(N.S.) 94, 857-859 (1954); MR 15, 916] are studied in 
detail in the case of spin one-half. First, the explicit form is 
found for the transformation of the wave-function under 
general finite Lorentz transformations. Next, the bilinear 
covariants are constructed, i.e. expressions which are bi- 
linear in YW and ¥* and transform as scalars or tensors under 
Lorentz transformations. These are always non-local quan- 
tities, involving the product of ¥ and ¥* at two different 
points of space-time. Next, a possible form is given for the 
interaction of the author’s particles with an ordinary scalar 
meson field ¢. The interaction is simply the scalar covariant 
multiplied by ¢, and is non-local in character. The theory so 
constructed is, however, in no way different from the theory 
of ordinary Dirac particles with a non-local interaction 
having matrix elements between positive-energy states only 
[see review of paper cited above ]. F. J. Dyson. 


Chiba, Shin. Renormalization in the covariant treatment 
of pion-nucleon scattering. Progr. Theoret. Phys. 12, 
481-493 (1954). 

Following the methods of Salpeter and Bethe [Phys. 

Rev. (2) 84, 1232-1242 (1951); MR 14, 707] one can derive 

an integral equation for the particular Green’s function 
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which is related to pion-nucleon scattering. The lowest 
kernel of this integral for the isotopic spin 1/2 case, is finite, 
and a formal solution of the equation in terms of Dyson's 
self-energy and vertex functions 2 and I [ibid. 75, 1736- 
1755 (1949); MR 11, 145 ] can be readily written down. This 
solution, however, has all the infinities of these functions, 
in particular, the “overlapping divergences’’ contained in 
the function 2. Using a method due to the reviewer [A. 
Salam, ibid. 82, 217-227 (1951); MR 13, 607], these di- 
vergences are removed and a divergence-free expression for 
the Green’s function is obtained. A. Salam. 


Ivanenko, D., and Cytovié, V. The relativistic equation of 
three coupled bodies. Dokl. Akad. Nauk SSSR (N.S.) 
99, 373-376 (1954). (Russian) 

An exact form is written down for the relativistic wave- 
equation of a system of 3 Fermi particles coupled by a boson 
field. The specific 3-particle interaction appears as an ex- 
pression involving functional derivatives of 2-particle inter- 
actions, and could in principle be evaluated as a power- 
series in the coupling-constant. The formulae are very bulky. 

F. J. Dyson (Princeton, N. J.). 


Meggitt, J. E. Variable mass equations. Phys. Rev. (2) 

97, 1126-1131 (1955). 

The field equations describing fermions and bosons are 
generalized by replacing the constants representing the 
masses of the particles by operators in a space called the 
isotropic spin-space. These operators are partially deter- 
mined by the requirement that various conservation equa- 
tions are satisfied. The different systems which arise from 
different possible choices for these mass operators are 
systematically discussed. A. H. Taub (Urbana, IIl.). 


Jouvet, Bernard. L’électromagnétisme électroneutrinien. 

J. Math. Pures Appl. (9) 33, 201-262 (1954). 

The author studies the interaction of electron-fields and 
neutrino fields. The theory is based on a Lagrangean in 
which the interaction term is a multiple of the scalar 
product of the Dirac current sector of the electron field and 
the corresponding current vector for the neutrino field. The 
photon field is considered as a sequence of virtual pairs of 
neutrinos and vertical pairs of electrons. A quantized Max- 
well theory of electromagnetism is obtained if arbitrary 
constants which enter the theory through regularization are 
chosen in a particular manner. A. H. Taub. 


Horvath, J. I. Die Bewegungsgleichungen des Elektrons. 
Acta Phys. Acad. Sci. Hungar. 3, 171-204 (1954). 
(Russian summary). 

For a classical particle with electric charge and magnetic 
moment, current-density and moment-density are defined 
without the use of 4 functions. Field equations are derived 
from a variation principle. The methods of Riesz [Acta 
Math. 81, 1-223 (1949); MR 10, 713] are used in the 
derivation of potentials. Radiation reaction is also discussed. 

C. Strachan (Aberdeen). 


Nelipa, N. F. Quantum theory of a radiating electron. II. 
Z. Eksper. Teoret. Fiz. 27, 421-424 (1954). (Russian) 
A more careful evaluation of the quantum corrections to 

the classical formula for the intensity of radiation of an 

accelerated electron discussed in a previous paper [Dokl. 

Akad. Nauk SSSR (N.S.) 85, 1259-1262 (1952); MR 14, 

437] is carried out. It is found to be negligible for an elec- 

tron in a magnetic field of 10‘ G. with energy below 10’ Mev. 

A. J. Coleman (Toronto, Ont.). 
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Taksar, I. M. Particle with spin 3/2 in a magnetic field. 
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Akad. Nauk Latv. SSR. Trudy Inst. Fiz. 6, 114-122 

(1953). (Russian) 

The author concludes, that whereas for a particle of spin 
1/2 the gyromagnetic ratio, g, is 2, for a particle of spin 3/2, 
g=2/3. A. J. Coleman (Toronto, Ont.). 


Pekar, S. I. Non-existence of discrete energy levels and 
the corresponding states for a particle with spin 1/2 in a 
given pseudoscalar potential field. Dokl. Akad. Nauk 
SSSR (N.S.) 97, 1011-1012 (1954). (Russian) 

A particle satisfying the equation [p—m+ V(r)ys W=0, 

where V(r) is an arbitrary function of x', x’, x’, 
no bound states. The proof is simple and elegant. The 
scalar product of the above equation by y on the left is 
formed and separated into real and imaginary parts. The 
former gives m= po(W|y4|) for a bound state. But the coeffi- 
cient of po is less than unity so po>m, which is a con- 
tradiction. A. J. Coleman (Toronto, Ont.). 


Eriksen, Erik. The Pauli principle and the symmetry 
properties of many-electron wave functions. Arch. 
Math. Naturvid. 52, 73-83 (1954). 

It is shown, in the case of an atomic system of electrons 
in which magnetic interactions are neglected, how to obtain 
explicitly the symmetry properties of the wave functions of 
any multiplet. No assumption concerning separability into 
one-electron functions in coordinate space is made, and 
little use is made of group theory. N. Rosen (Haifa). 


Kiimmel, Hermann. Die Wechselwirkung vieler Teilchen. 
I. Allgemeine Theorie. Z. Naturf. 10a, 117-125 (1955). 
Die strenge Formulierung nach der Quantenmechanik der 

Wechselwirkung von vielen Teilchen ist ein schon sehr oft 

in Angriff genommenes Problem. Zuerst ist es J. A. Gaunt 

[Proc. Roy. Soc. London. Ser. A. 122, 513-532; 124, 163- 

176 (1929)'] gelungen die Dirac-Gleichung auf zwei Elek- 

tronen zu verallgemeinern, jedoch nur unter Vernachlassig- 

ung der Retardierung. G. Breit [Phys. Rev. (2) 34, 553-573 

(1929) ] hat dann den von Gaunt eingefiihrten Wechsel- 

wirkungsoperator in dem Masse erginzt, dass die Gleichung 

demzufolge angendhert (jedoch nicht streng) relativistisch 
wurde. Die Verallgemeinerung des Breitschen Resultates 
auf N Teilchen ist ohne Schwierigkeit durchfiihrbar. Die 
strenge Lésung des Problems fiir zwei Teilchen ist dann 

endlich E. E. Salpeter und H. A. Bethe [ibid. 84, 1232-1242 

(1951); MR 14, 707] gelungen. Explizit ist jedoch diese 

Gleichung nur als eine Reihe von problematischer Kon- 

vergenz angebbar. Vorliegende Arbeit beschaftigt sich auch 

mit der Verallgemeinerung dieser Resultate auf das N- 

Teilchen Problem. Der Verfasser weist zuerst darauf hin, 

dass die Hauptschwierigkeit wahrscheinlich darin liegt, dass 

man zwar vielleicht die Wechselwirkung von zwei Teilchen 
als klein betrachten kann, bei sehr vielen Teilchen jedoch 
jede Naherungsannahme versagen kann und zeigt dann, 
dass man mit Hilfe der Methode der Wellenfunktionen der 

Quantenfeldtheorie mit den hier auftretenden Problemen 

fertig werden kann. Die Bethe-Salpeter-Gleichung wird fiir 

N gleiche Teilchen abgeleitet und es wird gezeigt, dass im 

nichtrelativistischen Falle und bei der niedrigsten Naherung 

die erhaltenen Resultate in die Hartree-Fockschen Glei- 
chungen iibergehen. Die Resultate von T. Kinoshita und 

Y. Nambu [ibid. 94, 598-617 (1954); MR 15, 918] werden 

ebenfalls mit Hilfe der erwahnten Methode einfach be- 

griindet und ihre Giiltigkeit wird auf Krafte von sehr kurzer 

Reichweite (Kernkrafte) ausgedehnt. T. Neugebauer. 








Léwdin, Per-Olov. Quantum theory of many-particle sys- 
tems. I. Physical interpretations by means of density 
matrices, natural spin-orbitals, and convergence prob- 
lems in the method of configurational interaction. Phys. 
Rev. (2) 97, 1474-1489 (1955). 

The paper is devoted to the problem of representation of 

a many-fermion wave function by means of suitable one- 

particle wave functions (also called orbitals). One defines 

first the one-particle, two-particle, etc. density matrices and 
studies their formal properties when expressed in terms of 
one-particle orbitals. For a given state of the many-particle 
system the best choice of orbitals is then unambiguously 
defined: these “natural orbitals’ are characterized by the 
property of making the one-particle density matrix diagonal 
and they provide presumably the set of one-particle wave 
functions best suited for an expansion of the total wave 
function in Slater determinants. Finally, the problem of 
expressing the total wave function of the system of NV 
fermions by means of a finite number M2 N of one-particle 
wave functions is analyzed, as well as the question of the 
optimal choice of the latter. This is a generalization of the 

Hartree-Fock method of self-consistent fields, to which it 

reduces for M=N. L. Van Hove (Utrecht). 


Liéwdin, Per-Olov. Quantum theory of many-particle 
systems. II. Study of the ordinary Hartree-Fock ap- 
proximation. Phys. Rev. (2) 97, 1490-1508 (1955). 

The author considers a system of N interacting Fermi 
particles in the Hartree-Fock approximation where the total 
wave function is put equal to a Slater determinant in NV 
one-particle wave functions. The consequences of a linear 
transformation on the latter wave functions are studied. 
The existence of a single invariant for these transformations 
is established; it turns out to be the one-particle density 
matrix. All other density matrices and transition matrices 
can thus be expressed in terms of this single invariant. The 
Hartree-Fock equations are also written as equations in the 
invariant. Their solution is then discussed by expansion of 
the one-particle wave functions in a fixed complete set. 
The last section deals with the problem of ionized and 
excited states in the Hartree-Fock approximation. 

L. Van Hove (Utrecht). 


Léwdin, Per-Olov. Quantum theory of many-particle 
systems. III. Extension of the Hartree-Fock scheme 
to include degenerate systems and correlation effects. 
Phys. Rev. (2) 97, 1509-1520 (1955). 

As a sequel to the two papers reviewed above an analysis 
is given of the difficulties occurring in the Hartree-Fock 
approximation when degeneracies, especially spin de- 
generacies, are present. It is shown how the degeneracies 
can be handled by means of suitable projection operators 
and how, in the Hartree-Fock approximation, instead of 
lifting degeneracies by means of linear combinations of 
Slater determinants, one can achieve the same goal by 
replacing the hamiltonian by an effective hamiltonian. The 
latter method has the advantage of retaining the visuality 
of the Hartree-Fock determinantal wave function; it intro- 
duces however in the effective hamiltonian many-body 
coupling terms not present in the original hamiltonian. The 
paper goes on by stressing the importance of taking in the 
Hartree-Fock method different orbitals for the different spin 
states. Correlation effects between particles are thereby 
better taken into account. This improvement is discussed 
for various spécial cases. L. Van Hove (Utrecht). 
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Janossy, L. Die physikalische Problematik des Teilchen- 
Wellen-Problems der Quantenmechanik. Ann. Physik 
(6) 11, 323-361 (1953). 

The author analyzes the basic concepts of quantum 
mechanics. He investigates the extent to which the results 
of quantum mechanics are necessitated by experiment and 
concludes that there are certain results which have not been 
verified by observation, e.g., that two parts of a wave can 
remain coherent for an arbitrarily long time. He proposes 
that one discard these results and look for a classical model 
that would account only for the quantum phenomena that 
have been observed. Such a model would involve actions 
propagating with velocities greater than that of light. The 
author gives an example of a non-linear modification of the 
Schroedinger equation, the solutions of which describe waves 
which will not spread out beyond a region of finite size. 

N. Rosen (Haifa). 


de Broglie, Louis. Sur l’interprétation causale et non 
linéaire de la mécanique ondulatoire. C. R. Acad. Sci. 

Paris 237, 441-444 (1953). 

In order to arrive at a causal interpretation of wave 
mechanics, the author discusses the ‘‘double solution” con- 
sisting of a particle surrounded by an extended wave. The 
field is to be described by a function satisfying a non-linear 
equation. The solution is to be approximately the sum of two 
terms, one proportional to the usual wave function and the 
other a function having a large magnitude inside a very 
small region and falling off to zero outside [L. de Broglie, 
same C. R. 236, 1453-1456 (1953); MR 14, 825]. And 
example of an approximate solution of this type is given. 
Some questions connected with this double solution are 
discussed. N. Rosen (Haifa). 


Dugas, René. Sur l’interprétation de la mécanique quan- 
tique 4 aide de variables cachées au sens de David 
Bohm. Revue Sci. 90, 261-264 (1952). 

The work of D. Bohm [Phys. Rev. (2) 85, 166-179, 180- 
193 (1952); MR 13, 709, 710] on an interpretation of quan- 
tum mechanics involving hidden variables is discussed, as 
well as its relation to the work of L. de Broglie [C. R. Acad. 
Sci. Paris 183, 447-448 (1926); 184, 273-274 (1927)] on 
“pilot waves”. The author concludes that at present there 
appears to be no advantage to Bohm’s interpretation over 
the customary one, but that its advantage may reveal itself 
in the future in connection with further developments in 
physics. N. Roser (Haifa). 


Vigier, Jean-Pierre. Densité statistique des ensembles de 
particules en interprétation causale. C. R. Acad. Sci. 
Paris 236, 1003-1005 (1953). 

It is shown that the statistical point of view of the causal 
interpretation of quantum mechanics [D. Bohm, Phys. 
Rev. (2) 85, 166-179 (1952); MR 13, 709] leads to the 
theory of R. P. Feynman [Rev. Mod. Phys. 20, 367-387 
(1948); MR 10, 224]. N. Rosen (Haifa). 


Keller, Joseph B. Bohm’s interpretation of the quantum 


theory in terms of “hidden” variables. 

89, 1040-1041 (1953). 

The causal interpretation of quantum mechanics proposed 
by D. Bohm [Phys. Rev. (2) 85, 166-179, 180-193 (1952); 
MR 13, 709, 710] is analyzed. It is pointed out that this 
can be regarded as involving an ordinary statistical me- 
chanics of a deterministic theory only if a certain condition 
holds, the validity of which Bohm attempts to prove [ibid. 
89, 458-466 (1953); MR 16, 654]. N. Rosen (Haifa). 


Phys. Rev. (2) 





Weizel, W. Ableitung der Quantentheorie aus eir 
klassischen, kausal determinierten Modell. Z. Ph 
134, 264-285 (1953). 

The author proposes a classical deterministic model th 
will lead to the equations of D. Bohm [Phys. Rev. (2) & 
166-179 (1952); MR 13, 709] or of I. Fényes [Z. Ph 
132, 81-106 (1952); MR 15, 78]. This involves the introdug 
tion of hypothetical particles, called zerons, which interag¢ 
with the given particle. N. Rosen (Haifa). 


Bohm, David. Comments on an article of Takabayasi co 
cerning the formulation of quantum mechanics wit 
classical pictures. Progr. Theoret. Phys. 9, 273-28 
(1953). 
The author replies in detail to the various criticisms raise 

by T. Takabayasi [same journal 8, 143-182 (1952); ME 

14, 705] against the causal interpretation of quantur 

mechanics [D. Bohm, Phys. Rev. (2) 85, 166-179, 180-194 

(1952); MR 13, 709, 710]. N. Rosen (Haifa). 


ter Haar, D., and Nicol, W. M. Proof of the Heisenber 
relations. Nature 175, 1046 (1955). 


Costa de Beauregard, O. Covariance relativiste a la b 
de la mécanique quantique. J. Phys. Radium (8) 15) 
810-816 (1954). 

The author presents a covariant formalism for particle 
with spin in terms of Fourier integrals. These are three 
dimensional curvilinear for a free particle and four-dimen 
sional for a particle in a field. The relation of the formalisn 
to other theories is discussed. N. Rosen (Haifa). 


Anderson, James L. Quantum restrictions on the measu 
ability of fields in gravitational theory. Rev. Mexican 
Fis. 3, 176-184 (1954). ; 
Classically, the gravitational field is measured by its effect 

on a test body having a very small mass. In the quantum 

theory, the uncertainty principle requires that the test bod 
have a large mass for an accurate measurement of the field. 

Hence it appears that an accurate determination of thé 

gravitational field is not possible. N. Rosen (Haifa). 


Anderson, James L. Quantum restrictions on the measuw 
ability of fields in gravitational theory. Rev. Mexica 
Fis. 3, 166-175 (1954). (Spanish) 

Spanish translation of the paper reviewed above. 


Supek, Ivan, et Babi¢-Gjalski, Ivo. La correspond 
entre l’électrodynamique classique et l’électrodynamiqué 
quantique. Bull. Internat. Acad. Yougoslave. Cl. Sci 
Math. Phys. Tech. (N.S.) 12, 13-18 (1954). 


Supek, Ivan, and Babi¢-Gjalski, Ivo. The correspondance 
of classical and quantum electrodynamics. Rad Jugo= 
slav. Akad. Znan. Umjet. Odjel Mat. Fiz. Tehn. Nauk 
296, 23-48 (1553). (Serbo-Croatian) 

Serbo-Croatian version of the preceding paper. 


Vrkijan, V.S. Wie lautet das Analogon des Poyntingschen 
Vektors in der de Broglieschen Theorie der Teilchen mit 
dem Spin-Maximum 1? Bull. Internat. Acad. Yougo- 
slave. Cl. Sci. Math. Phys. Tech. (N.S.) 12, 5-6 (1954). > 


Vrkijan, V.S. What is the analogue of the Poynting vector 
in de Broglie’s theory of particles with maximum spin 1? 
Rad Jugoslav. Akad. Znan. Umjet. Odjel Mat. Fiz. Tehn. 
Nauke 296, 5-7 (1953). (Serbo-Croatian) 
Serbo-Croation version of the preceding paper. 








